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A new graph product 
and its spectrum 

C.D. Godsil and B.D. M c K a y  

A new graph product i s  introduced,  and t h e  c h a r a c t e r i s t i c  

polynomial of a  graph so-formed i s  given a s  a  function of t h e  

c h a r a c t e r i s t i c  polynomials of t h e  f a c t o r  graphs. A c l a s s  of 

t r e e s  produced using t h i s  product i s  shown t o  be charac ter ized  by 

s p e c t r a l  proper t ies .  

1 .  N o t a t i o n  and  p r e l i m i n a r i e s  

A l l  graphs considered i n  t h i s  paper a re  f i n i t e ,  and without loops and 

mul t ip le  o r  d i r ec t ed  edges. Any undefined graph- theore t ica l  terms w i l l  

have the  meanings given t o  them i n  B e h z a d  and C h a r t r a n d  [ l ] .  

I f  G  i s  a  graph with adjacency matrix A ( G )  , then we denote the  

c h a r a c t e r i s t i c  polynomial ~ ~ ~ ( A I - A ( G ) )  of A ( G )  by G{\) , and r e f e r  t o  

it as  the  c h a r a c t e r i s t i c  polynomial of G  . I f  G  i s  a  rooted graph then 

we denote by G' t he  graph obtained from G  when the  roo t  ver tex  i s  

removed. The c h a r a c t e r i s t i c  polynomial of t h e  rooted graph G  i s  j u s t  t he  

c h a r a c t e r i s t i c  polynomial of t h e  unrooted graph with the  same ver tex  and 

edge s e t s  a s  G  . 
DEFINIT ION 1  . l .  Let H  be a  l a b e l l e d  graph on n v e r t i c e s .  Let G  

be a  sequence of n rooted graphs G ,  G y  . . . , Gn . Then by H ( G )  we 

denote the  graph obtained by iden t i fy ing  the  root  of Gi with the  i t h  

ver tex  of H  . We c a l l  H ( G )  t he  rooted  product of H by G  . 
Figure 1 i l l u s t r a t e s  t h i s  cons t ruc t ion  with H t h e  path on th ree  
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v e r t i c e s  and G cons i s t i ng  of  t h r e e  copies of t h e  rooted path on two 

v e r t i c e s  

H G H ( G )  . 
FIGURE 1 

DEFINITION 1 . 2 .  Given a l a b e l l e d  graph H on n v e r t i c e s  and a 

sequence G of n rooted  graphs,  w e  de f ine  t he  matrix A, ( H ,  G )  a s  

follows : 

A ( 3 ,  G )  = [ a .  .) i'a 

where 

and A ( H )  = (h.j) i s  t h e  adja2ency matr ix  of  H . 

If ,  f o r  example, H and G a r e  represented  i n  Figure 1, then  

A A ( H ,  G )  i s  t he  matr ix  

2 .  The po lynomia l  o f  t h e  r o o t e d  p r o d u c t  

I n  t h i s  s ec t ion  we prove t h e  fol lowing:  

THEOREM 2.1. H ( G )  ( A )  = det  A,(H, G )  . 

This r e s u l t  has a l ready "ben proved "by Schwenk i n  t h e  case  where 

G c o n s i s t s  of n isomorphic rooted  graphs. The method we use t o  prove 

t h e  r e s u l t  i n  genera l  is q u i t e  d i f f e r e n t  from h i s ,  however. 

We w i l l  need t n e  fol lowing lemma. 
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L E M M A  2.2. Let K and L be rooted graphs, and let K-L denote 

the graph obtained by ident i fy ing the roots of K and L . Then 

Proof.  See Schwen k [ 41 , o r  Gods i I and McKay [ 21 . 0 

Proof of Theorem 2 . 1 .  We w i l l  use induction on the  number of ve r t i ce s  

o f  H  ( G )  . Suppose t h i s  number i s  N , and t h a t  t h e  theorem holds f o r  a l l  

l abe l l ed  graphs H and sequences G such t h a t  H ( G )  has l e s s  than 

ve r t i ce s .  For n = 1 , t he  theorem follows from t h e  d e f i n i t i o n  of 

AA ( H ,  G )  , s o  we assume n 2 2 . 

Let F  denote the  sequence of rooted graphs obtained from G  by 

replac ing t h e  graph G  by K , the  graph wi th  only one vertex.  F ' w i l l  

be  used t o  denote t h e  subsequence of G  cons i s t ing  of t h e  graphs 

G ,  G ,  . .. , . Let H '  denote t h e  graph obtained from H  by 

dele t ing  t h e  ve r t ex  l a b e l l e d  n , and l e t  H ( F ) '  denote t h e  graph obtained 

from H  ( F )  be de l e t ing  t h e  ver tex  which was l a b e l l e d  n i n  H . Clear ly  

H ( F ) '  = H ' ( F ' )  . The s i t u a t i o n  i s  represented diagrammatically i n  Figure 

2. 

H ( F )  H I ( F I )  = H ( F ) '  

FIGURE 2 

It follows a t  once from Lemma 2 .2  t h a t  
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where hn denotes t h e  row vector  ( h ,  hn2, . .. , hn,n-l) . Since t h e  

determinant o f  a  matrix i s  a  l i n e a r  funct ion  of any row, the  r i g h t  s i d e  of 

( 2 )  can be expressed a s  

By our induction hypothesis  d e t  A A ( H 1 ,  F ' )  = f f ' ( F 1 ) ( A )  , and 

det  A , ( H ,  F )  = H ( F ) ( A )  . Hence ( 3 )  may be  r ewr i t t en  as  

Since f f ' ( F 1 )  = H ( F )  , a comparison of ( 4 )  with (1) shows t h a t  we have 

e s t ab l i shed  t h e  theorem. 

We note t h a t  on d iv id ing the i t h  row o f  A A ( H ,  G) by G ! ( A )  z f o r  

< = 1, 2, . . ., n , one obta ins  a matrix o f  t h e  form A - A ( H )  , where 

Hence 

( 5 )  
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I n  the  spec ia l  case where t h e  
G. 

a r e  a l l  isomorphic, A = ( G ( X ) / G ~ A ) )  I 

and s o  

This i s  t h e  formula given i n  

F ina l ly  i f  G cons i s t s  

W. 

of n copies of Py , t he  path on two 

v e r t i c e s ,  one obta ins ,  from ( 6 ) .  

s ince  P2(A) = X' - 1 , and Pb(A) = 1 . We w i l l  use (7 )  i n  the  next 

sec t ion .  

3. A s p e c t r a l  c h a r a c t e r i z a t i o n  o f  a  c l a s s  o f  t r e e s  

NOTATION 3.1 . A matchinq of a graph T i s  a s e t  of mutually non- 

adjacent  edges. An m-matohing cons i s t s  of m such edges. A matching M 

such t h a t  every ver tex  of T i s  an end ver tex  of some edge i n  M i s  

ca l l ed  a 1-factor. 

We r e c a l l ,  from [3 ]  f o r  example, t h a t  i f  T is a t r e e  on n 

v e r t i c e s ,  then 

where a i s  t h e  number of m-matchings of T . 
2m 

We w i l l  use T(PJ t o  denote t h e  rooted product of T by the  

co l l ec t ion  cons is t ing  of one copy of P* f o r  each ver tex  of T . It 

follows from (8) t h a t ,  i f  T i s  a t r e e  on n ver t ices ,  then 

n 
T ( - A )  = (-1) T ( \ ) ,  and so  from ( 7 )  above w e  f i n d  
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We w i l l  c a l l  a polynomial of degree 2w s a t i s f y i n g  ( 9 )  symmetric. 

THEOREM 3 .2 .  Let T be a tree an 2n vertices. Then T ( \ )  i s  

symmetric if and only if T = S [ P ~ )  for some tree S . 
Proof.  The suff ic iency follows from the  remarks above. We give t h e  

proof of t he  necess i ty  i n  a number of s teps .  

We assume n 5 2 . Let a& denote the number of m-matchings of 

T .  

a )  T has 1 n-matching and 2n - 1 (M-l)-matchings. 

Since T(\) i s  symmetric we have a = a& and a = . But 

a_ = 1 and a2 i s  j u s t  t he  number of edges of T and s o  the  claim 

follows 

(b) T has n end v e r t i c e s .  

Let M be the  n-matching of T . By counting (n-l)-matchings we 

w i l l  show t h a t  every edge i n  M contains an end ver tex  o f  T . 
Say t h a t  an (n-l)-matching N i s  of type I i f  it i s  a subset  of  

M . Clear ly  t h e r e  a r e  n such matchings. 

Let V V  be an edge of T not i n  M . Then the re  a r e  ve r t i ce s  V 
1 

and v of T such t h a t  both V^vy and V 3 V b  l i e  i n  M . Let h7 be 

the  (n-l)-matching obtained from M by replac ing V V  and V V by t h e  
3 4 

edge V V We w i l l  c a l l  11 a type I1 (n-l)-matching. The number of 
2 3 

type I1 (K-l)-matchings i s  j u s t  the number of edges of T not i n  M . 
This equals n - 1 . 

Since a type I1 (K-1)-matching i s  not  a subset  of M we have a l ready 

found 2n - 1 d i s t i n c t  (n-l)-matchings. 

Let v v be an edge i n  M such t h a t  ne i the r  V 3  nor V ,  i s  an 
3 4 

end-vertex. Let V 2  and V be v e r t i c e s  of T adjacent  t o  V and. V 4  5 

r e spec t ive ly .  Then t h e r e  e x i s t  v e r t i c e s  v and V -  i n  T such t h a t  1 

v u 2  and V V l i e  i n  M . Replacing the  edges v V 
5 6 ^ 2, V3V4 , and v V 

5 6 

of M by t h e  edges v v and V V we obta in  an (M-1)-matching N . 
2 3 4 5 
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Since \ S r M l  Z n -  3 ,  N i s  n o t o f  type I o r  11. 
l 

Thus t h e  exis tence  of an edge V V ,  i n  M such t h a t  n e i t h e r  v 
3 

I Â  V ,  is an end ver tex  of T implies t h a t  T has a t  l e a s t  2n (n-1)- 

l matchings. Hence every edge i n  M conta ins  a t  l e a s t  one end ver tex  of 

T . I f  some edge i n  M consis ted  of two adjacent  end-vert ices,  then T 
1 would be disconnected. Therefore T must have exact ly  \M\ = n end 

I v e r t i ce s .  

( c )  T =W) f o r  some t r e e  S . 
l 

Let S be the  t r e e  obtained by removing the  n end ve r t i ce s  from 
l 1 . A s  T has a 1- fac tor ,  it cannot have a ver tex  adjacent t o  two end 

1 .  ver t i ce s .  Hence T = S ( P )  . 

l 
We remark t h a t  t he  proof of t he  theorem ac tua l ly  shows t h a t  a t r e e  on 

t 2% ver t i ce s  with an n-matching, and 272 - 1 (n-l)-matchings i s  a rooted 
l 

product . 
l 

Sfote t h a t  Theorem 3.2 does not  hold when the  assumption t h a t  !l' i s  a 

t r e e  i s  dropped. For example t h e  graph shown i n  Figure 3 i s  obviously not  

a rooted product, although i t s  c h a r a c t e r i s t i c  polynomial i s  

8 6 It 2 X - 91 + l6A - 9A + 1 , which i s  symmetric. 

FIGURE 3 
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