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We develop an imgproved algorithm for canonically labelling a graph
and finding generators for its automorphism group. The emphasis 15 on the
power of the algorithm for solving practical problems, rather then on the
theoretical niceties of the algorithm. The resuit is an implementation which
con successfully handle many graphs with o thousand or more veriices, and

is very likely the most powerful graph isomorphism program currently in use.

INTROCDUCTION

In this paper we discuss the design of an algorithm for canoni-
cally labelling a vertex-coloured graph and for finding generators for
its automorphism group. This algorithm is & descendant of one described
in McKay[14], which in turn was descended from one which first appeared
in McKay[12]. Other algorithms which also employ some of the ideas
used by our algorithm include those of Mathon [111, Arlazarov, Zuev,
Uskov and Faradzev [1] and Beyer and Proskurowski [2]. However, we are
confident that our algorithm is significantly more powerful than any
other published algorithm for the practical solution of the jsomorphism
problem for general graphs. On the few occasions where the proof of a

non-trivial assertion is not given here, 1t can be found in McKay [15].

1.1 Sets and graphs

In this paper V will always denote the set {1,2,---,n}. The
set of all labelled simple graphs with vertex set ¥ will be denoted by
GV). If GeG(V) and veV, N{v,G) is the set of all elements of V
which are adjacent to v in G. Any other graph theoretic concepts not
defined here can be found in [4].

let X be a set and let < be a linear (total) order on X.
Suppose Z is a set whose elements are finite sequences of elements of
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X (the length may vary). Then the lezicographic ordering of Z induced by
< 1is the linear order < defined as follows. 1f o — (21,22, -+, 26) € Z

and B = (y1,y2, -, y) e Z then a < f# either of the following are true,

(1) For some ¢, 1 <+t < min{k,{}, we have z; = y; for 1 < ¢
and z: << .

(1) 2=y for 1 <d <k and { > k.

If X is a linearly ordered set, then min X denotes the minimum
element of X. In particular, min® = oo. The function max is defined
similaerly,

1-2 Partitions

A portifion of the set V is a set of disjoint non-empty subsets of
V whose union 1s V. An ordered partition of V 1is a sequence (Vi, Ve, -, V2),
such that {V1,V, ---,V;} is a partition of V. The set of all partitions
0of V and the set cof all ordered partitions of V will be denoted by
(V) and fJ(V) respectively. For notational economy we also define
o'y = ovyu gv).

The elements of a partition {or ordered partition) = EH*(V]
are usually called its cells. A iriwial cell of 7 is a cell of cardinality
one; the element of such a cell is said to be Fred by 7, If every cell
of w is trivial, then 7 is a discrete partition, while if there is only
one cell, o is the unit partition.

If my, ﬂgEH*{V], we write i ~ 75 if m; and w: have the same
cells, in some order. We say that m; is finer than wg, denoted m < o,
if every cell of m 1is a subset of some cell of 7z Under the same
conditicns, mo 1s coarser than w,. It is well known that the set (V)
forms a lattice under the partial order <. This means that, given 1y,
w2 € [I(V), there is a unique coarsest partition mi Ao € fI{V) such that
T 2 M1 ATz and 7p 2> T A2, and a unique finest partition m v g e IT(V)
such that m < m vwe and 7y < 7; v wy. Each cell .of i1 ATy 15 a non-
empty intersectlon of a cell of m; and a cell of wp. ZBach cell of TV fg
ls a minimal non-empty subset of V which is both a union of cells of
71 and & union of cells of #..



Let m e IT' (V). Then fix(m) is the set of elements of V which
are fixed by #. The support of w is the set supp(m) = V \ fix{w). The
set of minimum cell representatives of m is mer(n) = {ninV;|[ Vi e '},

where the minima are under the natural ordering of V.

1:3° Lemma Letm, M€ vy,
(a) £ix(my v m2) = £ix{mi) N fix(ma)
(b) £ix{m A me) 2 £ix{m)U £ix(ma)
(©) supp(my v ) = supp(m)U supp(mz)
(d) supp(m A m2) C© supp(m1) N supp(mz)
e)  mecr(m v mg) C mer(m) Nmer(wz)

(6)  mer(m A mg) = mer(m) U mer(m) a

Let 7 = (Vi,V, + -, Vi) € [I(V). For each z €V define ulz, ) =1,
where g € V. If mp, e EQ{V] then we say that m; and w2 are consistent
if, for any z, yeV, u{z,m)<ulym) inplies that u(z, T2) < wly, m2).
As a relation, consistency is symmetric but not transitive. If 7 < 72
and m, and wp are consistent, we indlcate this by writing m =Xz oF

mo > 1. The relation X 1is transitive but not symmetric.

1-4  Groups

For permutation group theory not delineated here see Wielandt
[19]. let 4 be a permutation on V (in other words 4 € Sp,). The image
of v e V under 4 will be denoted by y7. More generally, 1f WC V
then W7 = {w” | w e W}. Similarly, if 7= (Wi, V2 V) e I(V),
then #" = (V], VY, .-, V7). Finally, if Ge G(V) then G” e G(V) has
E(G") = {2"y" | =y € B(G) }-

If 2 € S, then {2 defines a partition 8(12) e IT{V) whose
cells are the orbits of ({2), the group generated by {7. For notational
convenience we will write 6({7}) as 8{y), and fix(72), supp(f?) and mcr((7)
4ill be used as abbreviations for fix(8(:2)), supp(6(12)) and ner(6(£2)),

respectively. The next lemma fcllows easily from Lemma 1-3.
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1.5 Lemma
al
o))
()

@

Let 2, & C S,.. Then
B(2 U &) = 8(12) v 6(2)

Fix{7 U @) = fix{(2) N £ix(P)

supp(i2 U &) = supp(2) U supp(d), and

mer (2 U &) C wer{?) N mer($). 0

let I' < 5, and let {27 be any set such that an action of each
7€l is defined on each element of 2. Then the stgbiliser of {J in r
is the group I'n ={q el |w”=w for each w e ?}. Elements of [y are

said to fiz {2. The most important cases of this construction are as

follows.

1

(ii}

(din

{iv)

(point-wise stobiliser)

If WOV then 'y ={qel'| "=z for each e W}.

If W= {z1,22,---,2,} we will also write [y as Tzqmg ez,
(set-wise stabiliser)

It WCV then Iwy={qel"| W, =W}

{(partition stabilicer)

If meIT°(V) has cells Wi, V,---,V; then Iy = {qy e I |

VI=V; for 1 <i<r}. Note that this is quite different
from I'ixy ={qel'| 7" =x}, unless = e [F(V).

(automorphism group of graph)

If GeG(V), then the sutomorphism group of G is the
group Aut{G) = (Sa)ic} = {1 € S |GT"=@G}).
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DEVELOPMENT OF THE ALGCRITHM

In this section we describe the theoretical basis for the

algorithm. The more mundane aspects of its implementation will be ftreated
in Section 3.

2-1 ‘Canonical Labels

A canonical label is a map C: G(V) X [I(V) — G(V), such that
for any G e G(V),m e fI(V} and 7 e 8, we have

€ CGe,mn=G
(c2)y (@7, 7") = C(G,7)
(€3 1f (G, 77) = C(G,7), then 7 = #° for some § e Auf(G‘].

The main use of a canonical label is to solve varlous graph

isomorphism problems as indicated in the following theorem.

2.2 Theorem Let G, Gz € G(V), 7 € (V) and 4 € 8., Then C(Gy,T) =
C(G2 7?) of and only if there is @ permutation § € S, such that Go = G! and

7t = n’.

Proof: The existence of § as required implies that (Gy, 7) = C(Ga,7”) by
Property C2. Suppose conversely that ([Gy,7) = C(Ga,77). By Property Ci,
Gy = G? for some f e §,. Therefore ((Gq, n')}= c(@f ) = C[Gl,w"-‘g_lj,
by Property C2. Since C{Gy, )= C(Ga,#7), there is some a & Aut(G;) such
that #7% ' = %, by Property C3, and so 77 = 7®#. But « € Aut(@,), and
50 GzzG*f:G‘fﬁ. 0

The isomorphism problem described in Theorem 2-2 can be thought
of as that of testing vertex-coloured graphs for isomorphism. Given |1r|
colours, we colour the vertices of (i1 which lie in the t¢-th cell of
7 with the ¢-th colour, for 1< ¢ < |n]. We then similarly colour the
vertices of G5 in accordance with #7. This will use the same colours
with the same freguency. Theorem 2.2 now says that C(G,7)= C(Gs,7")
if and only if there is a colour-preserving isomorphism from &; to Go.

The most important case is, of course, when # is the unit
partition (V), in which case Property C3 holds trivially. However we
will maintain the more general setting we have created, since the added

complications will only be slight.
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23 Equitable Partitions

For GeG(V), veV and WC V, we define dg(v, W) to be the
number of elements of W which are adiscent in G to ». The subscript
G will normallﬁ-’ be suppressed. We will say that = EH'(‘P’) is equitable
{with respect to &) if, for all V¥, ¥s e (not necessarily distinct) we
have d(vi, Vo) = df{wsz, V2). It 1s easy to show that the equitable members
of II{V) form a lattice which is closed under v. Since the discrete
partition is always equitable, it follows that for every w e H[V} there
is a unique coarsest equitable partition €(w) € [I(V) which is finer than

T

One of our first concerns 1in this section will be to study an
efficient procedure for computing &(m) from .

2-4 The Refirement Procedure

The algorithm we give here is a descendant of one first described
in McXay[12]. It actually turns out to be a generalization of an algorithn
of Hopcroft ([8], see also [7]) for minimizing the number of states in

a finite automaton, although 1t was not derlved from the latter.

The algorithm accepts a graph G e G(V), an ordered partition
m e [TI(V) and a sequence a = (Wi, Wh, ---,Wys) of distinct cells of 7.
The result is an ordered partition RB{G,w,a) € II{(V). Under suitable
conditions, to be discussed below, R(G,w, a)~= £(w).

2.5 Algorithm Compute R(G, 1, ) given G € G(V), 7 € [T{V) and
o = (W11W2J “'JWM] g .
(1) o=
m.=1

() If (% is discrete or m > M) stopr R(G,ma)=*#

W = Wa
m:=m-+1
k=1



{Suppose & = (V4,Vz, ---, V+) at this point.}

(3 Define {X,, X, ---,Xs) € I(Ve) such that for any z e Xis
y € X; we have d(z, W) < d(y, W) if and only 1f 1< 5.

If (a=1) go to (4

Let # be the smallest integer such that ]X,| s maximum
1<t<s)

If (W = Vi for some 7 (m < j < M) Wj =X,
For 1< i<t set Wyqii=Xi

For t{i'S s set Wy :=X;
M=M+4s-1

Update # by replacing the cell Vi with the cells X, Xo, -
in that order (in gsiv).

4 ki=k-4+1
If (k<r) go to (3

Go to (2 0

2.6 Theorem For any G € G(V), 7 € I(V), we have R(G, 7, m) = {(m).

Proof: (a) The value of M —m 1s decreased in Step (2) and is only
increased when # is made strictly finer. Therefore the algorithm is

certain to terminate.

(b) By definition, £(r) < m, so £(r) < 7 at Step (1). Now
suppose that £[r) < ¥ before some execution of Step (3}. 3ince W is &
cell of some partition coarser than E(‘l’r) (ie. some earlier value of 7,
it is a union of cells of &(n). Since §(m) 1s equitable, we must have
that é(m) < & after the executlon of Step (3). Therefore, by induction,
¢(r) < R(G,m,m) <« when the algorithm stops.

(c) Suppose that R(G,m,7) is not equitable. Then for some Y1,
Y: € R(G, 7, n) there are z, y €Y, such that d{z,Ys) # d{y, Y2). Since 7
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is made successively finer by the algorithm, z and y nust always be in
the same cell of .

{d) At Step (1), Y3 is contained in some element of «. lence
Y, must sometime be contained in W for an execution of Step (3).

(e) Since z and y are never separated, d(z, W)= d{y, W}. But
since W is a union of cells of R(G,w, 7), and d(z, Y2) 7 d(y, ¥2), there
is at least one other cell Yz of R(G,w,w) contained in W for which
d(z,Ys) # d(y, Y3). Since Yz and Y; are different cells of R(G,w,w) they
must be separated at some execution of Step (3). At least one of then,

say Yo will then be contained in some new element of o.

{f) Since the argument in (e} can clearly be repeated in-
definitely, the algorithm never stops, contradicting f(a). Therefore our
assunption that R{G,w,7) is not equitable must be false, which proves
that R{G,w,w) == &(n). a

An important advantage that Algorithm 2.5 has over previous
algorithms for computing &(m) is that o can sometimes be chosen to be a
proper subset of w. One method of choosing a is described in the next
theoremn.

2.7 Theorem Let G e G(V), 7€ (V) and suppose that there is some equi-
table partttion m' which 1s coarser than m. Choose o T 7 such that for any
Wen', we have X C W for ot most one X € w\ a. Then R(G,w, ) = £(m).

Proof: (a) By the same arguments as in Theorem 2-6, the algorithm will
eventually stop, and £(m) < R(@G,n,a) < 7.

{b) Suppose that E[G,-:r,a) is not equitable. Then for some
Y, Yz e R(G,n,a) there are z, yeY; such that d{z, Y2) # d[y, ¥2). Since
R(G,m,a) < ', and 7' is equitable, there 1s at least one other cell
Y: of R(G,m a) such that d(z,Ys) # d(y, Ya)-

(cy If Yo and Y3 are in different cells of =, the defined
relationship between o, o and x' ensures that at least one of them, say
Y., is contalned in some cell of o at Step (1). We can then take up the
proof of Theorem 2-6 at step (d), and conclude that R{G,w, a) =< &(r).
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(d) On the other hand, Y, and Y; may be in the same cell of .
Since they are in different cells of R(G, 7, a) they must be separated
at Step (3). At least one of them, say Y., will then be contained in
some new element of o. We can now take up the proof of Theorem 2-6 at
step (e) and conclude as before that R(G,m, o) o= £{r). !

One application of Theorem 2.7 occurs when G is regular and 7
has more than one cell. The unit partition mp is equitable, and so we
can choose o to be w less any one cell. This will be particularly time-

saving if w=={v,V \v) for some v, in which case we can use¢ & = {v)-

A much more important application of Theorem 2.7 will be described
in Section 2.9.

Two very useful properties of Algorithm 2-5 are stated in the
next lemma. Both of them are immediate consequences of the definition
of the algorithm

2.6 Lemma LetG e G(V), T eI(V), « an ordered subset of m and v € 8,.
Then

{a) R(G,ma) =7, and

(o R(GY, 77, ") = R(G,,a)". O

2.9 Partition nests

Let = (v1,ve, - - ¥k) € [7{V) and let v € V; for some . If V=1
define mow = m. If |Vi| > 1 define mov = {Vl,---.W_l,u,v,-\u,ml,---,Vk).
also define 7 1 v = R(G, 7o, ().

Given G e G(V), 7 e[I(V) and a sequence v = v1,v2 **- ¥m-1 of
distinct elements of V, we define the parisiion nest derived from G, T
and v to be [my,Te, ..., Tm|, Where
(@ m = R(G,m, ), and
(b} i = Mi1 L i1, foT 254 < m.

It follows from Theorems 2-6 and 2.7 that each m; 1s equitable.
Define N(V) to be the set of all partition nests derived from some
G e G(V), me (V) and vector v of distinct elements of V.
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