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Progress

If 0-e::1 then ec Value or e— ¢

A closed, well typed term is either a value, or can be reduced to a new term.

Preservation

IfFTrFextand e— € then M€ ;1

If we reduce a well typed term, then the result is also well typed.
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Language

Expressions e = X|Axe|leie|n|n+n
Values vV = X|Axe|n
Types T = Int|t—T
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e— ¢

(Ax.e1) & — e1[e2/x] (EApp)

€1 — e(]_
e —€ e (EAppL)

N1 +Np — N3

where N3 = N1+ Ny (EAdd)

el—>e(1
ee+e— € +e  (EAddL)

e — &
ee+€, —e+€ (EAdIR)
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[Fe:T

x:tel
[EXoT (TVar)

[, X:T1Fe:Tp
[EAXe: T — T2 (TAbs)

[Fe iT11— T2 [Fe i1

(el e T
(TApp)
[ Fn:int (TNum)
[FerInt THe o Int
e +e:int (TAdd)



Progress

If 0-e:: 1 then ec Value or e — ¢
Proof by rule induction over the derivation of 0-e:: 1

(1) Case eone of X, AX.€, n
(2) eeValue

(3) Case e= e & and last rule of derivation is TApp.

(IH)  Progress holds for all subterms of e (Assume)

4 OFeg et (Assume)

B5) OFe 11 —T (Inversion of TApp 4)
6) OFe:i1nn (Inversion of TApp 4 5)
(7) e €Vaueore — € (IH 3 5)
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(8) Case e € Value

(9) e =Ayep (Forms of Terms 8 5)
(10)  (Ay.e12) &2 — enz[€2/X] (EApP 2 9)

(11) Case e — €}

(12) e1eo— €& (EAppL 11)

Exercise: Complete this proof.

COMP3610 — Principles of Programming Languages



Preservation

If TFe:tTand e— € then FTF€ T

Proof by rule induction over the derivationof [ Fe . T

(1) Case eoneof X, AX.€, n

(2)  Can't happen. No rule of form e — €

(3) Case e=e1 & and last rules of derivations are TApp and EApp

(IH)  Progress holds for all subterms of €
(4) TF(Axep)e:T

(5)  (Axer2) & — em[ez/X

(6) [EAXep Ty —T

(7) e i1

(8) [, X:TiuFepitT

9 T Feple/x T
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(Assume)

(Assume)

(Assume)

(Inversion of TApp 4)
(Inversion of TApp 4 6)
(Inversion of TAbs 6)
(Stability Theorem 7 8)



(10) Case e=e1 & and last rules of derivations are TApp and EAppL

(11) TFe et (Assume)
(12) e1e—€ & (Assume)
(13) ...

Exercise: Complete this proof.
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Stability of Types under Substitition

If M, x:T1Fe 1 and MNHep::i1y then T epler/X T2
Proof by rule induction over the derivationof [, X:T1 & i T>

(1) Case & = X

(2) [, X:T1 X1 (Assume)

) TIkFe:1y (Assume)

4 Xinzel,xim (Inversion of TVar 2)

(5) T1=To (Def of Type Environment 4)
(6) [Fe T (3 5)

(7) TExe/x: 1 (Def of Substitition 6)
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(8) Case e=Ay.ep

(IH)
(10)

(11)
(12)
(13)
(14)
(15)

Substitition holds for all subterms of e
[, X:TiFAy.ep 111 — T12
T2 =T11 — 112
[Fe i1y
[, X:T1, VT epiitp
[,y Ttk epler/x 112
[ Ay.eler/X T — Too
[ (Ay.en)ler/X] i 111 — T12

Exercise: Complete this proof.
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(Assume)

(Assume)

(Assume)

(Inversion of TAbs 10)
(IH 12 11)

(TAbs 13)

(Def of Substitution 14)
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