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Commutativity of Addition

• An operational equivalence gives us the freedom to change the 
form of a program without changing its meaning.

• Compiler optimisations depend critically on mathematical 
equivalences.

• In our simple language, Imp, commutativity is valid for all 
arithmetic expressions       and      . 

a1 + a2 ! a2 + a1

a1 a2



Commutativity of Commands

• In general, command sequencing is not commutative.

• However, the equivalence does hold for specific commands.

• We want to characterise the forms that the two commands can 
take for this to be a valid equivalence. 

¬(∀c1c2. c1; c2 ≡ c2; c1)

∀c. skip ; c ≡ c; skip



Commutativity holds for specific commands.

• We can change the order of any two commands provided they 
don’t interfere.

• In all contexts, the transformed version must be 
indistinguishable from the original.

• For our simple Imp language, assignments cannot interfere if 
the assigned variable is distinct, and the bodies don’t reference   
the other variable.

x := a1 ;
y := a2

y := a2 ;
x := a1

≡ provided x != y
x /∈ fv(a2)
y /∈ fv(a1)



Commutativity and procedures.

• If an expression can call a procedure, then just checking the 
free variables of the expression isn’t enough to tell us if 
commutativity holds.

• It is not valid to change the order of the last two assignment 
statements in this example.

begin  block 
  var  x = 0
  var  y = 0
  proc  five() { x := x + 1; return  5 }
  x := 5;
  y := five();
end block



Commutativity and termination.

• For this equivalence, even if      and      do not interfere with    
we must worry about whether the while loop terminates.

• In practice, “termination” is not enough. If the loop takes 1 day 
of real time to evaluate, then we might not want to do it first...

• Trying to respect dynamic constraints like time and space 
usage makes optimisation significantly harder.

?
c2; while b1 do c1 ≡ while b1 do c1; c2

b1 c1 c2



Aliasing

• In most languages, different variable names can refer to the 
same runtime object.

• Here we have modified (interfered with) two separate values via 
the same assignment statement *tmp = 5;

• We have used *tmp as an alias for both thing1 and thing2.

    int  thing1  = 10;
    int  thing2  = 20;
    int *tmp     = &thing1;
    
    *tmp = 5;
    tmp  = &thing2;
    *tmp = 5;



Region Typing

• To track aliasing, divide the store into disjoint regions.

• If two values are in different regions then they are guaranteed 
not to alias.

• Extend the types of values with the region they are in.

x �→ 5
y !" 23
z !" 42

r1 r2
x :: Int r1

y :: Int r2

z :: Int r2



Effect Typing

succ :: ∀r1 r2. Int r1
Read r1−→ Int r2

• Extend the type of each function to record what values it might 
read from and write to. 

• succ accepts an argument of type Int from region r1 and 
produces its output into region r2, for any regions r1 and r2. 
When it evaluates it also reads a value from r1.



Higher order effect typing

• map reads a list in r1 and produces a new list into r2

• Its effect is to read the list cells, and do whatever the 
parameter function does.

map :: ∀a b e1 r1 r2

. (a e1−→ b) → List r1 a
e1∨Read r1−→ List r2 b



Introducing laziness.

• In a default call-by-value language we can introduce lazy 
evaluation (call-by-need) with a suspend combinator.

• Suspend takes a parameter function and its argument, and 
builds a thunk which represents the suspended application.

• When the value of the thunk is inspected, the original function 
will be applied to its arguments, yielding a result of type b.

six = suspend succ 5

suspend :: ∀a b e1. Pure e1 ⇒ (a e1−→ b)→ a→ b



Only suspend pure functions.

• If the thunk bound to y is forced before the update then this 
program will print 6. 

• If the thunk is forced after the update then the program will 
print 24 instead.

• So confusing!   Better to mark this as a type error... 

succDelay ()
= do x = 5

y = suspend succ x
...
updateInt x 23
...
print y



Mutability and constancy constraints.

• If a value is Mutable then we know it is not Constant.

• Some operational equivalences are only valid when the 
program reads constant data.

• updateInt reads its second argument and uses that value to 
overwrite the first one. It requires the first argument to be in a 
mutable region (a region that supports mutability)

updateInt :: ∀r1 r2.
. Mutable r1
⇒ Int r1 → Int r2

Read r2∨Write r1−→ ()



Reads of values in constant regions are pure.

• If a value is constant, then it doesn’t matter when we read it. 
The result will always be the same.

• If a read effect acts on a constant region then we can treat that 
effect as pure.

• If two effects are pure then the sum of those effects is also 
pure.

MkPurify :: Π(r : region).Const r → Pure (Read r)

MkPureJoin :: ! (e1, e2 : effect ).Pure e1 ! Pure e2 ! Pure(e1 " e2)



Optimisation

• The length of the list is being recomputed each time we apply 
the inner function f.

• If the list list had a constant length then we could just compute  
g (length xs)  once and then use this value for each application 
of f.

fun =
Λ(r3 : region ). Λ(e1 : e! ect ). λ(g : Int r3

e1−→ Int r3)
letregion r4 with w1 = MkConst r4 in
do (xs : List r4 (Int r3)) = ...

f = λy. do {n = g (length xs); n + y}
map ... f xs



Optimisation

• If the list doesn’t have any elements then we don’t ever want to 
compute the value of g (length xs) to guard against the case 
where g diverges.

• We will suspend this expression, so it will only ever be 
evaluated if it is actually used.

fun =
Λ(r3 : region ). Λ(e1 : e! ect ). λ(g : Int r3

e1−→ Int r3)
letregion r4 with w1 = MkConst r4 in
do (xs : List r4 (Int r3)) = ...

f = λy. do {n = g (length xs); n + y}
map ... f xs

the effect of this expr is  Read r4 \/ e1



Optimisation

MkPurify :: Π(r : region).Const r → Pure (Read r)
MkPureJoin :: ! (e1, e2 : effect ).Pure e1 ! Pure e2 ! Pure(e1 " e2)

specialise for when e1 pure

builds a witness of kind  Pure (Read r4 \/ e1)

suspend :: ∀a b e1. Pure e1 ⇒ (a e1−→ b)→ a→ b

fun =
Λ(r3 : region). Λ(e1 : effect). Λ(w2 : Pure e1). λ(g : Int r3

e1−→ Int r3)
letregion r4 with w1 = MkConst r4 in
do (xs : List r4 (Int r3)) = ...

n = suspend ... (MkPureJoin (MkPurify r4 w1) w2)
(λ . g (length xs)) ()

f = λy. n + y}
map ... f xs



Summary

• Operational equivalences are the key to compilation.

• Express extended operational information such as the aliasing 
of data and the side effects of functions as (checked) type 
information.

• Optimiser uses witnesses and types to reason about when it 
safe to perform transformations that are not valid for all 
expressions.



Demos


