Neural Networks for Structured Data

Kee Siong Ng

Department of Computer Science
The Australian National University

A thesis submitted to the
Faculty of Engineering and Information Technology
in partial fulfillment of the requirements for the degree of
Bachelor of Information Technology (Honours)

© Kee Siong Ng, November 2001



This work is affectionately dedicated to Pasiphae, my office computer
who spent many sleepless nights crunching numbers
to produce the results I report herein.



Except where otherwise indicated, this thesis is my own original work.

Kee Siong Ng
November, 2001



Abstract

Attribute-value language (AVL) is the current dominant knowledge representation formal-
ism (KRF) in machine learning. While this form of KRF is sufficient for many learning
tasks, it proves to be unnecessarily restrictive in several increasingly important application
domains like bioinformatics and text-mining on structured documents. In these domains,
the individuals have complex internal structures that cannot be easily captured using
AVL. This provides motivation to extend current learning techniques to handle individuals
of these more complicated data types.

This thesis presents an extension of artificial neural networks to handle structured data.
We represent individuals using terms in a typed higher-order logic. This allows us to model
a wide range of structured data, including tuples, sets, multisets, lists, trees, graphs, etc.
A method to construct neural networks capable of learning functions mapping terms to
real-valued vectors is presented. We also describe in detail an algorithm based on gradient
descent suitable for training this new class of neural networks. Finally, experimental results
on both artificial and real datasets are presented.
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Chapter 1

Overview

There is nothing more difficult to take in hand,
more perilous to conduct, or more uncertain in its success,

than to take the lead in the introduction of a new order to things.
N. Machiavelli

1.1 Introduction

The three topics of interest in artificial neural networks are approximation, computation,
and estimation. Approzrimation is concerned with the representational properties of neural
networks. A network with a certain topology has associated with it a class of functions
implementable by that network. This can be thought of as its capacity. Given a set of
training examples and some background information on the target function, on the approx-
imation side, we ask what is the best (or, less ambitiously, a good) network architecture to
use to try to model the target function? A good choice is one that implements a class of
functions that contains within it the target function, yet which is sufficiently constrained
that the risk of overfitting is minimal. Computation is related to the algorithmics side of
neural network learning. Having chosen a good architecture, we ask how can we best make
use of the training data available to compute the desired function? Problems of interest in
this area include finding efficient and elegant algorithms to solve optimisation problems,
and working out ways to navigate “treacherous” error function surfaces. Finally, after
having worked through the first two types of problems and arriving at a solution, we are
interested in a statistical estimation of how close our solution really is to the (unknown)
true target function, 7.e., how well is it likely to perform on unseen data? Results on this
class of problems are usually in the form

true error < empirical error + complexity penalty,

where empirical error is the measured error on the training data, and complexity penalty
is a function of the capacity of the network and the statistical confidence of the bound.
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The current work is primarily concerned with the approximation issues of neural net-
work learning. We build on earlier attempts on adaptive structural processing exempli-
fied by the works of Pollack [Pol90], Sperduti et al. [SSG95, SS97] and Goller et al.
[GK96, Gol97, Ham96|, and introduce a way to extend feedforward neural networks to
learn mappings from terms in a higher-order logic to real-valued vectors. The use of
higher-order terms allows us to model a wide range of structured data that includes tuples,
sets, multisets, lists, trees, graphs, etc. This extra richness in knowledge representation
allows us to tackle problems hitherto difficult to solve using neural networks. We called
this class of networks derived from logical terms term reduction networks. Some parallel
work on the computational issues of training term reduction networks are also explored.

Thesis Organisation The remainder of this chapter presents the motivations, termi-
nology, and other background information relevant to this thesis. Chapter two describes
term reduction networks in detail. This is followed by a discussion of an algorithm based
on gradient descent for training term reduction networks in chapter three. Chapter four
presents some experimental results. Chapter five summarises some related work in the
literature. Finally, Chapter six concludes.

1.2 Motivations

Attribute-value language (AVL) is the current dominant knowledge representation formal-
ism (KRF) in machine learning. Using this scheme, individuals in application domains
are identified and differentiated based on a selection of their attributes (or features), and
represented simply as tuples of constants. We call tuples so constructed the feature vectors
of the individuals. While this form of KRF is sufficient for many learning tasks, it proves
to be unnecessarily restrictive in several increasingly important application domains where
the individuals have complex internal structures that cannot be adequately captured using
AVL. Examples include bioinformatics (e.g., gene and protein analysis), chemoinformat-
ics (e.g., quantitative structure-property relationship (QSPR) and quantitative structure-
activity relationship (QSAR) type problems), information retrieval (e.g., text mining on
XML and HTML documents), automated reasoning (e.g., handling of logical terms), etc.
In the words of Quinlan [Qui96],

“Data may concern objects or observations with arbitrarily complex structure
that cannot be captured by the values of a predetermined set of attributes.”

This provides strong motivation to extend existing machine learning techniques to handle
individuals of these more complicated data types.

The need for a richer representation language is well recognised by many other authors,
see for examples [Qui96, PK92, BGCLO01], but a general consensus on what is the best
formalism has not been reached. The majority view seems to be in favour of a first-order
language. This line of thought has its root in the popularity of logic programming in the
AT community. The successes of Quinlan et al. [Qui90, PK92, Qui96], Muggleton and De
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Raedt et al. [MB88, MR94, Mug95, BR98] and many others who follow in the application
of this formalism make it all the more persuasive.

In the last few years, a credible alternative in the form of higher-order languages has
emerged, see for examples [FGCL98, Fla00, BGCL01]. Endorsement of this formalism
comes mainly from people working in functional and functional logic programming. Their
primary argument is that the strong typing system and high-order facilities of higher-order
logic, unavailable in first-order logic, are highly desirable features of a good KRF, and
that the additional complexity of a higher-order language is a fair price to pay for these
linguistic and mathematical niceties. This is the viewpoint we take in this thesis.

1.3 Basic Concepts

In this section, I introduce the basic concepts that are relevant to the subject matter of
the present work.

1.3.1 Machine Learning

Machine learning is the study of concept learning algorithms that improve automatically
through experience. It is an inherently interdisciplinary field, built on concepts from ar-
tificial intelligence, probability and statistics, information theory, logic and philosophy,
control theory, psychology, neurobiology, and many other fields [Mit97]. Typical applica-
tions of machine learning include hand-written character recognition, speech processing,
email filtering, automated reasoning and planning, robot navigation, chess playing, etc.

Within machine learning, there are two separate subfields - supervised learning and
unsupervised learning. The current work goes under the general framework of supervised
learning. A typical learning task is posed in the following form:

Given a set {(d;,t;) | 1 < i < N} of training examples, where each d; represents
an individual in the application domain, and t; its label provided by a teacher,
find a hypothesis that can 1) explain the relationship between the individuals
and their labels; and 2) be used to predict the labels of previously unseen
individuals with good accuracy.

In the traditional AVL setting, the d;’s are constrained to be feature vectors. In the current
work, we consider problems of a more general nature, where the d;’s are higher-order terms
that directly captures the (potentially complex) internal structures of the individuals. The
type of the labels is usually either real numbers or a finite set of integers. In the former
case, the target function is likely to be a regression function. In the latter case, it is likely
to be a classification function. In some cases, additional background information about
the learning task may be provided. Additional constraints may also be placed on the exact
form the hypothesis can take.
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Figure 1.1: (a) A linear unit. (b) A non-linear unit.

1.3.2 Artificial Neural Networks

The artificial neural network (ANN) model is an important mathematical learning model
that is widely used in fields as diverse as psychology, mathematics, neural science and
computer science [Hay99|. In machine learning, they are used primarily as a tool to perform
function approximation from examples.

An artificial neural network is a network of simple processing units with weighted
connections between them. In many respects, ANNs are like their biological counterparts, if
only significantly simpler. ANNs can learn through adaptation, by systematically adjusting
their weights over time, and they exhibit complex and interesting behaviours through
dynamic and parallel interactions between their processing units.

Processing units The simple processing units, or neurons as they are commonly called,
can come in two different forms: linear units and non-linear units. These are shown in
Figure 1.1. Linear units are used to produce networks that approximate linear functions.
They produce as outputs a linear transformation of their inputs using the following function

0= E W; * Ty
7

which simply computes a weighted sum of the input values. Non-linear units, on the other
hand, are used to produce networks that can approximate non-linear functions. They differ
from linear units in that the weighted sum of the input values are further transformed using
a nonlinear squashing function, i.e., they implement functions of the form

0= G(Zwi - I4)

where ¢ is a squashing function that maps large input values to small output values within
a certain range, say between —1 and 1. A common choice of o is the logistic or sigmoid
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Figure 1.2: (a) A feedforward neural network. (b) A recurrent neural network.

function (shown below left)

_ 1 do(y)
Cl4e dy

o(y) =o(y)-(1-0o(y))

which has the very nice property that its derivative can be expressed in terms of its output
(shown above right). One popular alternative to the logistic function is the hyperbolic
tangent function tanh. In both the units shown in Figure 1.1, the input z¢ is a bias input
added on top of the original input vector. Its value is always fixed at 1.

Network topologies The most common types of network topologies are feedforward
networks and recurrent networks. Examples of the two are shown in Figure 1.2. Both
networks shown in the diagram are three layered networks with two hidden layers and an
output layer. By convention, the input layer is not counted because neurons in this layer
perform no computation. It is customary to number the layers from the input layers to
the output layer. In this case, the input layer is layer 0, the first hidden layer is layer 1,
the second hidden layer is layer 2, and the output layer is layer 3. Nodes in the networks
above can be linear units or non-linear units or a combination of both.

In feedforward networks, all the links are limited to be forward links, ¢.e., a neuron in
layer L is only allowed to connect to neurons in layers higher than L. Cross-layer forward
links are allowed; /1 and [2 are examples of such links. Neurons may or may not connect
to all the neurons in the next layer, as shown in the connections between layer 0 and layer
1, which is completely connected, and between layer 1 and 2, which is not. A feedforward
network where every neuron in layer L is connected to every neuron in layer L+ 1 is called
a fully connected network. This is the most common topology in use.

In recurrent networks, cyclical connections are admissible, i.e., neurons can connect to
other neurons in the preceding layers. [3 is an example of a backward connection. Such
cyclical links can be thought of as feedback loops, where the output of a neuron is used
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Figure 1.3: Molecule TR000 in PTC 2000-01

to feed back to one or more of its inputs. This makes the output of the neuron not just a
function of the inputs, but a function of the inputs and its own earlier outputs. Recurrent
networks are in general much harder to analyse compared to feedforward networks, but
they have many interesting properties which make them delightful subjects of study.

1.3.3 Approaches to Structured Data Processing

For those working in a strictly AVL setting, learning on structured data can only be done
after a data preprocessing stage, in which the complex individuals are transformed into
feature vectors through a feature construction process. A paragraph from [HKO01, p.396-
397] explains this process in the context of data mining succintly:

“A complex structure-valued attribute may contain sets, tuples, lists, trees,
records, and so on, and their combinations, where one structure may be nested
in another at any level. In general, a structure-valued attribute can be gener-
alised in several ways, such as (1) generalizing each attribute in the structure
while maintaining the shape of the structure, (2) flattening the structure and
generalizing the flattened structure, (3) summarizing the low-level structures
by high-level concepts or aggregation, and (4) returning the type or an overview
of the structure.”

To illustrate this, consider molecules in a bioinformatics application. Figure 1.3 shows
the molecule TRO0O in the 2000-1 Predictive Toxicology Challenge [PTCO1]. How can we
construct a feature vector given such a molecule? We can, for instance, extract useful
figures like the number of atoms of a particular type (like carbon, chlorine, hydrogen, etc)
it has; the total number of atoms it has; the number of bonds of a certain type (like single
bonds, double bonds, triple bonds, etc) it has; its molecular weight; etc. In addition, we can
also introduce higher level concepts like hasAromaticRings, hasHalogens, hasBenzeneRings
and so on to characterise the presence or otherwise of certain molecular substructures.
As we can see from the simple example above, feature construction is a tedious and
manual task that requires good domain knowledge for success. It is also an inherently
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problematic task, as depending on the experience and knowledge of the human experts
doing the job, the resulting feature vectors may or may not contain the essential data for
learning to proceed. This process is essentially a black art.

As mentioned previously in Section 1.2, there are many approaches to overcome the
limitations of AVL. Dialects of first-order logic are common choices. The use of a first-order
language allows us to model and reason about complex structured individuals directly. For
example, the molecule shown in Figure 1.3 can be represented in Prolog [Bra90], which is
first order, as follows:

atom(’TR000’,’TR0O00_1’). element(’TRO00_1’,cl).

atom(’TR000’,’TR000_5’). element(’TRO00_5’,h).
bond (°’TR0O00’,’>TR000_1_2").

connected (’TRO00_1’,’TR0O00_2’,’TR0O00_1_2").
connected (’TRO00_2’,’TRO00_1’,’TR0O00_1_2").
bond_type (’TR000_1_27,-).

bond (’TRO00’, >TRO00_2_5").

connected (’TRO00_2’,>TRO00_5’,°TR000_2_5"
connected (’TRO00_5, >TR000_2’,°TR000_2_5"
bond_type (’TRO00_2_5",-) .

).
).

This is the commonly used “flattened” table-of-facts representation. An alternative way,
the so-called individuals-as-terms approach, can be used as well. Under this scheme, each
individual is represented as one single term. For example, the same molecule above can be
represented as follows,

TRO0OO = graph([cll, c2, c13, cl4, h5],
[e(cll,c2,-),e(c2,c13,-),e(c2,cld,-),e(c2,h5,-)]1)

where the first list denotes the atoms of the molecule, and the second list denotes the
connections between the atoms. In both representations, all the structural properties of
the molecule are captured compactly without any loss of information.

Higher-order logic can also be used to represent structured data. A way to represent
molecule TRO0O in higher-order logic is as follows:

TRO00 = ({(1,cl), (2,c), (3,cl), (4,cl), (5,h)},
{(1’2,_): (2,3:_): (2’45:_), (2,5,_)})-

From that, one can see this representation has some advantages over its first-order counter-
part. It is closer to the mathematical definition of a graph, which is a tuple with two sets,
the first of which is the set of the vertices, and the second the set of edges in the graph.
The notion of sets cannot be captured quite as naturally in first-order logic without the
use of some abstract data types. In the first-order individuals-as-terms approach above,
a list is used in place of a set. Strictly speaking, they are rather different. In lists, the
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order is important, whereas in sets, the order is not. It can be envisaged that such subtle
differences in the exact type of the individuals can have significant ramifications on the
learnability and final form of the hypothesis concept.

1.4 The Problem

We conclude the chapter with a problem statement.

To represent structured data, we use a special class of terms in a typed higher-order
logic [L1lo01] called basic terms. The exact definition of basic terms is given in Section
2.1. For the purpose of this discussion, they can be thought of as terms admissible in a
functional programming language like Haskell [Has], with additional syntactic provision
for higher-order constructs like sets and multisets. Denoting the set of all basic terms by
B, the problem this thesis attempts to solve is as follows:

Given a set of individuals in the application domain all of type «, and denoting
the set of all basic terms of type a by B,,

1. find a class of feedforward neural networks that can approximate functions
with the following signature f : 8, — R™.

2. devise an algorithm that can train the class of feedforward neural networks
in 1 and produce solutions with good predictive power.
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Chapter Notes

The grouping of major research efforts on supervised learning into the three themes ap-
proximation, computation and estimation, as described in the introductory text of this
chapter was first made in [AB99]|. In the current work, we do not touch on estimation
issues in any depth. This does not do justice to the importance of the subject matter. In
actual fact, estimation is the current dominant research theme in machine learning, and
almost all recent significant advances in machine learning are founded on and motivated
by improved theoretical understanding of the estimation aspects of learning. Readers are
referred to [CSTO00] and [AB99] for an introduction to this very important subject.

Readers interested in knowing more about machine learning are referred to [Mit97], a
most authoritative introductory textbook on the subject. For an introductory text on in-
ductive logic programming (ILP), a subfield of machine learning most closely related to the
subject matter of the current work, see [Mug99]. For an account of the logical foundations
of ILP, see [NCdW97]. Literally thousands of books have been written on various aspects
of artificial neural networks. From a machine learner’s perspective, perhaps the most well-
written of those (and certainly the most cited) is [Bis95]. Other good references include
[RM99], an accessible (meaning not very mathematical!) and practical introductory book
on feedforward neural networks; and [Hay99|, a comprehensive textbook that covers most
aspects of neural network learning, including chapters on support vector machines and
neurodynamic programming (reinforcement learning).

A year spent in artificial intelligence is enough to make one believe in God.
Alan J. Perlis (Epigrams of Programming)

If the human mind was simple enough to understand,
we’d be too simple to understand it.
Emerson Pugh



Chapter 2

Approximation

Although this may seem a paradox,
all exact science is dominated by the idea of approximation.
Bertrand Russell

In this chapter, we describe in detail a class of feedforward neural networks capable
of approximating functions from B, to R™, for some type a and a positive integer m.
Section 2.1 describes the symbolic representation of individuals in the form of higher-order
terms. Section 2.2 presents a systematic approach for constructing feedforward networks
from higher-order terms. We conclude with a discussion of some important issues in the
design of term reduction networks for real applications.

2.1 Representation of Individuals

The setting we use for representing individuals is a polymorphically typed higher-order
logic. This provides a variety of data types for representing individuals. The full glory of the
logic and its applications to the design of declarative languages and machine learning can
be found in [Llo01], [L1095], [L1099], [BGCLO0O0] and [NLS01]. The following is a summary
of the relevant parts of the logic. With permission from the author, some formal definitions
from Section 3 of [Llo01] are reproduced here.

2.1.1 Overview of Higher-order Logic

In brief, the logic is based on Church’s simple theory of types [Chu40] with several exten-
sions, the most significant of which is the polymorphic extension to the type system. The
alphabet of the logic consists of four sets, a set T of type constructors, a set 3 of parame-
ters (type variables), a set € of constants, and a set U of variables. Always included in the
set, ¥ are type constructors 1 and 2 both of arity 0. 1 is the type of some distinguished
singleton set and (2 is the type of the booleans. The types of the logic are built up from
the set of type constructors and the set of parameters using the symbols — and x. The

10



CHAPTER 2. APPROXIMATION 11

former is used to construct function types, the latter, product types. A type is closed if it
contains no type variables. The set of all closed types is denoted by &°.

¢ is the set of constants of various types. The two constants T (true) and L (false) are
always included in it. One can distinguish between two kinds of constants, data construc-
tors and functions. In a knowledge representation context, data constructors are used to
represent individuals. In a programming language context, data constructors are used to
construct data values whereas functions are used to compute on data values. Functions
have definitions, data constructors do not. In the semantics of the logic, which is a Henkin
model [Hen50], the data constructors are used to construct models [Llo01].

The terms of the logic are the terms of the typed A-calculus, which are formed in the
usual way by abstraction and application (or juxtaposition) from constants and variables.
Products of terms can also be formed using a tuple-forming notation (...). The set of all
terms is denoted by £ (for language).

2.1.2 Basic Terms

A suitable class of closed terms called basic terms are used to represent individuals in
our application domains. Before giving the definition of basic terms, we need a few more
concepts. These will be developed in stages as needed. First, we identify a subset of
terms called normal terms that are suitable for knowledge representation. We point out
the undesirable non-uniqueness of normal terms and describe a way to solve this problem.
Finally, we define basic terms as the distinguished representatives of equivalence classes of
normal terms.

For reasons which will become clear, we need the concept of a default term for each
type. For example, we can use 0 as the default term for integers, false for the booleans,
etc. The set of default terms is denoted by 2.

Normal Terms We now give the definition of normal terms.

Definition. The set of normal terms, N, is defined inductively as follows.

1. If C is a data constructor having signature oy — --- — 0, — (T a;...a,) and
11y tn € M (n > 0) such that C't;...t, € £, then C t;...t, € N.

2. Ifty,...,t, €M, 51,...,8, €N (n>0), sp €D and
Az.if x =ty then s, else ... if x =1, then s, else sy € £,

then
Ax.if x =1t1 then s else ... if x =1, then s, else sy € M.

3. Ifty,...,t, €M (n>0) and (t1,...,t,) € £, then (ty,...,t,) € N.
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Normal terms formed from Part 1 of the definition through application are called nor-
mal structures and always have a type of the form Ta; ...cq,. Thus, we obtain atomic
individuals like natural numbers, integers, etc, from data constructors with 0 arity, and
more complicated structures like lists, trees from data constructors with non-zero arities.

Normal terms formed from Part 2 of the definition through lambda abstraction are
called normal abstractions. They always have a type of the form g — 7. This class of
normal terms are essentially a form of finite lookup tables, where the value for element ¢,
is s,. Now we see why default terms are needed. In a finite lookup table, only values for a
(small) set of elements are usually defined. To implement a complete lookup table defined
for all elements of a certain type, we can simply define all elements which are not explicitly
specified as having the default value. The lambda function definition is mathematically
very neat, allowing one to model sets, multisets and similar data types intensionally.

To see how this can be done, consider the set {1,2}. In higher-order logic, sets can be
viewed as predicates. For the given set, we can represent it intensionally using the term

Ax.if x =1 then T else if z = 2 then T else L. (2.1)

Similarly, a multiset with 4 occurrences of A and 23 occurrences of B can be represented
intensionally as the term

Azx.if £ = A then 4 else if x = B then 23 else 0.

Part 3 of the definition simply states that one can form a tuple from normal terms to
obtain another normal term. Terms formed in this way are called normal tuples and they
always have a type of the form a; X - -+ X a,.

One problem with the use of normal terms as the knowledge representation language
is that normal abstractions are not unique, i.e., there are syntactically different normal
terms which mean the same thing. Going back to the example {1,2} above, we can see
that the following two function definitions, though syntactically different, are semantically
equivalent to the one given earlier.

Az.if x = 2 then T elseif x = 1 then T else L (2.2)
Az.if x = 2 then T elseif z = 1 then T else if z = 3 then L else L (2.3)

To understand the way to fix this undesirable property of normal abstractions, we need to
go no further than the two illustrative function definitions above. Function definition 2.2
is different from function 2.1 only in the order of the subterms of the form z = y. Function
definition 2.3, in addition to the difference in order, contains redundant declarations. The
intuitive idea is to devise a regularise procedure which, when given syntactically different
but semantically equivalent normal terms of a particular type, is able to reduce, through
syntactic manipulation, the different terms into identical ones. For example, given function
2.2, it will try to re-order the subterms. Given function 2.3, it will first remove redundant
declarations and then re-order the subterms.

To devise such a procedure, we need to have more mathematical tools. Firstly, we need
to define a strict total order < on the normal terms, which can then be used to order
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the elements of normal abstractions. Secondly, we need to define an equivalence relation
= on normal terms of a certain type, which can then be used to identify and remove
redundant elements of a function definition. Obviously, the equivalence relation needs to
be defined in a way such that normal terms of a certain type denoting the same individual
belong to the same equivalence class. We can then pick out one representative term from
each equivalence class and use these as the knowledge representative language. Given a
normal term, it is the unique representative term of the equivalence class in which the term
belongs that our regularise procedure will return. The set of all such unique representative
terms is called the basic terms, the formal definition of which is given in the following
paragraph. The reader is referred to Section 3 of [Llo01] for a detailed formalisation of the
ideas presented in this section.

Basic Terms
Definition. The set of basic terms, B, is defined inductively as follows.

1. If C is a data constructor having signature oy — --- — o, — (T a;...a;) and
11y tn € B (n>0) such that C'ty...t, € £, then Ct;...t, € B.

2. Ifty, .. . 6, €B,81,..., €EB, 11 < ... <tp, 5, €D, for1<i<n(n>0),s D
and
Az.if x =ty then sy else ... if © =1, then s, else sq € £,

then
Ax.if x =ty then sy else ... if ©x =t, then s, else sy € B.

3. Ifty,...,t, € B (n>0) and (t1,...,t,) € £, then (t1,...,t,) € B.

The basic terms from Part 1 of the definition are called basic structures, those from
Part 2 are called basic abstractions, and those from Part 3 are called basic tuples.

Figure 2.1 shows diagrammatically the relationships between terms, normal terms and
basic terms. Normal terms is a proper subset of terms. Within the set of normal terms,
there are further subsets whose elements belong to the same equivalence class. Within
each equivalence class, one unique representative term can be chosen. These are shown as
asterisks in the diagram. The set of all asterisks is the set of basic terms.

2.2 Term Reduction Networks

I now describe a way to construct feedforward neural networks that can learn a function
f 9B, — R™, for some type a and a positive integer m, from a set of training examples.
We call networks so constructed term reduction networks.

The intuitive idea behind term reduction network is rather simple. Given a basic term
of a certain type representing an individual in the application domain, we build up a neural
network for it in a bottom up fashion in much the same way as we build up a syntax tree for
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Figure 2.1: The relationships between terms, normal terms and basic terms.

it. The resulting network is composed of what we call reduction networks. They correspond
to the subterms. Reduction networks are described next. This is followed by a description
of the process of constructing neural networks from them.

The Basic Building Blocks

As can be seen from Section 2.1, a basic term is either a basic structure, a basic abstraction
or a basic tuple. There is a class of reduction network for each of the three. These will be
examined in turn. Before that, we need to introduce a static labelling function L : € — R"
which maps constants in the logic to real-valued vectors.

Basic structures are not unlike the labelled trees of [GK96] and [Ham96]. The reduction
network for basic structures looks just like the encoding part of folding architecture (see
[GK96, KG96]). Figure 2.2 shows the structure reduction network for a data constructor
C of arity n. Given the reductions of the data constructor C' and its n arguments, the
network produces as its output an element of R?. The reduction of C' is performed by
L. The reductions of the arguments are the outputs of other reduction networks. In
applications, there is a structure reduction network for each data constructor having arity
> (0. For data constructors with arity 0 (for example, integers, real numbers, etc), a direct
reduction is used instead. This is again provided by the labelling function L.

The task of designing a reduction network for basic abstraction is not a straightforward
one. This is not surprising, as the additional representation power provided by basic
abstraction is what sets our knowledge representation formalism apart from the rest. From
Section 2.1, we see that basic abstractions can be most straightforwardly understood as
finite look-up tables. Typical instances of it in the context of knowledge representation are
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tnh

Figure 2.2: Structure reduction network

Figure 2.3: Abstraction reduction network - alternative 1

sets and multisets. There are many different ways to implement reduction networks for
basic abstractions. One possibility is shown in Figure 2.3. To see how that is done, recall
that basic abstractions have the form

Az.if x =1, then sy else ... if x =, then s, else s € B,y,p

where t1,...,t, € By, 51,...,5, € Bg,n > 0,50 € D. We can reformulate the abstraction
in the following equivalent form

Az.if x = t; then s; else (r z)

where 7 is
Ax.if © = ty then s, else ... if x = ¢, then s, else sg.

By repeatedly rewriting basic abstractions into the new form and conjoining the resulting
abstraction reduction networks together, we end up with an acceptable reduction network
for basic abstraction. Note that for the special case where r becomes the identity function
Az.50, we use the labelling function L to obtain a direct reduction of sy in place of another
abstraction reduction network.

One major drawback of this proposed architecture for basic abstractions is that the
reduction network for sets with large cardinalities can become extremely deep and un-
trainable due to a phenomenon called delta attenuation, where the error terms become
arbitrarily close to zero and weights never get changed. It is important that we consider
other alternatives.

Figure 2.4 shows an alternative architecture with a flat hierarchy. A reduction network
is constructed for each of the constituents of a basic abstraction. In the case of set, this
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Figure 2.4: Abstraction reduction network - alternative 2

Rp

Figure 2.5: Tuple reduction network

corresponds to the elements of the set. These reduction networks are all exactly identical,
including their weights. Depending on the type of the constituents, the reduction networks
may take the form of structure reduction network, tuple reduction network or even another
abstraction encoding network. The outputs of all the individual constituents are connected
with the same weight to a top-most processing unit. This architecture is similar to the
multi-instance neural networks of [RR00]. Other feasible variants of this architecture can
be constructed.

The design of the reduction network for basic tuples is almost trivial, and is illustrated
in Figure 2.5. Its proper functioning, however, rests on the premise that its constituent
elements can be properly reduced to real-valued vectors. It is worth noting that in the case
of tuples of constants, our tuple reduction network degenerates into a conventional R" to
RP neural network.

Each rectangle representing a term in Figures 2.2 to 2.5 may consists of a variable num-
ber of neurons, the only constraint being that rectangles representing terms of the same
type must have the same number of neurons. This condition is necessary and sufficient
to ensure that all instances of reduction networks can be properly connected. The exact
number of neurons to put into any particular rectangle is a decision to be made at design
time. It is usually a function of the relative complexity of the term the network is intended
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to reduce. The internal architectures of reduction networks are also unspecified. It turns
out that the design of the individual network topologies has a great impact on the learn-
ability of term reduction networks. This very interesting topic will be further explored in
Section 2.3.1.

The networks shown in Figures 2.2, 2.3 and 2.5 were first introduced by J.W. Lloyd
in [L1000]. They were named structure encoding network, abstraction encoding network
and tuple encoding network respectively in that paper, reflecting their roles in an earlier
architecture. In this thesis, we have renamed them to reflect the current view.

Putting It All Together

For a problem domain where the individuals are all basic terms of type «, where o € &€,
the set of basic network components needed to construct all possible individuals must be
constructed. To that end, we need to collect together the types of all subterms of terms in
B,. The set embed(a) of embedded types in « is defined as follows [Llo01]:

Definition. The set embed(«) of embedded types in « is defined by embed(a) = {8 |
there exists ¢ € B, and a subterm s of ¢ such that s € B; }.

A network component is constructed for each non-atomic type in embed(«) as follows:
For every type in embed(a) of the form Ta; ..., and every data constructor C' having
signature oy — ... = 0, — (Tay...ag),n > 0 such that there is a type substitution 7y
with (Tay...ax)y = Ty ..., there is a structure reduction network for C. For every
type in embed(a) having the form 8 — ~, there is an abstraction reduction network. For
every type in embed(a) having the form a; X ... X a, there is a tuple reduction network.
This procedure was first introduced in [L1000].

We call the set of all reduction networks so constructed the set of component networks.
Together, the component networks make up the complete set of basic building blocks nec-
essary to construct neural networks for all basic terms of type o. Networks that are formed
using compositions of instances of component networks are called composite networks. A
complete composite network constructed from a basic term of type «, which represents an
indvidual in the application domain, is called an individual network.

An Illustrative Example

We end this section with an example that solidifies the ideas presented so far.

Suppose every individual in an application can be described by three separate com-
ponents, a binary tree whose nodes take on Char values, a set of integers and a list
of real numbers. The individuals have type BTree Char x {Int} x List Float. Sup-
pose also that there are two data constructors, BNode of arity 3 having the signature
BTree Char — Char — BTree Char — BTree Char and Null of arity 0 having the
signature BTree Char. Let o = BTree Char x {Int} x List Float, then

embed(a) = {BTree Char x {Int} x List Float, BTree Char,
{Int}, List Float,Char, Int, (2, Float}.
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Thus, the reduction networks that will be needed are as follows:
1. A tuple reduction network corresponding to BTree Char x {Int} x List Float.

2. A structure reduction network corresponding to BNode : BTree Char — Char —
BTree Char — BTree Char.

3. An abstraction reduction network corresponding to {Int}.

4. A structure reduction network corresponding to cons : Float — IList Float —
List Float.

Reduction for nullary data constructors like Null, characters, integers and floating point
numbers are conducted directly using a static labelling function.

Armed with the reduction networks and the labelling function, we can now construct
neural networks for any term of type a. As an example, consider the following basic term
denoting an individual of type a.

t = (BNode(BNode Null'A" Null) 'B' (BNode Null'C" Null),{3,10,15},[20.0,14.0])

Figure 2.6 shows the neural network representation of ¢. It is constructed in a bottom
up fashion. Note that it contains replicated instances of the component networks. For
example, there are 3 {Int} abstraction reduction networks and two cons structure reduction
networks.

The reader may notice at this stage that different terms denoting individuals in the
application domain can lead to rather different looking individual networks. If so, how
can learning be conducted when the different individual networks can have different sets
of weights? The short answer is that it is the weights of the component networks, and not
those of the individual networks, that are learnt during the training process. Chapter 3
deals with this in more detail.

2.3 Design Issues for Term Reduction Networks

We conclude with a discussion of some important design issues for term reduction networks.

2.3.1 Network Topology

The exact internal architectures of reduction networks are unspecified. The topology can
take on different shapes. The network processing units can be linear or non-linear units,
or a combination of the two. In the case of non-linear units, there is a further decision to
be made about the exact form of the non-linear function to be used. The logistic and tanh
functions are popular choices, but other alternatives are possible. Appendix D of [RM99]
lists several feasible functions.

Expert background knowledge, if available, can be used to decide on the best topology
for each component. In the case when no such knowledge is readily available, a default
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Figure 2.6: Neural network for the term (BNode (BNode Null ’A’ Null) 'B’ (BNode Null
'C’ Null), {3, 10,15}, [20.0, 14.0])

configuration of say, one hidden layer of n nodes can be used. Trial and error is another
way to discover good topologies. Several more systematic strategies for doing architecture
selection can be found in [Mo0094]. It is also possible to employ adaptive neural network
techniques like the cascade correlation architecture [FLI0] or other forms of evolving neural
networks (see [BH95] and [Ya099] for two excellent surveys) to learn the internal architec-
tures dynamically. In fact, recursive neural networks for structures, a class of recurrent
networks for handling labelled directed ordered acyclic graphs, uses the cascade correlation
technique to develop the internal architectures adaptively. See [BMSS00] for details.

The exact topologies of choice for the component networks in an application can have
huge ramifications on the learnability of the final individual networks. The topology of a
component network determines the class of functions that the component can approximate.
The class of functions in turn determines the type of transformation that is performed on
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the input vector. There are many different types of functions. I identify two general
classes to which they belong, based on their behaviour in the overall network. The first
class is the so-called reduced representation generator. The ability of neural networks to
learn compact representations of the original input using some form of automated feature
selection/extraction/construction mechanism is well-documented. Networks of this kind
implement functions that compute reduced descriptions of the input in the manner dis-
cussed in [Hin90a]. The second class is what I call the relational processor. Networks in
this class treat the individual inputs as entities and compute relationships between them.
Networks that simulate classification or regression functions, for example, belong to this
class. So do logical networks that implement boolean functions. This class of networks is
not unlike knowledge-based artificial neural networks (KBANN), which are built on Horn
clauses [TS93, Sha92]. Viewed this way, an individual network composed of different com-
ponents can be thought of as a semantic network, with some component instances acting as
nodes representing objects and concepts, and others representing the relationships between
them, as defined by the functions learned.

The process by which the behaviour of a particular component network is determined
is largely dynamic. It is part of the learning process. In certain circumstances, however, it
maybe necessary to statically force a particular type of network to assume a specific role.
This can be done at compile time using specialised architectures and fixed weights. An
example of this can be found in Section 4.2.2.

2.3.2 The Labelling Function

An important consideration in applying term reduction networks is the design of the input
encoding scheme. In principle, neural networks can perform arbitrary non-linear functional
transformations, and the exact forms of the inputs should not matter. In practice, however,
neural networks can be very sensitive to ill-processed inputs. Inputs that are too large can
cause network saturation early on in the learning process; inputs that are too small can
result in long training times because larger weights are needed to distinguish between
them; inputs that contain values of differing scales can cause problems during training if
not regularised properly; etc. There are different ways to properly encode input values,
depending on whether it is categorical or continuous in nature.

Encoding Categorical Values

A common way to encode categorical values is the 1 of C' encoding scheme, where C' is the
number of constants. Each constant is represented using a C'-tuple, with 0’s for all but one
of the elements. For example, consider the three categorical values Red, Blue and Green of
type Colour. Using 1 of C encoding, the three will be represented as (0,0,1), (0,1,0) and
(1,0,0) respectively.

Categorical values should not be encoded using a single variable. For example, we
should not encode the three colours above using the values 0.1, 0.5 and 0.9 because the
order artificially introduced into the encoded values can have undesirable effects on the
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function the network learns. Readers are referred to Part 2 of the Neural Network FAQ
[Sar00] for a more detail discussion on this topic.

Encoding Continuous Values

An element represented as a continuous value has a type which determines its range of
admissible values. For an example, let us consider the following three bits of information
that make up part of the input to a network: a person’s age, her annual income, and the
probability that she will get a pay rise this year. The range of the age element is 0 to
150; the range of the annual income element is $35,000 to $500,000; and the range of the
probability element is 0 to 1. Note that typical values for each of the three elements can
differ from each other by up to a few orders of magnitude, but the size of the elements
usually have no direct relationship with the importance of the element as a discriminating
feature. If we were to naively input them to the network without any preprocessing, at
best, learning will be a hard and lengthy process; at worst, learning cannot proceed.

There are two ways to encode continuous values properly. The first is to normalise the
inputs by applying a linear transformation on them. For each element x, we compute its
mean T and variance o2 with respect to the training data, and then rescale all the instances
x; for 1 <4 < N of the element using the formula

T, — X

€T; =
o
to arrive at a set of similarly-valued values. This simple normalisation procedure makes the
assumption that the elements are independent variables. This is of course not always true.
There are more sophisticated techniques that can take into account correlations among the
elements. Readers are referred to [Bis95, sec 8.2 for more details on that.

The second acceptable encoding scheme is to simply discretise the continuous values,
partitioning them into intervals, and use the interval labels as inputs. Presumably, the
interval labels for each element are also continuous in nature, but their values will usu-
ally have, or can be designed to have, the same order of magnitude. There are different
techniques that can be used to find good partitions. These include binning, histogram
analysis, cluster analysis, entropy-based discretisation, and segmentation by natural par-
titioning. The exact details of how each of them works are beyond the scope of this thesis.
For a good survey of the techniques, see [HK01, sec 3.5].
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Chapter Notes

The simple theory of types, the logic upon which the formal knowledge representation
language used in this thesis is based, was developed by the celebrated American logician
Alonzo Church in 1940. Church developed lambda calculus, with the help of his student
Stephen C. Kleene in the 1930’s in his study of computability. He later incorporated types
into the lambda calculus, the result of which is the simple theory of types. It is more
commonly referred to as the simply typed lambda calculus. For accessible accounts of
simply typed lambda calculus, see [Mit96], [And86] and [Wol93]. For a lay-person guide
to lambda calculus, see [Pen89]. For an interesting account of the theory of logical types,
see [Cop71].

Logic doesn’t apply to the real world.
Marvin Lee Minsky



Chapter 3

Computation

What is it that gives us the feeling of elegance in a solution, in a demonstration?
It is the harmony of the diverse parts, their symmetry, their happy balance;

in a word it is all that introduces order, all that gives unity,

that permits us to see clearly and to comprehend at once

both the ensemble and the details.

Jules Henri Poincaré

Computation in neural network learning deals with the problem of how the system
should best make use of the training data available to compute its predictions. This very
important issue is discussed in this chapter. We begin the investigation by formulating
the task as a function optimisation problem. We avail ourselves of the extensive works
on function optimisation, a very well-researched area in numerical methods, and explore
possible approaches to solving our computation task. We then propose in Section 3.2 a
simple and elegant solution based on gradient descent in the form of the Back-propagation
Through Structure algorithm. We also trace the algorithm to its origin in works on folding
architectures, and point out the modifications needed to make it work for term reduction
networks.

3.1 An Exercise in Function Optimisation

A neural network is essentially a function of the form f(x,w), where x is the input in-
dividual and w the weights of the network. The return value of f(z,w) is a real-valued
vector. Let us denote the output of the function for individual x; by o;. Corresponding to
each individual z; is a target value ¢;, which is also a real-valued vector having the same
dimension as o;. The aim of a network training algorithm (or computational method, if
termination is not guaranteed) is to, as much as possible, make the values of o; and t; as
close as possible for all 4, by changing the values of w. Denoting the dissimilarity between o;
and t; by a function D(¢;, f(z;, w)), and summing over all i to get E =Y. D(t;, f(xi, w)),
we effectively obtain a measure of how good a network is doing its job at predicting target

23
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values for the input individuals. For consistency with literature, let us call this measure
the error function of the network. Now, computation is really about utilising the train-
ing data to find a value of w which will minimise this function. That is, computation is
really a function minimisation problem. The dimension of w determines whether we have
a single variable or multivariate function minimisation problem. Likewise, the range of w
determines whether we have a constrained or unconstrained optimisation task. Different
methods exists for each of the four possible combinations. [PTVF92, chap 10] and [Hea96,
chap 6] contain excellent discussions of efficient algorithms for each of the four classes of
optimisation problems.

We have formulated the above as a minimisation problem. We could as well have posed
it as a maximisation problem, by defining a similarity (as opposed to dissimilarity) measure
between o; and ¢; and try to maximise that for all 2. This formulation is however relatively
uncommon.

3.1.1 The Error Function

The choice of the error function is dependent on the exact nature of the learning task.
For regression problems, the goal is to model the conditional distribution of the output
variables, conditioned on the input variables [Bis95]. For this purpose, the sum of squared
errors (SSE) function is a good choice. SSE is defined as

1 N M
Bssp = ZZ(%‘ — 05)’
i

where N is the total number of individuals, M is the dimension of the output vector, i.e.,
the number of units in the output layer, and ¢;; (resp. 0j;) denotes the target (resp. output)
value of unit ¢ for individual j.

For classification problems, the goal is to model the posterior probabilities of class
membership, again conditioned on the input variables [Bis95]. For this purpose, the SSE
function is still applicable, but there exist other more appropriate functions. One popular
choice is the logarithmic or cross-entropy error function, defined as

N M
Elog = Z Z(tﬂ In 0jj + (]_ - tﬂ) 111(1 - Oﬂ))
i g

where oj; in this case is interpreted as the estimated probability that individual j belongs
to class ¢ and tj; € {0, 1} is the target value.

Different error functions carry with them different assumptions about the model and
distribution of fitting errors. For example, the SSE function corresponds to a maximum
likelihood model with the assumption that errors have a Gaussian distribution, whereas
the cross-entropy error function corresponds to a classification model and the assumption
of a binomial error distribution [RM99]. In practice, an incorrect choice may lead to poor
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generalisation performance if the underlying assumptions of the error function are not met
by the model and data available.

Readers are referred to [Bis95, chap 6] for a detail and extensive coverage of error
functions and their properties. In the remainder of this chapter, we shall assume the use of
the SSE function for all our learning tasks. This preference for SSE is primarily motivated
by analytical simplicity.

3.1.2 Optimisation Techniques

Having looked at possible forms of objective functions, we now turn to optimisation tech-
niques. Function optimisation is an old discipline in numerical methods. A lot of rather
wonderful methods have been proposed in the past. Methods as old as Newton and as
young as Brent are in wide popular use. These can be conveniently classified into two
categories: those that make use of the gradient information and those that do not. Some
methods guarantee the location of the global optimum, while others can only find a local
optimum. Naturally, the former usually require much more computational resources than
the latter. There is no one single best technique for all scenarios. The most appropriate
method for a particular problem is largely dependent on the properties of the objective
function, and the constraints (if any) placed on the possible solutions.

Error back-propagation, an algorithm based on gradient descent, is one of the most
important and popular optimisation techniques in neural network learning. It is important
for historical reasons, in fact, its discovery in the eighties is widely regarded as one of the
most important factors behind the revival of the field of neural networks research following
a decade long slump instigated by the publication of [MP69]. The algorithm’s popularity
is a result of its remarkable simplicity and the elegance of the mathematics behind it.

Computation in neural network learning is an active field of research, perhaps the most
active field in neural networks research. Various algorithms which are better than standard
error back-propagation in one way or another have been put forward in the last decade
or so. On the performance side, a lot of efforts have been made to come up with faster
variations of error back-propagation. These includes the Delta-Bar-Delta method [Jac88],
Vogl’s method [VMR*88], Rprop [RB93], Quickprop [Fah89], SuperSAB [Tol90], the Silva
and Almeida method [SA90], etc. Besides these variants of standard back-propagation,
alternative algorithms, most of which are based on classical optimisation techniques have
also been proposed in the literature. The most widely used alternative is probably the
conjugate gradient descent method. Interested readers are referred to [RM99, chap 9-10]
and [Bis95, chap 7] for comprehensive treatments on these methods.

For the purpose of training term reduction networks, most if not all of the techniques
mentioned above, with appropriate modifications, can be used. In this thesis, we extend
as an exercise an algorithm called Back-propagation Through Structure based upon the
standard error back-propagation algorithm. It was introduced by C. Goller and A. Kiichler
for their folding architecture [GK96], a class of recurrent neural networks not unlike our
structure reduction networks. This is discussed in the next section. The aim is to point
out some of the special requirements of term reduction networks as a result their slightly
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strange (but beautiful!) architectures, and ways to satisfy those requirements. Other more
advanced training methods can be similarly extended for term reduction networks.

3.2 FError Back-Propagation

3.2.1 Standard Error Back-Propagation

We begin with a brief review of the standard error back-propagation (SEBP) algorithm.
Readers with background in neural network learning may wish to skip this part and go
straight to section 3.2.2.

The intuition behind SEBP is simple. Given a set of training examples, the SEBP
algorithm works by iteratively making adjustments to the network weights in such a way
that the error function of the network with respect to the training set is minimised. To do
that, the error term is repeatedly propagated through the network from the output units to
the input units to calculate the contribution of each weight to the error term. Adjustments
are then made to the weight based on their “badness”. This backward motion of the error
term through the network is the rationale behind the name ’error back-propagation’. The
network weights are usually initialised to some small random numbers in the beginning.

Error back-propagation consists of two distinct phases: the first phase computes the
(partial) differential of the error function with respect to each weight in the network; the
second phase updates the weights according to a weight update rule. In the standard
back-propagation algorithm, the gradient is computed for each individual in the training
set and then summed together to arrive at the final gradient. Weights are updated once
every epoch, where an epoch is a complete processing cycle involving every individual in
the training set. In practice, this is extremely slow. Commonly, a stochastic approximation
of SEBP is used. Under this scheme, weights are updated after the gradient is calculated
for each individual.

Before giving the exact steps of the algorithm, it will be helpful at this stage to introduce
a consistent set of notations. In the remainder of this text, we have:

e z;; = the input from unit ¢ to unit j

e w;; = the weight for the link from unit 4 to unit j

e net; =) .w;x;; (the weighted sum of inputs for unit j)
e 0; = the output for unit j

e ¢; = the target output for unit j

e outputs = the set of units in the final output layer

e next(j) = the set of units whose immediate inputs include the output of unit j

o = the sigmoid function defined by o(z) =1/ (1+e™%).
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Algorithm SSEBP (Stochastic Error Back-propagation algorithm) Given a
neural network NN with uninitialised weights, a set of training examples T'S =
{(d;,t;)}, and a learning rate 7, find a weight solution that (locally) minimises
the error function.

S1. [Initialise the weights] Initialise all the network weights to some random
floating point number in a certain interval, e.g., between -0.5 and 0.5.

S2. [Train the network] For each (d,,t,) € T'S do
1. [Propagate the input forward] Input individual d, into the network
and compute the values at the output units.
2. [Propagate the error backward]

i [Compute gradient] For each network weight w;; from the output
units to the input units compute the gradient 22

owj;
For output units, %ﬁ‘j’; = —(t; — 0j)0;(1 — 0j)xjs.
: .. OE OE
For hidden units, W‘Zf = —0;(1 = 0;) (X eneat(s) Whi(— gres-)) Tji

ii [Update weights] Update each network weight w;; with the rule

Owj;j

Wij <= Wij — 1N

S3. [Check termination condition] If the termination condition is met, termi-
nate with success. Otherwise go back to S2.

Figure 3.1: Stochastic gradient descent version of standard error back-propagation.

Figure 3.1 gives the stochastic gradient descent version of the standard error back-propagation
algorithm.

Step S1 is probably the least understood step of the algorithm. The difference between a
good and a bad initial weight is, at best, the difference between a fast and a slow training
time, and, at worse, the difference between convergence and non-convergence (within a
reasonable amount of time). This (almost extreme) sensitivity of back-propagation to the
initial weights was vividly demonstrated in a large number of experiments reported in
[KP91]. Various methods have been suggested on how best to initialise a network, but
they remain, rules of thumb. A good study on this subject can be found in [TF97]. In it,
for networks with non-linear units, the authors suggested the use of a random number in
the interval [—a/v/din, a/\/din], where a is a parameter, and d;, the fan-in of the neuron
to which the weight is connected to, for obtaining good initial weights. (This method
is attributed to L.-Y. Bottou by Thimm and Fiesler.) This is the weight initialisation
procedure of choice for our experiments in Chapter 4. The weight initialisation step, of
course, need not be a random process. Prior structural and domain knowledge about
the target function can be used to (partially) initialise a network. More information on
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non-random weight initialisation can be found in [RM99, sec 7.2].

The main component of the algorithm is step S2. After the forward phase, we obtain
the output for each processing unit in the network, o; for unit 7. From that and the target
values t; for output unit 7, the gradient 653)" can be calculated. Note that the error term
used here is the error for individual d,, not for the whole training set. The gradient points
in the direction of steepest ascent on the error surface. On each iteration, the weight
update rule moves the solution in the opposite direction of the gradient, ¢.e., the direction
of steepest descent. The learning rate n defines the step-size of this motion. This is usually
a value between 0.05 and 0.5 [RM99]. Small values may result in slow learning, whereas
large values may cause the network to overshoot and miss good solution points.

The formula for calculating the gradient component for weight w;; is different for weights
connecting to output and to hidden units. The derivatives for weights connecting to output
units can be calculated directly. The calculation of the derivatives for weights connecting to
hidden units make use of the delta terms (—82—5% for unit k) for units to which they connect.
This dependency mandates the backward motion of the error propagation. Appendix A
gives a standard derivation of the gradient formulae and the weight update rule.

The termination condition is another grey area in SEBP. A good termination condition
ensures that the network is not over-trained or under-trained, both of which can result in
poor generalisation performance. What is certain is that the termination condition must
be stated in such a way that the learning process stops after a finite number of steps.
This is important, because SEBP is an algorithm, and hence it must satisfy one of the
most important properties of an algorithm, finiteness. (See section 1.1 of [Knu97] for the
other four properties that a computational method must satisfy to pass the algorithm
qualification test.)

Figure 3.2 shows the error surface for a simple network with a single adjustable weight.
Using this simple diagram, we can visualise how SEBP works in practice. The weight
initialisation step places the network on a random point along the curve. From then on,
the algorithm repeatedly calculates the gradient and moves the network a step closer to
a solution. For instance, starting from position S1, the network will end up on global
minimum A after a finite number of steps. Alternatively, if the network had started from
S2, it would have landed on the local minimum B. This simple example illustrates two
important points:

1. The SEBP algorithm does not always converge to the global minimum. On error
surfaces with many local minima, back-propagation can be trapped at a bad local
minimum.

2. The initial starting point can have huge ramifications on the ability of the network
to converge to a good solution.

Some heuristics to overcome these difficulties and to make back-propagation perform better
can be found in [Hay99, sec 4.6].
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Figure 3.2: The error surface of a simple network with one adjustable weight.

3.2.2 Back-Propagation Through Structure

With some extensions, the standard error back-propagation can be used to train term
reduction networks. In this section, we investigate these extensions in detail.

Consider an application where the individuals have type a. Corresponding to the
non-atomic embedded types of o are component reduction networks that constitute the
building blocks of the individual networks. We have seen in Section 2.2 that multiple
instances of the same component network can be used in the construction of an individual
network. These different instances are just copies of the original component network, and
their weights must therefore stay the same at all times. But error back-propagation will
violate this constraint when run in normal mode, updating each copy of the same weight
in a different way. The only extension to SEBP we need for term reduction networks is a
mechanism to ensure this does not happen.

The point to bear in mind is that our objective is to learn the weights of the component
networks that make up the individual networks, from their occurences in the individual
networks. Let us denote the weight from unit ¢ to unit j in a component network by
wji, and the same weight in the mth instance of the component network in the individual
network by w](-zn). There are two ways to formulate the error function, one with respect to
the weights in the component networks, and the other with respect to the weights in the
individual networks. We denote the former as F, and the latter as E'. E is a function of
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(m)

wj; for all 7 and j. E' is a function of wy; for all ¢, j and m. The two are connected by

the relations
UJJ'Z' = wj(zn), V i,j, m.

We are interested in the values of %, but these cannot be computed directly from

the individual networks. What we do have, from running standard error back-propagation

through the individual networks, are the values of 68%1). What is the relationship between
w

the two? We conjectured that the partial differential of E with respect to the weight wj; is
simply the sum of all the partial differentials of E’ with respect to copies of the weight wj;
in the individual network. This we now prove. (This proof is due to J.W. Lloyd [Llo00]
based on C. Goller’s ideas, see [Gol97, p.48-49].)

Proposition 3.2.2.1. Let f : R* — R be continuously differentiable and 1 < m < n. Let

g : R™ — R be defined by g(x1,...,%m) = (T1,..., sy Tgy Tst1y- -+ Tty Tgy Titls -« Trm)s
that is, g inserts (n —m) copies of x4 (1 < ¢ < m) into (x1,...,2y) so that x4 ends up at
the (n —m) + 1 positions i1,...,5 N (T1,...,Ts, Tgy Tsi1y-- s Tty T, Ttt1y-- > Tm). Then
d(fo 0 0
(fog) _0f . Of
Oz, 0Yi, oY,

Proof: Let g(z1,...,%m) = (y1,---,Yn)- Then, by the chain rule,

0(fo9)
Oz,
_O0f oy of Oyn
Oy, Oz, o Oyn, 0z,
_of of

" OB _ oL’
Proposition 3.2.2.2. 5= = >om 2ul”

Proof: The result follows immediately from Proposition 3.2.2.1. E’ is f and E is obtained
from E’ o g where ¢ identifies all the input variables wgn) with w;;.
O
A similar technique as that described above was used by C. Goller and A. Kiichler to
solve a problem of identical nature for folding architectures, a class of recurrent neural
networks that when unfolded, looks exactly like our structure reduction network. (See
[GK96], [KG96] and [Gol97]). They named their algorithm back-propagation through
structure (BPTS), in analogy with the back-propagation through time algorithm. We shall
use the name back-propagation through structure for our algorithm as well, considering

the similarity between the two.
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Algorithm SBPTS (Stochastic Back-Propagation Through Structure algo-
rithm) Given the set of training examples D = {(d;,t;)}, the type of the in-
dividuals «, and the learning rate 7, construct the set of network components
necessary to build reduction networks for the individuals, then find and return
a weight solution for the network components such that the error of the in-
dividual networks composed of these components with respect to the training
examples is (locally) minimised.

S1. [Initialise the data structures| Initialise the set of individual networks
individuals and the set of network components components to the empty
set. ndividuals < ¢. components <— ¢. Initialise the set embeddedTypes
to the embedded types of a. embedded Types < embed(c).

S2. [Build the network components] For each non-atomic type vy €
embedded Thypes, construct a component network for it, initialise its weights
using random floating point numbers in a certain interval and then add
the component to the set components.

S3. [Initialise the weight derivatives matrix] Initialise a 2 dimensional N x N
matrix derivatives|[N|[N] to zero, where N is the total number of pro-

cessing units in all of the network components. This matrix is needed to
oE,
dw(m) *

S4. [Find a better weight solution| For each (dj,t;) € D do

1. [Construct individual network] Construct an individual network NN
for dj using the network components.

OB,
compute Z¢ from

2. [Propagate the input forward] Compute the activation energy at each
processing units, from the input layers to the output layer.

3. [Propagate the error backward]

/

OE
i [Calculate 5 and update derivatives] For each wj(-z") in NN
from the output units to the input units compute the gradient

m ow(T

s and then set derivatives[i][j] < derivatives[i][j] +

w!!
J
ii [Update component weights] For each w;; in the network compo-
nents set wj; < wj; + 1 - derivatives|i|[j]
4. [Reinitialise derivatives] Reset the matrix derivatives to zero.

5. [Destroy the individual network NN] Free the memory occupied by
NN.

S5. [Check termination condition] If termination condition is met, terminate
with success. Otherwise, go back to step S4.

Figure 3.3: The stochastic gradient descent version of Back-propagation through Structure.
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We can now give the exact steps of the algorithm. Figure 3.3 gives the stochastic
gradient descent version of the back-propagation through structure algorithm.

At step S2, the user may be prompted for information on the exact architecture of each
component. Information required may involve the number of units to encode each type,
the number of hidden layers in a component network, the number of units in each hidden
layer, etc. Alternatively, a default architecture may be used. At step S4, the gradients are
calculated in the usual way using the formulae given in Algorithm SSEBP (Figure 3.1).

Note that the individual networks are constructed and destroyed on each iteration.
This is done primarily to achieve clarity in presentation, but is also intended to illustrate
a potential problem with term reduction networks and BPTS: inefficient memory usage.
For small problems, the individual networks should be constructed once in an initialisation
step. But for larger problems with a training set of reasonably big size and/or individuals
of highly non-trivial complexity, it may not be possible to fit all the individual networks
in memory at all times. In such cases, dynamic creation and destruction of individual
networks may be necessary.

I conclude the discussion of our network training algorithm with a brief discussion on
an alternative weight update formula. It has the same general form

w;;rl = w% + Awﬁ-i (3.1)

where w?; denotes the value of wj; at time ¢. The update term is defined as follows,

OF
Awl; = —n@ + pAwl?t (3.2)
with an additional momentum term. Note that the weight update term is now a function
of all previous update terms. The addition of the momentum term effectively introduces
inertia to the motion through the weight space, resulting in smoother trajectories. This
usually leads to faster convergence in training time. It is this weight update rule that we
use in our experiments in the next chapter.
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Results

Result! Why, man, I have gotten a lot of results.
I know several thousand things that won’t work.
Thomas Edison

In this chapter, I present the results of applying term reduction networks to eight
classification problems.

4.1 Five Easy Pieces

This section presents the result of applying term reduction networks to five (arguably) triv-
ial problems. The accuracies obtained for these problems are not statistically meaningful,
due to the large discrepancies between the degrees of freedom in the networks used to solve
them and the small number of training examples available. The purpose of the exercise is
only to illustrate the diverse range of problems that our networks are capable of solving.

4.1.1 Tennis (Tuple)

This is the classic tennis problem proposed by Quinlan [Qui86], [Mit97, p.59]. It is an
attribute-value language problem, and involves learning the concept of whether to play
tennis given the weather on a Saturday.

Problem Specification We introduce the types Qutlook, Temperature, Humidity, Wind
and a type synonym Weather as follows.

Sunny, Qvercast, Rain : Qutlook
Hot, Mild, Cool : Temperature
High, Normal, Low : Humidity
Strong, Medium, Weak : Wind.
Weather = Qutlook x Temperature x Humidity x Wind.

33
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The task is to learn a function with the following signature: playTennis : Weather — (2.
The dataset contains nine positive examples and five negative examples as follows:

Overcast, Hot, High, Weak) = T
Rain, Mild, High, Weak) = T
Rain, Cool, Normal, Weak) = T
Overcast, Cool, Normal, Strong) = T
Sunny, Cool, Normal, Weak) = T
Rain, Mild, Normal, Weak) = T
Sunny, Mild, Normal, Strong) = T
Overcast, Mild, High, Strong) = T
Overcast, Hot, Normal, Weak) = T
Sunny, Hot, High, Weak) = L
Sunny, Hot, High, Strong) = L
Rain, Cool, Normal, Strong) = L
Sunny, Mild, High, Weak) = L
Rain, Mild, High, Strong) = L.

playTennis
play Tennis
playTennis
play Tennis
playTennis
playTennis
play Tennis
playTennis
playTennis
play Tennais
playTennis
play Tennais
play Tennais

N AN AN AN N AN AN N N /N /N /N /S

play Tennis

Experiment Setting The individuals have type Weather, which is just a tuple of con-
stants. Using one hidden layer with two nodes, and a real number to encode the constants,
we end up with a network component as shown in Figure 4.1. It is worth noting that in
the case of simple tuples of constants, our structured tuple encoding network degenerates
into a conventional feedforward neural network. Training is conducted with learning rate
set at 0.01 and momentum at 0. The weights are initialised with random values very close
to zero.

Experimental Result After about 10,000 epochs, we obtain 100% accuracy on the
training set. The final weight solution is shown in Table 4.1. The table can be read as
follows: a value in cell (4, j) denotes the weight w;;, the weight from node j to node i. *

Discussion Strictly speaking, the labelling function used in this example is inappropri-
ate. Categorical values should really be encoded using 1 of C or 1 of C-1 schemes for the
outputs to be validly interpreted as the posterior probability of the individual belonging
to the output class. See “How should categories be encoded?” in part two of [Sar00] for
further details. But the constants used here have some ordinal properties, in the sense that
they can be roughly ranked according to the effect they have on the final target of whether
to play tennis. For example, sunny, overcast and rain can be ranked in that order in terms

! The weight solutions for this and the following problems are presented for the consumption of a special
group of readers interested in rule extraction from neural networks. The average reader may wish to ignore
them.
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Figure 4.1: The tennis network component. Two nodes (excluding the bias node) were
used in the hidden layer. The black nodes are bias nodes with input fixed at 1. All the
nodes are numbered for referencing purposes.

Table 4.1: The weight solution for tennis.

i\ ] 0 1 2 3 4 5 6 7
6 | 4.33198 -7.85716 0.605261 0.0529212 5.45755 - - -
7 |-3.33038 9.99733 243514  5.95944  -1.28383 - - -
8 - - - - - “12.3405 8.43928 8.4348

of their suitability as a weather component in determining whether or not to play tennis.
This is the reason behind our choice to encode them as real numbers.

4.1.2 Keys (Set)

Having discussed tuples, we now turn our attention to a problem involving sets. This is
the second problem in a series of “Ten Easy Pieces” described in [BGCLO1].

Problem Specification The problem involves finding the concept of whether a bunch
of keys can open a door. A key is a tuple with four components: make, numprongs, length
and width. Each individual in the dataset is a set of keys. The type information is as
follows:

Abloy, Chubb, Rubo, Yale : Make
Short, Medium, Long : Length
Narrow, Normal, Broad : Width.
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For convenience, we introduce the following type synonyms.

NumProngs = Nat
Key = Make x NumProngs x Length x Width
Bunch = {Key}.

The task is to learn a function having the following signature: opens : {Key} — 2.
The dataset contains five positive examples and four negative examples.

opens {(Abloy, 4, Medium, Broad), (Chubb, 3, Long, Narrow),

(Abloy, 3, Short, Normal)} = T

opens {(Abloy, 4, Medium, Broad), (Chubb, 3, Long, Narrow),

(Abloy, 3, Short, Broad)} = T

opens {(Rubo, 5, Short, Narrow), (Yale, 4, Long, Broad),

(Abloy, 3, Medium, Narrow), (Chubb, 6, Medium, Normal)} = T
opens {(Yale, 4, Medium, Broad), (Chubb, 3, Long, Broad),

(Abloy, 3, Medium, Broad), (Abloy, 4, Medium, Narrow)} = T
opens {(Chubb, 4, Medium, Broad), (Chubb, 2, Long, Normal),
(Abloy, 3, Medium, Broad)} = T

opens {(Yale, 3, Short, Narrow), ( Yale, 4, Long, Normal),

(Chubb, 3, Short, Broad), (Chubb, 4, Medium, Broad)} = L
opens {(Yale, 4, Long, Broad), ( Yale, 3, Long, Narrow)} = L
opens {(Rubo, 4, Long, Broad), ( Yale, 4, Long, Broad),

(Abloy, 3, Short, Broad), (Chubb, 3, Short, Broad)} = L
opens {(Chubb, 3, Medium, Broad), (Rubo, 5, Long, Narrow),
(Abloy, 4, Short, Broad)} = L.

Experiment Setting We use a single hidden layer consisting of two nodes in this ex-
periment. Figure 4.2 shows the basic network components. Learning is conducted with
learning rate set at 0.2 and momentum at 0.3. The constants are encoded using real
numbers between 0 and 1.

Experimental Result After about 10,000 epochs, the network obtains 100% accuracy
on the training data. The weight solution is shown in Table 4.2.

Discussion The original problem setting as proposed by Bowers et al. is that of a
multiple-instance type problem (see Section 4.2.2 for details of multiple-instance problems).
Intuitively, a set of keys can open a door if there exists one key in the set which can open the
door. Here, we have relaxed the problem specification and have not imposed the multiple-
instance constraint on the final solution. In general, it is difficult (if not impossible) to
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Figure 4.2: The network components. Two nodes (excluding the bias node) were used
in the hidden layer. The black nodes are bias nodes with input fixed at 1. (a) The Key

component. (b)

The {Key} component.

Table 4.2: The weight solution for the Keys problem.

i\ 0 1 2 3 1 5 6 7
6 |-2.11284 5.85969  -3.2994  -2.66559 5.01864 - - -
7 | 11957  -2.22785  -6.4896  -0.396301 1.45484 - ; ;
8 - - - - - 3.99131 -7.33326 6.48196
i\ 9 10 11 12 13 14 15

14 | 0.55045 8.84594 -0.694437 -5.10838 - - -

15 | -1.26107 -0.337535 -1.19349  -2.54679 - - -

16 - - - - ~4.19598  9.14185  1.36091

capture the precise definition of a symbolic rule using subsymbolic constructs. We will come
back to this issue and introduce a way to approximate the multiple-instance constraint in
Section 4.2.2 when we deal with the Musk problem. The solution is however somewhat

unsatisfactory; for instance, it does not work for this problem.

4.1.3 The East-West Challenge (List)

This section examines a problem involving lists. This problem is the well-known East-
West challenge of Michalski [Eas]. It involves learning the concept of whether a train is
headed East or West based on properties of its constituent cars. Figure 4.3 shows the set

of examples as originally proposed by Michalski [ML77].

Problem Specification We first need to decide the appropriate type for trains. List
seems to be the most natural choice here. We introduce the types Direction, Shape, Length,
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1. TRAINS GOING EAST 2. TRAINS GOING WEST
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Figure 4.3: Trains in Michalski’s East-West Challenge.

Kind, Roof, and Object as follows:

FEast, West . Direction
Rectangular, DoubleRectangular, UShaped, BucketShaped, Hexagonal, Ellipsoidal : Shape
Long, Short : Length
Closed, Open : Kind
Flat, Jagged, Peaked, Curved, None : Roof
Circle, Hexagon, Square, Rectangle, LongRectangle, Triangle, InvertedTriangle,
Diamond, Null : Object.

For convenience, we also introduce the following type synonyms,

Num Wheels = Nat
NumObjects = Nat
Load = Object x NumQbjects
Car = Shape x Length X NumWheels x Kind X Roof X Load

Train = List Car.

We represent each train as a list of cars, and we wish to learn a function with the
following signature: direction : Train — Direction.
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The dataset is as follows:

direction [(Rectangular, Long, 2, Open, None, (Square, 3)),
(Rectangular, Short, 2, Closed, Peaked, ( Triangle, 1)),
(Rectangular, Long, 3, Open, None, (Hezagon, 1)),
(Rectangular, Short, 2, Open, None, (Circle, 1))] = East

direction [(UShaped, Short, 2, Open, None, ( Triangle, 1)),
(BucketShaped, Short, 2, Open, None, (Rectangle, 1)),
(Rectangular, Short, 2, Closed, Flat, (Circle,2))] = East

direction [(Rectangular, Short,2, Open, None, (Circle, 1)),
(Hezagonal, Short, 2, Closed, Flat, ( Triangle, 1)),

(Rectangular, Long, 3, Closed, Flat, (Inverted Triangle, 1))| = FEast

direction [(BucketShaped, Short,2, Open, None, ( Triangle, 1)),
(DoubleRectangular, Short, 2, Open, None, ( Triangle, 1)),
(Ellipsoidal, Short, 2, Closed, Curved, (Diamond, 1)),
(Rectangular, Short, 2, Open, None, (Rectangle, 1))| = Fast

direction [(DoubleRectangular, Short, 2, Open, None, ( Triangle, 1)),
(Rectangular, Long, 3, Closed, Flat, (LongRectangle, 1)),
(Rectangular, Short, 2, Closed, Flat, (Circle,1))] = East

direction [( Rectangular, Long, 2, Closed, Flat, (Circle, 3)),

(Rectangular, Short, 2, Open, None, (Triangle, 1))] = West

direction [(DoubleRectangular, Short, 2, Open, None, (Circle, 1)),
(UShaped, Short, 2, Open, None, ( Triangle, 1)),

(Rectangular, Long, 2, Closed, Jagged, (Null,0))] = West

direction [( Rectangular, Long, 3, Closed, Flat, (LongRectangle, 1)),
(UShaped, Short, 2, Open, None, (Circle, 1))] = West

direction [( BucketShaped, Short,2, Open, None, (Circle, 1)),

(Rectangular, Long, 3, Closed, Jagged, (LongRectangle, 1)),
(Rectangular, Short, 2, Open, None, (Rectangle, 1)),
(BucketShaped, Short, 2, Open, None, (Circle,1))] = West

direction [(UShaped, Short, 2, Open, None, (Rectangle, 1)),

(Rectangular, Long, 2, Open, None, (Rectangle, 2))] = West.

Experiment Setting We used one hidden node in a single hidden layer in this exper-
iment. For the labelling function, the 1 of C encoding is used for the constants. Figure
4.4 shows the basic network components. Note that we have flattened the load compo-
nent. This reduces the complexity of the individual networks without affecting the actual
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Figure 4.4: The trains network components. One node (excluding the bias node) was used
in the hidden layer. The black nodes are bias nodes with input fixed at 1. All the nodes are
numbered for referencing purposes. (a) The [Car] component. (b) The Car component.

information content. The square boxes represent a collection of nodes corresponding to
the encoding scheme. The square box for Roof, for example, has 5 nodes. The dotted lines
represent solid connections out of each node in a particular square box. Learning rate is
set at 0.05, and momentum at 0.3. The weights are initialised at values very close to zero.

Experimental Result After about 250,000 epochs, the learner obtains 100% accuracy
on the training set. The final weight solution is shown in Table 4.3.

Discussion Readers may note that the network component for sets and lists are quite
similar, in fact, if the labelling function produces the same output for both ¢rue and cons,
then they are identical. The architecture itself makes no distinction between the two. The
difference lies in the way these components are used to construct the individual networks.
For sets, the elements are always re-ordered (according to some arbitrary order) because the
order does not matter. This preprocessing step saves the network from having to learn the
equivalence relations corresponding to identical but differently ordered sets. Conversely,
for lists, the elements are always presented in their original order because the order does
matter. It is the order in which the elements of sets and lists are presented to the network
that differentiates them from one another.

Sets can be thought of as a “degenerative” case of abstraction. In general, abstraction
networks for other forms of finite lookup table, e.g., multisets, are quite different from
list networks because the return values for the elements of the lookup table are not all
identical.
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Table 4.3: The weight solution for the East-West problem.

i\i| 0 1 2 3 1 5
5 |-336 -020 6.71 0056 - -
6 | - - - - 420 -8.61
iNj| 7 8 9 10 11 12 13 14 15 16
16 | 054 209 037 014 113 114 124 -001 - -
0.90 -0.06 -0.68  0.01 -0.04
0.76 0.09 -0.73
0.87 0.04 155
-0.06 -0.61  0.64
-0.03 -2.40
-0.07
-0.00
0.05
17 | - - - - - - - -~ 281 597

4.1.4 Interesting Trees (Binary Tree)

The problem is to determine whether a given binary tree is “interesting”. The labelling
the trees is done at random.

Problem Specification We define the following type
BintTree = BTree Int.
The task is to learn a function intTree : BIntTree — (2. Here are the examples.

intTree (BNode (BNode Null 1 Null) 2 (BNode Null 3 Null)) = T
(BNode (BNode (BNode Null 1 Null) 2 (BNode Null 8 Null)) 4 Null) = T
(BNode (BNode Null 8 (BNode Null 4 Null)) 5 (BNode Null 10 Null)) = T
(BNode (BNode (BNode Null 4 Null) 5 (BNode Null 7 Null)) 10
(BNode (BNode Null 11 Null) 12 Null)) = T

intTree (BNode (BNode (BNode (BNode Null 2 Null) 8 Null) 4 Null) 5 Null) = T

intTree (BNode (BNode Null 7 Null) 5 (BNode Null 8 Null)) = L
(
(
(
(
(
(

intTree
intTree

intTree

N N SN S /S /S

intTree (BNode (BNode (BNode Null 8 Null) 7 (BNode Null 9 Null)) 6

BNode Null 5 (BNode Null 4 Null))) = L

intTree (BNode Null 5 (BNode Null 6 (BNode Null 4 (BNode Null 3 Null)))) = L
intTree (BNode (BNode Null 8 Null) 2 (BNode Null 1 Null)) = L

intTree (BNode (BNode (BNode Null 9 Null) 10 Null) 2

BNode (BNode Null 8 (BNode Null 9 Null)) 10 Null)) = L

of
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Figure 4.5: The binary tree network component. Two nodes (excluding the bias node)
were used in the hidden layer. The black nodes are bias nodes with input fixed at 1. All
the nodes are numbered for referencing purposes.

Table 4.4: The weight solution for the binary tree component.

i\ 0 1 2 3 4 5 6
5 | 4.82518 0.91146 -2.11914 17.7595 - - -
6 | -16.4395 -7.64127 0.302936 23.6885 - - -
7 - - - - 6.5462 -16.8636 11.3863

Experiment Setting We used two hidden nodes in a single hidden layer for our only
network component, which is shown in Figure 4.5. Direct encoding is used for the labelling
function. Learning rate is set at 0.05, and momentum at 0.05. The weights are initialised
randomly at values close to zero.

Experimental Result After slightly less than 100,000 epochs, the learner obtains 100%
accuracy on the dataset. Table 4.4 shows the weight solution obtained.

4.1.5 Bongard 47 (Directed Graph)

This is problem 47 in the book [Bon70, p.229] by Bongard on pattern recognition. This
problem is illustrated in Figure 4.6.

Problem Specification As usual, we must first decide on a suitable type to represent a
Bongard diagram. For this, we have chosen to use a directed graph. The geometric figures
in the diagram, which can be circles, triangles, or squares, are the nodes of the graph and
there is a directed edge from shape s; to shape sy if and only if s, is located inside s;.
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Figure 4.6: Bongard: Examples in Classl are on the left; those in Class2 are on the right.

We introduce the types Shape and Class as follows.
Circle, Triangle, Square : Shape
Class1, Class?2 : Class.

For convenience, we also introduce the following type synonyms.

Label = Nat
Digraph v e = {Label x v} x {(Label x Label) x e}

In this problem, there is no information on the edges of the graph, so we use the type
1 as a default for the type of this information and the empty tuple () is used for all these
values. The type Diagram is defined as follows.

Diagram = Digraph Shape 1.

Vertices contain information of type Shape, while edges contain information of type I
(which is equivalent to having no information at all). Thus the term

({(1, Circle), (2, Triangle) },{((1,2),())})

represents the diagram with a circle and a triangle, where the triangle is inside the circle.
We want to learn the definition of the function class with signature:

class : Diagram — Class.
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Here are the training examples.

Class1

4, Circle)},{((1,2),()}) = Classl
{((2,3),0)}) = Classt

1, Circle), (2, Triangle
1, Circle), (2,
1, Triangle), (2, Circle

Circle), (2, Triangle

:4),0)}) = Classt

1A(2,2),0)}
, (8, Triangle),
, (3, Triangle)},
, (3, Circle), (4, Triangle), (5, Circle), (6, Circle) },

class ) =
class Triangle (

class

(
(
(
(

— N N N

class

{(1,
{(
{(
{(1,
{((3
class ({(1, Triangle), (2, Triangle), (3, Triangle), (4, Circle), (5, Triangle)},
{((4,9),0)}) = Classt
class ({(1, Triangle), (2, Circle), (3, Triangle)},{((2, 3),())}) = Classt
class ({(1, Triangle), (2, Circle)},{((1, 2),())}) = Class2
class ({(1, Triangle), (2, Triangle), (3, Circle), (4, Circle)}, {((2, 3),())}) = Class2
class ({(1, Circle), (2, Triangle), (3, Circle)},{((2,8),()}) = Class2
class ({(1, Triangle), (2, Circle), (3, Triangle), (4, Triangle)},{((1,2),())}) = Class2
class ({(1, Circle), (2, Triangle), (3, Circle), (4, Circle), (5, Circle)},{((2, 8),())}) = Class2
class ({(1, Circle), (2, Triangle), (3, Triangle), (4, Circle), (5, Circle), (6, Triangle), (7, Circle) },
{((3,4),())}) = Class2

Experiment Setting We used four nodes in a single hidden layer for all five components.
Figure 4.7 shows the five components used for this experiment. Note that the two vertex
labels of an edge have been flattened. 1 of C encoding is used for the shape values,
and direct encoding is used for everything else. Learning rate is set at 0.01, with zero
momentum. The weights are initialised randomly at values close to zero.

Experimental Result After about 100,000 epochs, the learner obtains 100% accuracy
on the dataset, Table 4.5 shows the final weight solution for each component.

Discussion This result is perhaps rather surprising. The mathematical definition of
a directed graph, a 2-tuple where the first element is the set of labelled vertices in the
graph, and the second element is the set of directed edges, does not give a strong clue to
the underlying structural properties of a directed graph. Structural information can be
extracted from the set of edges, but that requires the network to realise that the labels in
the ordered pairs are indeed pointers to vertices. It is inconceivable how that function can
be captured.

The network nonetheless achieves 100% accuracy on the training set. There are two
ways to interpret this result: 1) By some miraculous construct, the network somehow
captures the underlying target function. 2) The network merely performs a rote learning
in this case, remembering all the diagrams.

For interest, a solution for this problem given in [BGCLO01] is “A diagram is in class 2
if it contains a circle inside something; otherwise, it is in class 1.”
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Edges Edge

Figure 4.7: Network components for the Bongard problem. Four nodes (excluding the bias
node) were used in the hidden layer. The black nodes are bias nodes with input fixed at
1. All the nodes are numbered for referencing purposes.
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Table 4.5: The weight solution for the Bongard experiment.

i\i| o 1 2 3 4 5 6 7
4 [ 054 -1.39 -094 - - - - -
5 | 0.78 -382 080 - - - - -
6 | 059 168 -028 - - - - -
7 | 148 524 089 - - - - -
8 - - ~ 254 087 411 -296 5091
i\j] 9 10 11 12 13 14 15 16 17
14 | 1.04 -276 -044 290 - - - - -
15 |-026 -2.10 038 240 - - - - -
16 | 041 -1.82 -049 232 - - - - -
17 | 047 -340 0.67 286 - - - - -
18 | - - - ~ 423 351 267 -2.13 -3.97
i\j| 19 20 21 22 23 24 25 26
23 | 0.33 -0.97 -219 - - - - -

1.20
24 | -069 -0.76 -0.51 - - - - -

0.60
25 | 089 -2.36 -1.29 - - - - -

2.28
26 | -028 -1.06 -0.26 - - - - -

-0.33
27 | - - -~ 251 -229 -0.87 -3.24 -0.62
i\j| 28 29 30 31 32 33 34 35 36
33 | 0.80 -029 -0.68 0.6 - - - - -
34 |-081 -049 -0.17 013 - - - - -
35 | 0.90 -0.37 001 100 - - - - -
36 | -0.37 -0.96 -0.17 -0.51 - - - - ;
37 | - - - ~ 093 -0.38 -0.35 000 -0.36
i\j| 38 39 40 41 42 43 44 45 46
43 1084 -029 -0.65 0.16 - - - - -
44 [-079 -048 -0.15 0.13 - - - - -
45 | 091 -036 002 1.00 - - - - -
46 |-034 -096 -0.14 -0.51 - - - - ;
a7 | - - - -~ 056 -0.56 -0.44 -0.24 -0.47

46
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4.2 Three Less Easy Problems

The section presents the experimental results of applying term reduction networks to three
larger problems. The first is an artificial dataset; the second is a benchmark problem in
machine learning; and the third is an open problem in the area of predictive toxicology.

4.2.1 Binary Search Trees

Here, I introduce a new problem which illustrates a few points rather nicely. The problem
is to determine whether a given binary tree is a search tree. This problem is interesting
because there is a recursive function which the single network component needs to learn:
A binary tree rooted at x is a search tree if and only if both the left and right subtrees are
search trees, and the largest element in the left subtree is smaller or equal to x, and the
smallest element in the right subtree is strictly larger than z.

The dataset consists of 500 randomly generated binary trees, with 250 positive instances
and 250 negative instances. Every individual in the dataset can have anything from 3 to
42 nodes, and the integers at the nodes can take on any value between 1 and 20 inclusive
(there is nothing magical about the four numbers, they are arbitrary choices). The dataset
is noise-free. Several sample binary trees in the dataset can be found in Appendix B. The
complete dataset can be found in http://discus.anu.edu.au/ kee/bst.

Problem Specification We define the following type
BintTree = BTree Int

for binary trees with integer-bearing nodes. The task is to learn a function with the
signature searchTree : BIntTree — (2.

Experiment Setting We used a single hidden layer with 12 nodes for this experiment.
Figure 4.8 shows the network component. Direct encoding is used for the integers. Learning
rate is set at 0.01 and momentum at 0.01. The weights are initialised with random values
using @ = 2. The a here refers to the parameter a in Bottou’s formula given in page 27.

The performance of the learner was measured using a ten-fold cross-validation experi-
ment, which was done as follows. The examples are partitioned randomly into ten different
groups, each with a similar class distribution as the original dataset. Learning is conducted
on nine groups, and the resulting solution function is applied to the last unseen group. This
process is iterated ten times on the ten different groups. The generalisation accuracy is
estimated using the average of the ten measured accuracy on the test groups. For more
details on the statistical significance of this technique, see [Koh95].

Experimental Result On a ten-fold cross-validation, the learner obtains an average of
87.2% accuracy on the validation sets. The is only slightly lower than the 87.9% average
accuracy on the training sets, reflecting good generalisation performance.
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Figure 4.8: The binary search tree network component.

Discussion In principle, a symbolic learner with appropriate background theory can
achieve 100% accuracy on the dataset. However, this does not make the result obtained
by term reduction networks any less remarkable. A symbolic learner depends on having
all the basic concepts made available in the background theory. Term reduction networks
do not have such luxury and everything needs to be constructed from scratch.

4.2.2 Musk

The Musk problem, proposed in [DLLP97] is a multiple-instance type problem. This class
of problems is of interest to us here because it cannot be easily solved by conventional
attribute-value language learners. Briefly, in the multiple-instance learning setting, each
individual is a set of some elements. An individual belongs to a certain class if and only if
it contains certain type of elements. The function to be learned maps a set to a random
variable, the class of the individuals.

Neural networks have been used to solve this class of problems before. [RR00] suggested
an extension of neural networks to multiple-instance type problems and reported excellent
results in the Musk problem. However, the proposed solution is not entirely satisfactory
because the resulting network explicitly caters for multiple-instance type problems. It is
not at all clear that it can be generalised. Here, we use our generic network architecture
to solve this challenging application.

Problem Specification In essence, the problem is to determine whether a molecule has
a musk odour. Each molecule contains many different conformations and, presumably,
only one conformation is responsible for the activity. Each conformation is a tuple of 166
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floating point numbers, the first 162 of which represent the distance in angstroms from
some origin in the conformation out along a radial line to the surface of the conformation,
and the remaining 4 numbers represent the position of a specific oxygen atom.

For our experiments, we used a discretised version of the original musk datasets. This
discretisation was done as follows: For each of the 166 attributes, we calculated the mean m
and the standard deviation sd of the values occurring in the data. We then built up intervals
centered on the mean, taking the width of each interval to be one standard deviation,
and assigned integral labels to the intervals, so that interval 0 centred on the mean is
[m—sd/2, m+sd/2], interval 1 is [m+sd/2, m+3sd/2], interval -1 is [m —3sd/2, m —sd/2]
and so on. We chose to use 13 intervals in total, labeled -6 through 6, as this covers most
of the distribution and gives adequate resolution. The outermost intervals, -6 and 6, were
extended below and above respectively to cover any outlying points [BGCLO1].

From the above, we obtain the following type information:

—6,—5,...,5,6: Distance
Conformation = Distance X - - - x Distance

Molecule = { Conformation}.

Here, Conformation is a product of 166 Distance components. The task is to learn a
function with the signature musk : Molecule — (2.

Experiment Setting For all the experiments, the number of hidden nodes for the
{Conformation} component are fixed at 2. The network architectures for all the ex-
periments differ only in the number of hidden nodes for the conformation component. All
network components are fully connected. Figure 4.9 shows the general form of network
components used to built up the individual networks.

Various ways to achieve good generalisation were tried. Among them early stopping
with validation set [Sar95] and early stopping. In the former case, a subset of the training
data is chosen to be the validation set. Training is conducted on the remaining training
examples. Learning stops when the predictive accuracy on the validation set starts to drop.
In the latter case, a target accuracy is chosen prior to training. Learning stops after that
target has been achieved on the training data. The generalisation accuracy reported is
estimated using ten-fold cross-validation.

Experimental Result There are two datasets: musk-1 with 92 molecules and musk-2
with 102 molecules. Musk-2 is computationally much more taxing than musk-1 because
each molecule in musk-2 contains far more conformations compared to molecules in musk-1.
Table 4.6 shows the summaries of results obtained for musk-1. The second set of results
with high number of hidden nodes were obtained with early stopping using validation
sets. Table 4.7 shows the summary of results obtained for musk-2. These experiments
were conducted with early stopping without a validation set. The learner stops when the
accuracy on the training set goes consistently above 90% for a fixed number of epochs.
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Figure 4.9: The musk network components.

Table 4.6: Summary of musk-1 results : Accuracy vs Hidden nodes.

HIDDEN NODES 1 2 3 4 5 6 7 8 9
Accuracy (%) | 73.53 73.55 71.50 70.89 72.55 71.89 70.38 70.83 70.33
HIDDEN NODES 10 20 30 40 50 60 70 80 90
Accuracy (%) | 77.22 77.22 79.55 76.11 76.11 76.11 76.22 76.00 76.22

Table 4.7: Summary of musk-2 results : Accuracy vs Hidden nodes. (early stopping without
validation set)

HIDDEN NODES 2 3 4 5 6
Accuracy (%) | 77.45 82.50 85.05 85.30 82.36

Discussion Here, we compare our results with that obtained by other researchers in the
field. Table 4.8 (adapted from [RRO00]) shows the summary of major results obtained by
different groups on the musk dataset.

The tangent distance and dynamic reposing techniques require computation of the
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Table 4.8: Known results for the musk problem.

METHOD Muskl (%) Musk2 (%)
ITERATED-DISCRIM APR 92.4 89.2
GFS ELiM-kKDE APR 91.3 80.4
GFS ErmM-counT APR 90.2 75.5
GFS ALL-pOSITIVE APR 83.7 66.7
ALL-POSITIVE APR 80.4 72.6
SIMPLE-BACK-PROPAGATION - 1 INSTANCE / MOLECULE 75.0 67.7
C4.5 (PRUNED) 68.5 58.8
1-NEAREST NEIGHBOUR (EUCLIDEAN DISTANCE) 75
NEURAL NETWORK (STANDARD POSES) 75
1-NEAREST NEIGHBOUR (TANGENT DISTANCE) 79
NEURAL NETWORK (DYNAMIC REPOSING) 91
HIGHER-ORDER DECISION TREE 83.5
MULTI INSTANCE NEURAL NETWORK 88 82
TERM REDUCTION NETWORK < 79.55 85.30

molecular surface. This information is not available in the feature vectors in the dataset
we used, and hence a direct comparison cannot be made.

For a general-purpose learning system, term reduction network performed admirably
well compared to others on the musk-2 dataset, although the same thing cannot be said
of musk-1. This is inconsistent with all other methods, all of which show better results on
musk-1 than on musk-2. One possible explanation is in the discretised process performed
on the dataset. By doing the discretisation, we lose some information content but gain
more regularity in the dataset. In most circumstances, the net effect is that the regularity
so-obtained more than compensates for the loss of original information. This may not
be the case in musk-1, where there are not many conformations in each individual. It is
possible that the loss of information cannot be offset by the gain in the regularity of input
in the case of musk-1.

On the surface, the results look promising, but there is one problem. There is no easy
way to tell whether the solutions obtained are indeed multiple-instance solutions. In all
likelihood, they are not! If we allow ourselves to view neural networks as black boxes, the
probably approximately correct framework developed in Valiant’s seminal paper [Val84]
assures us that our networks can be trusted with high confidence to respond correctly to
new unseen individuals drawn from the same distribution since the training sets are large
compared to the degrees of freedom in the networks [BH89]. In that sense, the actual
function implemented by the network does not matter.

Having said that, we can of course be pedantic and demand that a solution satisfying
the multiple-instance constraint be produced. One way to achieve this is to change the
topology of the { Conformation} component to the one shown in Figure 4.10, and fix the
weights as follows: wy = —x/2, wy = x, w3 = x for some positive integer z. By changing
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Figure 4.10: The { Conformation} network component.

the gradi