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Abstract

A technique involving summation over roots of unity was used
by Liskovec in 1971 to count labelled regular tournaments. The
same method is used here to count Fegular tournaments to 21
vertices, Eulerian digraphs to 16 vertices, Eulerian oriented
graphs to 15 vertices, regular graphs to 21 vertices, regular
bipartite graphs to 40 vertices, and Eulerian circuits in com-
plete graphs with up to 17 vertices. The last calculation was
performed jointly with R. W. Robinson. All the objects counted
are vertex-labelled.

1. Coefficient extraction for generating functions

Consider a multivariate generating function f(xl, ceey xn) =
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is a complex number.

Lemma 1.1 Let m, > 0 and kj be integers for 1 < j <n. Define

uﬁ = eZﬂi/mj (1 <j<n). Then
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where the sum on the right is over all c e, such that
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Proof. This is an immediate consequence of the fact that
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By judicious choice of the nﬁ we can extract any desired coefficient.

Lemma 1.2 For 1< j < m, let mj > 1+ max{tj—kj, k.-s.}. Then
- i3

m=l m-1 £(]l, ...y win)

_ EO..; ZO ) klrl — wknrn =mee.em a(kl, kz,..., kn).
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Lemma 1.2 requires the summation of mmy. . .m terms. For many

applications this number can be drastically reduced. For example,
if f is a symmetric function and kl=k2="'=kn=k’ Lemma 1.2 immediately
yields the following result.
Lemma 1.3 Suppose f is a symmetric function, and let s = S = ... =8
and t = ty = ... = - Choose an integer m such that m > 1 + max{t-k, k-s}

and define w = e2ﬂi/m. Then

f(zl, ey zn)
]wk(u1+2u + ... +(m—l)um_£
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The swn is over non-negative integers u

n

Ugs Ups eees Upg

= nta(k, ks ..., k).

cees such that

0’ m-1
0 , 1 .
u0+ul+ e +um_1=n. The arguments to f are w (u0 times), w (ul tLMEeS), «.uy
wm_l(u times).

m-1
Proof. For 0 < j < m1, interpret uj as the number of ris (in Lemma 1.2)
which are equal to j. The multinomial coefficient counts the number of
times this occurs. 0
Lemmas 1.1-1.3 are not very useful for computation in their stated
forms because they employ complex arithmetic. Moreover, the amount of
cancellation which occurs is so excessive that very high precision is
required. Fortunately, there is an alternative approach, which we shall
describe for Lemma 1.3. Let p be a prime number such that m|p-1 and
p > n. Then there is a number weZy whose order modulo p is m. Lemma 1.3
now holds modulo p, with the same proof. Thus we can obtain a(k,k, ..., k)
mod p using only small integers. If this is repeated for a sufficient
number of different primes, a(k,k, ..., k) itself can be found with the
help of the Chinese Remainder Theorem. This assumes that some prior
bound on o (k,k, ..., k) is available--no problem for our examples.
With a little care, the computation in Lemma 1.3 can often be
arranged so that only a few machine operations per term are required on
the average. Essentially, the terms are computed insich an order that

each can be quickly computed from the preceding term. Another saving is



obtained through the use of a table of logarithms to base z for
computing powers, where z is a primitive root mod p.
2. Agglications

We will describe each application using a standard format. The
object subsection defines the number we wish to evaluate. The method
subsection describes the generating function used, and the means by
which the correct coefficient was extracted. The bound subsection
gives the a priori upper bound needed as described in Section 1.
The checks subsection gives one or more divisibility conditions which
were applied as a check to the results. Anything else appears in
the comments subsection. The numbers themselves appear in the Appendix.

(a) Regular Tournaments

Object. RT(n) is the number of labelled regular tournaments with n
vertices. Clearly, n must be odd.
Method. Let q= (n-1)/2. Then RT(n) is the coefficient of x3 ... x% in

1 n
TT(xid-xj). This is symmetric in its arguments, so we can use

i<j

Lemma 1.3 with m=1+q. A little saving is possible by using
m=q instead. This counts tournaments with degrees in the set
{0, q, n-1}. The numbers of regular tournaments are then

easily extracted (see [6]).
d (2i-1)(2i .
Bound. RT(n)<]T i il To see this, note that the neighbours of
i=1

vertex 1 can be chosen in exactly [22} ways, then those of

vertex 2 can be chosen in exactly [23—1] ways, etc.

q
Comments. This case has been done before by Liskovec [6]1. In fact,

2 2q-1
Checks. { :][ 4 “RT(H)’ as proved in the previous subsection.

that paper is the principal source of our inspiration. Liskovec
obtained RT(n) for n<9.
(b) Eulerian Digraphs

Object. ED(n) is the number of simple labelled Eulerian digraphs with
n vertices. n n
. . In TT -1
ED(n) is the constant term in i=1 j=1(l+xi xj) so ED(n) can
be found by using m=n in Lemma 1.3. If n is odd we can do a



little better with m=n+l, since many of the terms are then zero
and the computation can be arranged to reject these en masse.

n-1 2i
Bound. ED(n)s{QB i I Consider constructing an Eulerian digraph by first

choosing the vertices to be adjacent to and from vertex 1, then
to and from vertex 2, etc. When we reach vertex i we find it
already connected to or from some of the earlier vertices (say

to d and d' of these respectively). To choose its other incident

edges we have 20{2:3]{::3vaossibilities, where s is the common
s=H

value of the 1ndegree and outdegree when we are finished. The

2n-21i

n-i

Checks. Let &, be the gcd of the numbers [n;l][n;l]zn—21—l

r<isg |[(n-1)/2]. Then ED(n) is divisible by g and

.

sum is easily seen to be bounded above by

for

ED(n) - 2n-1ED(n—1) is divisible by gy To prove this, define
2(n, i) to be the number of labelled simple digraphs with n
vertices, of which i have § =1, i have § =-1, and n- 2i have

§ = indegree - outdegree. Clearly, %(n, 0) =ED(n). By considering

the edges incident with vertex 1, we see that

Z{nzl}[n;i_l}Zn—Zi—ll(n—l, i). Both divisibility conditions now
follow easily.

Comment. This case was also done by Liskovec [6], but without any
actual calculations.

(c) Eulerian Oriented Graphs

Object. EOG(n) is the number of simple labelled Eulerian oriented graphs
with n vertices.

Method. EOG(n) is the constant term in TT(1+x;lxj+xix;l).
Bound. EOG(n) < ED(n), obviously. +<J
n-i-1

i ) for 1<is< [(n-1)/2].

Checks. Let g be the ged of the numbers {n;l)[
Then EOG(n) - EOG(n-1) is divisible by g.

(d) Regular Graphs

Object. RG(n, k) is the number of k-regular simple labelled graphs of
order n.

Method. RG(n, k) is the coefficient of xg...x: in I?¥l+xixj), which can
be extracted using m= 1+ max{k, n-k-1} in i;;;a 1.3. If k>>n
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Bound.
Checks.

we can do better with the generating function'TTkl-inxjt),
i<j

where t is an extra variable. Applying Lemma 1.3 with m=k+1
we obtain a generating function chtl, where ey is the number
of labelled simple graphs with n vertices, i edges, and all

vertex degrees in the set {k, 2k+1, 3k+2, ...}. By summing
t over suitable roots of unity, we can select ckn/Z’ which

is RG(n, k).

RG(n, k) < (nk)!/ ((nk/2)12
By considering the possible neighbours of vertex 1, we see

that RG(n, k) is divisible by -“;l .

nk/Z(k!)n). See [1], for example.

Comments. Obviously, RG(n, 0) =1 and RG(n, l)=]]!/[(n/2)!2n/2)‘ A

recurrence for RG(n, 2) is found easily. Recurrences for
RG(n, 3) have appeared in [13] and [16], for example, and
recurrences for RG(n, 4) in [14] and [15]. A linear but very
long recurrence for RG(n, 5) has been bound by Goulden,
Jackson and Reilly [5]. General methods, which would probably
yield linear recurrences for any fixed k, are discussed in

[4] and [51].

(e) Semi-regular Bipartite Graphs

Object.

Method.

SRBG(nl, n kz) is the number of simple labelled bicoloured

2’ kl’

graphs, where one colour class has n, vertices of degree k1 and

1
the other has n, vertices of degree k2° Clearly, nlkl= n2k2 or
no such graphs exist. Equivalently, SRBG(nl, n,, kl, k2) is
the number of n,x n, 0-1 matrices with all rows summing to kl
and all columns summing to k2'

k k, k k
SRBG(n 1...xnly12...yn§

1 1

n, n
in 771 Tf(l-fxiyj). This is a symmetric function independently
i=1 j=1

10 Ty kl, k2) is the coefficient of x

in the x's and the y's. We can extract the coefficient by

summing each x; over the m.-th roots of unity and each yj over

1

the mz-th roots of unity, where m = l*—max{kl, nl—kl} and
m, = 1+ max{kz, nz—kl}. Actually, if kl:Snl—kl, it suffices to
use my = l+kl and the same value of my. By Lemma 1.1, the

graphs counted have n, vertices of degree k2 and n; vertices

with degrees in the set {kl, Zkf-l, 3k1+2, ...}. Since the
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number of edges is n k2, all these n, vertices must in fact

2 1

have degree k An additional major improvement comes on

1°
noticing that each of the y's-occurs independently, in the

sense that z Z _T [} (1+x y ) —{ z 1~‘(1J-xiy)]

y, €S Y, eS i yeS 1
1
b
any set S. “l nz
Bound. SRBG(nj, m,, ky, ky) < (njk )t/ (k! "kt 7). See [10], for
example.

Checks. By considering the neighbours of one vertex, then those of

a vertex adjacent to the first, we see that SRBG(nl, n,, k,, k

n n,-1
is divisible by [ 2]{ L ]
2 ).

2’ 1 2)

k1 k

Comments. We have only done computations for the case where n; =n, and

k, =k.,. SRBG(n, n, O, 0), SRBG(n, n, 1, 1) and SRBG(n, n, 2, 2)

1 2
are easily found. A formula for SRBG(n, n, 3, 3) was found by
Read [12].

In the tables, RBG(n, k) means SRBG(n, n, k, k).

(f) Eulerian Circuits in Complete Graphs

The details of this case will appear in a forthcoming paper
(jointly with R. W. Robinson). Let Eul(Kh) be the number of

Eulerian circuits in Kh’ counted without regard to starting

point. The tables give EK(n) = Eul(Kn)/ ((n—3)/2)!n. A proof
that EK{(n) is an integer, and values up to n=11, can be found in [7].

3. Wishful Thinking

Asymptotic calculations have only been performed for two of the

six categories listed in Section 2. Specifically, we have

(nk) ! [1 sz
(a) RG(n, k)~ exp , and
(nk/2) 12°%/2 (1) 4
k))! (k;=1) (ky=1)
(b) SRBG(nl, n,, kl, k2) ~ o o exp| - 3 . Formula

ey D) T, 1
(a) was proved for fixed k by Bender and Canfield [1], for k= 0[(10g n)é)
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by Bollobas [3], and for k==o(nl 3) by McKay [9]. Formula (b) was

1-1
proved for max{kl, kz}s [1og (nl4-n2)){ & by 0'Neil [1], somewhat

more accurately by Mineev and Pavlor [10], and for max{kl, kz} =

/3) by McKay [8].

The following conjectures are based on a careful analysis of the

o((nl4-n2)l

number given in the Appendix using a technique for numerical extrapola-
tion [2]. We have not specified how k is to vary with n, but in each
case we would expect the result to hold certainly for fixed k,

probably for k = O(nl_z), and possibly for k <cn for some suitable

constant- c. Conjecture 2 appeared previously in [8].

Conjecture 1.

(nk) ! | D) (kD) (eb2) Rkt
RG(n, k) = exp |- ) _
@ 10 (nk/2) 125/ 2 (eny® 4 12kn

4,2 5\
_ e o) | O[. |

24k2n 3

n

Conjecture 2.

L eD? | D20y | e ) K
3

1
ReG(a, 1 = T ey G I
n

®&H? [ 2 6kn 12k
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Appendix — the numbers

(a) labelled regular tournaments

RT(1) = 1
RT(3) = 2
RT(5) = 24
RT(7) = 2640

RT(9) = 32 30080

RT(11) = 4 82515 08480

RT(13) = 9 30770 06112 92160

RT(15) = 240 61983 49824 94283 79648

RT(17) = 85584 72055 41481 49511 79758 79680

RT(19) = 4271 02683 12628 45202 01657 80015 93666 76480

RT(21) = 3035 99177 67255 01434 06909 90026 40396 04333 20198 14400

(b) labelled eulerian digraphs

ED(1) =1
ED(2) = 2
ED(3) = 10
ED(4) = 152
ED(5) = 7736

ED(6) = 13 75052

ED(7) = 8779 01648

ED(8) = 204 63203 73120

ED(9) = 17 65822 17023 61472

ED(10) = 5 69773 21983 69652 65152

ED(11) = 6 92800 70663 38878 38902 48448

ED(12) = 31 94140 76928 47758 20130 37245 06112

ED(13) = 561 21720 93887 11105 02272 39130 00322 61120

ED(14) = 37736 24380 96731 35332 92562 82026 36271 68278 87616

ED(15) = 97 44754 03179 97541 69218 00337 62069 41877 94308 61883 08480
ED(16) = 96934 27419 43194 32347 65129 25742 87605 35010 22995 32573 44779 87840

215



