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Abstract. We complete the construction of all the simple graphs with at most 26 ver- 
tices and transitive automorphism group. The transitive graphs with up to 19 vertices 
were earlier constructed by McKay, and the transitive graphs with 24 vertices by Praeger 
and Royle. Although most of the construction was done by computer, a substantial 
preparation was necessary. Some of this theory may be on independent interest. 

1. Introduction 

Let G be a finite simple graph with automorphism group Aut(G). If Aut(G) acts 
transitively on V(G), then we say that G is transitive. The aim of this paper is 
to describe the methods by which the complete set of transitive graphs of order at 
most 26 has been generated. 

The transitive graphs on a prime number p of vertices are the graphs whose 
automorphism groups contain a p-cycle. The isomorphism classes were deter- 
mined by Elspas and Turner [5]. 

For the case when the number of vertices is 2  p, p  prime, Alspach and Sutcliffe 
[I] described a particular family of transitive graphs and conjectured that there 
were no others. The truth of their conjecture follows from results of Masru3iE 
[I51 in conjunction with a corollary of the classification of the finite simple groups 
(that there are no simply-transitive primitive permutation groups of degree 2 p  for 

. P 4 5 ) .  
For other orders, few general results are known. H.P. Yap made the first sig- 

nificant attempt at a catalogue; he found all the transitive graphs up to 11 vertices, 
. and many classes of them on 12 vertices. A complete list of transitive graphs up 

to 19 vertices was compiled by McKay [la] and published in [17]. The method 
of construction was not described in [17], however; that will be the subject of our 
Sections 2 and 3. The transitive graphs on 20-23 vertices were found by McKay 
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and Royle [24]; we will describe this construction in Section 4. Section 4 also 
describes, for the first time, the construction of the transitive graphs on 25 or 26 
vertices. Finally, the transitive graphs on 24 vertices were found by Royle and 
Praeger [24,25]; we will not repeat this construction here. 

A few related compilations can be mentioned here. The circulant graphs 
(those on n vertices whose automorphism group contains an n-cycle) were found 
up to order 37 by the first author in 1977 (unpublished). Graphs of order up to 
11 with isomorphic vertex neighbourhoods were found by J. Hall [Ill. D.H. Rees 
[23] determined all the cubic symmetric graphs of order up to 40 (G is symmetric 
if Aut(G) acts transitively on the directed edges of G); more extensive classi- 
fications or compilations of cubic transitive graphs were performed by Coxeter, 
Frucht and Powers [4] and Lorimer [12,14]. A classification of symmetric graphs 
of prime degree was made by Lorimer [13]. The transitive planar graphs were 
completely classified by Fleischner and Imrich [6]. The complete list of Cayley 
graphs to 23 vertices was constructed in 1977 by the first author (unpublished) and 
to 31 vertices in 1986 by the second author [ a ] .  Finally, R. Mathon [16] found 
all transitive self-complementary graphs with less than 50 vertices. 

2. Theoretical Background 

We will assume that the reader is conversant with the elementary terminology of 
graph theory and group theory. Only simple graphs will be considered. We will 
denote an edge {x, y} of a graph as xy for brevity. E(G) is the edge-set of G and - 
G is the complement of G. The set of neighbours of v in G will be denoted by 
N(v,G),andV(G)\({v} U N(v,G)) w i l l b e d e n o t e d b y ~ ( v , ~ ) .  

Suppose that A is a set of permutations (not necessarily a group) acting on 
a set V. The support supp(A) of A is the set of elements of V moved by some 
element of A ,  while ^fixed-point set fix(A) of A is the set of elements of V 
fixed by every element of A . Obviously, supp( A ) U fix(A ) = V. 

If G is any graph, then the switching graph of G, denoted Sw(G), has 
V(Sw(G)) = V(G) x { O ,  1} and E(Sw(G)) = {(x,i)(y, j)li = j and xy E 
N G ) ,  or i # j and xy e E(G) }. Switching graphs have relevance to the switch- 
ing classes of [26]; in particular, two graphs are in the same switching class if and 
only if their switching graphs are isomorphic [8]. 

If G and H are graphs, the lexicographic product G[ HI has V(G[ HI) = 
V(G) x V ( H )  andE(G[Hl) = { ( ~ ~ , Y I ) ( ~ z , Y z ) ~ x ~ x z  ? E(G) orxi = x2 
and yl y-i E(H)}. We will say that G is a non-trivial lexicographic product 
(NTLP) if G = H[ J ]  for some graphs H and J with at least two vertices. The 
importance of NTLPs to us comes from the following lemma. A subset W C 
V(G) is called externally related (ER) in G if each pair of vertices in W are 
adjacent to exactly the same vertices in V(G)\W. W is a non-trivial ER subset 
i f2  < IWI < V(G) - 1. 



Theorem 2.1. Let G be a transitive graph which is neither empty nor complete. 
Then the following are eq~ll-valent. 

(a) G is an NTLP. 
(b) G = H [ Jl for some transitive graphs H and J with at least two 

vertices. 
(c) G has a non-trivial ER subset. 
(d) Aut( G) has a non-trivial ER block. 
(e) Aut( G) has an intransitive subgroup with exactly one orbit of length 

greater than one. 

Proof: Obviously, (b)+(a)+(c) and (d)+(e)+(c), so that it will suffice to prove 
that (c)+(d)+(b). 

Suppose that condition (c) is satisfied. Let W be a non-trivial ER subset of 
the least possible size. If Aut(G) constains no transpositions, then \W\ > 3. 
Now, for each 7 e Aut(G), if W n W l  # 0 then W = W since otherwise 
one of W n W and W\Wl would be a non-trivial ER subset smaller than W .  
Suppose alternatively that Aut(G) contains a transposition ( x y) . By replacing G 
by G i f  necessary,we have N(x,G) = N(y,G).  Then {v E V(G)\N(v,G) = 
N (  x, G) } is a non-trivial ER block of Aut(G) or else G is empty. 

Suppose that condition (d) is satisfied and let Bl , Bz, . . . , Br be the corre- 
sponding complete block system. Since Aut(G) acts transitively on the blocks, 
each B, is ER and induces an isomorphic subgraph of G. Thus, each distinct pair 
B, and Bj are joined either by no edges of G or by all possible edges. Condition 
(b) is thus satisfied. I 

The implications (a)+(e) were first proved by C. Godsil. As sample appli- 
cations of Theorem 2.1, we have the following theorems. 

Theorem 2.2. Let G be a non-complete connected transitive graph. If N(v , G) 
is disconnected for some v 6 V (  G) , then G is an NTLP 

Proof: By Gardiner [7] or Ashbacher [2], either N ( v,  g) = N(  w, G) for some 
v # w (implying that (v w) 6 Aut(G)) or G has a non-trivial ER block. Theo- 
rem 2.1 applies immediately in either case. I 
Theorem 2.3. Let G be a connected non-complete transitive graph with odd 

order n > 7 .  If Aut(G) contains a non-trivial subgroup A which moves at most 
7 vertices, then G is an NTLP. 

Proof: By considering all the possibilities for A ,  we see that A contains a sub- 
group satifying part (e) of Theorem 2.1 or else a subgroup of the form (( a b) ( c d) ) 
or ((a b c) (d  e f ) ) .  In the latter case, consider all the possibilities for the sub- 
graph induced by {a, b, c, d, e, f}; in every case we find that ( a  b) (d  e) e A .  
Now suppose V(G) # 0, where V(G) is the set of all elements of Aut(G) of 
the form (a  b) ( c d) . Since n is odd, and Aut( G) is transitive, there are distinct 



1,8 e V(G) such that supp(7) n supp(5) # 0. Now consider all the ways that 
7 and 6 can overlap. In most cases, ( 7 4  contains a subgraph satisfying part (e) 
of Theorem 2.1. [For example, take 7 = (a  b) ( c  d) and A = ( a  e) ( c f )  , where 
all these vertices are distinct. Then (7,8@) contains exactly one orbit.] The only 
exception is when --y and 5 overlap as do (a  b)(c d) and ( a  e)(c f), so assume 
that all non-trivial overlaps between elements of P (G)  have this form. Define a 
relation "-" on V( G) : 

(i) x w x for all x. 
(ii) If x # y , then x y if and only if there are elements 7 = ( x a) ( y b) 

and6= (xc ) (yd)  ofD(G) suchthata# candb#d.  

It is easily seen that "-" is an equivalence relation with classes of size 2, 
contradicting the assumption that n is odd. I 

If A1 and A2 are permutation groups acting on a set V, and supp(A1)fl 
supp(Az) = 0, then we will write Al @ A; for the group (Al, A2). Clearly, 
Al @ A2 is isomorphic as an abstract group to the direct product of A1 and Az , 
but the permutation representation is important to us here. If A is a non-trivial 
permutation group acting on V, then A has a unique representation 

where the supports of the A (l) are non-empty and disjoint, and r is maximum. We 
will refer to the groups A (i) as the fragments of A. 

For a group A and a prime p, let Sylp(A ) be the set of all Sylow p-subgroups 
ofA. 

Lemma 2.4. Let G be a transitive graph, and let v e V(G) . Suppose that 
P e S y lp( r,,) , where V = Aut( G) , Tv denotes the point stabiliser of v in V , 
and p is a prime dividing 1 r,, 1. Define a graph H = H ( G, P )  as follows. V ( H) 
is the set of  non-tn'vial orbits o f  P. Two distinct vertices o f  H are adjacent if 
and only if the corresponding orbits o f  P are joined by some edges o f  G but not 
completely joined in G.  Then the supports o f  the fragments of  P correspond to 
the components o f  H .  

Proof: Let ~ ( l ) ,  P^ . . . , P^ be the fragments of P. Since the action of P on 
orbits in different fragments is independent, fragments correspond to unions of 
orbits. Now suppose that the support of a fragment P^ is Vi u V;, where Vi 
and V2 are disjoint non-empty sets of orbits each of which corresponds to a union 
of components of H. Then the restrictions P\vi and PIv2 are each in r by the 
structure of G. However, Ply, @ PIh is not in P^ since P^ is a fragment. Thus 
p(1) @ . . . @ PO'-1) @ PIv, @ PIn2 @ P('+ @ . . . @ P^ is a p-subgroup of Fw 
larger than P ,  contradicting the assumption that P Sylp(ru). I 



If A < <& < r are groups, we say that A is weakly-closed in <I> with respect 
t o r  if,foreachqe F , A l  < <& i fandonlyifAl=A. 

Lemma 2.5. Suppose that V is a group acting transitively on V = { 1 , 2  , . . . , n}, 
and let 1 < P Sylp( rl ) for some prime p. If 1 < A < P and A is weakly 
closed in P with respect to Y , then lfix( A ) 1 < n/2 . 
Proof: Suppose that lfix(A)l > 7212. Let 7 ? r and <& (A,Al). Then 
lfix(<&) I > 1, so that <& 5 r, for some x ? V. By Sylow's Theorem, there are 
Q ? Sylp(<&) and if> e <& such that A < Q and A1 < Q^. ~ u t  then A *  a n d ~ l  
are both in Q^ and hence in any conjugate of P which contains Q^. Therefore 
A^ = A1 by the weak closure condition. But then lfix(A) 1 < ( n  - 1) /2 by a 
result of C. Praeger [22], contradicting our assumption. I 
Theorem 2.6. Assume the definitions of Lemma 2.4. Suppose that some fmg- 

ment <& o f  P is uniquely identified amongst the fragments of  P by the sizes of  
its orbits and that, for every 7 r , <& < P only if the non-trivial orbits o f  
are orbits of  P .  Then lsupp( <&) 1 > n/2. 

Proof: Let 7 F . If <&I < P then, by assumption, supp(<& ) is a union of orbits 
of P. Since supp( <&I) is a component of H(G, P I ) ,  supp(<&l) = supp(<&') for 
some fragments <&' of P. But then < î < <&I  since <&q < P and so <&I = <&I ,  
since both W and <&I are Sylow p-subgroups of the subgroup of F which fixes 
the orbits of <&I setwise. 

It follows that <& is weakly closed in P with respect to r , so Lemma 2.5 
applies. I 

As an example of the use of Theorem 2.6, consider the automorphism 
group of a transitive graph with 15 vertices. A Sylow 2-subgroup cannot have 
theform ((2 3)(4 5)(6 7 ) , (8  9)(10 11)(12 13)(14 15)),since thefragment 
(( 2 3) (4 5) ( 6 7) ) has a support which is too small. 

Next we classify some types of subgroups of rw where I" is a group acting 
transitively on V, w V( G) and p is a prime dividing lrw 1: 

(a) Fw itself is a type-] subgroup. 
(b) Any A e Sylp(rw) is a type-2 subgroup. 
(c) The subgroup {Sylp( Fw)) generated by all the Sylow p-subgroups 

of rw is a type-3 subgroup. 
(d) Suppose that A ? Sylp( rw)  has fix(A ) = { w } .  If A has an orbit 

X of size p and IA,l > 1 for x E X, then A, is a fype-4 subgroup. 

Theorem 2.7. 

(a) If A is a subgroup o f  Vy, of  type 1 ,2 ,3  or 4, then the nonnaliser 
Nr ( A ) acts transitively on fix( A ) . 

(b) If A is a subgroup of  I",, of type 1 or 3, then fix( A ) is a block of  
r .  



Proof: In (a), A is a conjugate in Fw to any of its conjugates in F which lie in 
Fw. (For type-4 subgroups, Lemma 7.4.7 of [lo] is required.) We can thus apply 
Jordan's theorem (Theorem 3.5 of [29]). Claim (b) is an elementary exercise. I 

We now turn to some applications of linear algebra. Let G be a transitive 
graph with V( G) = { 1 , 2 ,  . . . , n}. Let A be the ( 0,1)  adjacency matrix of 
G. Suppose that A < Aut(G) and let Vl, V2, . . . ,Vm be the orbits of A in 
lexicographical order. The m x m matrix Q(G, A )  = (gij) is defined by 

where eij is the number of vertices in V, to which each vertex in V, is adjacent in 
G. It is not completely obvious, but true, that Q(G, A )  is symmetric. 

For any real symmetric matrix M and real number A, define pA/(A) to be 
zero if A is not an eigenvalue of M and the multiplicity of A as an eigenvalue of 
M otherwise. 

Theorem 2.8. Suppose that Vf contains a single vertex for some t. Let Q = 
Q ( G, A ) . For any real number A,  define p( Q , A ,  t) as follows. 

(a) If AisnotaneigenvalueofQ,p(Q,A,t) = O .  
(b) If A isaneigenvalueof Q,let xl ,x2 ,  ... ,x ,  beawmpleteor- 

thonormal set of  eigen vectors of Q for A .  Then define p( Q , A ,  t) = r*=i (xi):, where the summand is the square of the t-th entry of 
Xi.  

Then^AW = v ( Q , A , t ) .  

Proof: This is a special case of Theorem 3.4 of [9]. I 

Corollary 2.9. p( Q, A ,  t) is independent of t so long as \ Y( 1 = 1 . I 

Corollary 2.10. Q(G, A ) and A have the same eigenvalues up tomultiplicities. 
I 

We will also have use for the following facts about simple eigenvalues of A. 

Theorem 2.11. Let A be the ( 0 , 1 )  -adjacency matrix of a vertex transitive graph 
G of order n and degree k . 

(a)  If A is a simple eigenvalue of A, then A is an integer of the form 
k - 20, forinteger a. 

(b) n is even if A has at least two simple eigen values, and divisible by 
four if A has at least three simple eigenvalues. 

Proof: Part (a) was first proved by Petersdorff and Sachs [211. A proof of part (b) 
can be found in [9]. 1 
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