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Abstract

TD( � ) with functionapproximationhasprovedempiricallysuccessfulfor some
complex reinforcementlearningproblems.For linear approximation,TD( � ) has
beenshown to minimisethesquarederrorbetweentheapproximatevalueof each
stateand the true value. However, as far as policy is concerned,it is error in
the relative orderingof statesthat is critical, ratherthanerror in the statevalues.
We illustratethis point, bothin simpletwo-stateandthree-statesystemsin which
TD( � )—startingfrom anoptimalpolicy—convergesto a sub-optimalpolicy, and
alsoin backgammon.We thenpresenta modifiedform of TD( � ), calledSTD(� ),
in which function approximatorsaretrainedwith respectto relative statevalues
on binary decisionproblems.A theoreticalanalysis,including a proof of mono-
tonic policy improvementfor STD(� ) in the context of the two-statesystem,is
presented,alongwith a comparisonwith Bertsekas’differential training method
[1]. This is followed by successfuldemonstrationsof STD(� ) on the two-state
systemanda variationon thewell known acrobotproblem.

1 Introduction

For complex reinforcementlearningproblems,TD( � ) with functionapproximation[2]
hasproved empirically successful.Its origins go back as far asSamuel’s Checkers
Program[3], while perhapsits mostfamoussuccesshasbeenTesauro’s TD-Gammon
[4, 5]. A variantof TD( � ) for minimaxsearchhasalsobeensuccessfulin learningto�
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playchess[6]. Successesoutsideof thegamesdomainincludejob-shopscheduling[7]
anddynamicchannelallocation[8].

For linearapproximation,TD( � ) hasbeenshown to minimisethesquarederrorbe-
tweentheapproximatevalueof eachstateandthetruevalue[9, 10, 11, 12]. However,
asfar aspolicy is concerned,it is errorin therelativeorderingof statesthatis critical,
ratherthanerrorin thestatevalues.Considerasimplesystemconsistingof two-states:�

and � , wherethe valueof eachstateunderthe optimal policy is 10 and5 respec-
tively. A functionapproximatorwhichestimatedthestatevaluesto be15and0, would
implementtheoptimalpolicy whilst having asquarederrorof �	� . However, a function
approximatorestimatingthevaluesas7 and8, would have a squarederrorof only 
�� ,
yetwould not implementtheoptimalpolicy.

We illustrate this point further in section2 with simple two-stateandthree-state
systemsin which TD( � ), startingfrom theoptimalpolicy, convergesto a sub-optimal
policy. In section3 we demonstratethat this alsooccursin a morecomplex system:
backgammon.In section4 wepresentamodifiedform of TD( � ), calledState-Temporal
Difference(� ) (or simply STD(� )), in which function approximatorsaretrainedwith
respectto relative statevalueson binary decisionproblems.We presentresultschar-
acterisingthe limiting behaviour of STD(� ) andprovide a proof of monotonicpolicy
improvementfor the two-statesystemof section2. Experimentalresultsin section5
demonstratethesuccessof STD(� ) in thetwo-statesystemandin a variantof thewell
known acrobotproblem.

1.1 Previous work on State Differences.

Severalresearchershavepreviouslyconsideredusingstatedifferenceinformation.Ut-
goff andSaxena[13] describedtheBest-FirstPreferenceLearningAlgorithm for creat-
ing asetof preferencepredicatesfrom apreviouslyknown solution.Utgoff andClouse
[14] showedhow asimilaralgorithmcanbeusedto generateweightupdatesfor alinear
function approximator. The techniquereliesuponan externalexpert to nominatethe
preferredstates,andthusis a form of supervisedlearning.They havealsoconstructed
analgorithmwhich hasa supervisedlearningphaseto utilise expertpreferences,and
a reinforcementlearningphaseto make traditionalTD-style updateswhich don’t use
theexpertpreferences.Tesauro[15] describedanexperimentin which heusedexpert
preferencesto trainaneuralnetwork to choosebetweenbackgammonpositions.

Theapproximationof cost-to-godifferences—ratherthanjust thecost-to-go—has
beeninvestigatedby anumberof authorsin thecontext of � -learning.Werbos[16, 17]
discussesthemeritsof approximatingthegradientof the � function,whilst Baird [18],
Harmon,andKlopf [19] introducedadvantaging updatingwhich estimatesthe value
of eachstateandthe relative advantageof eachactionusingseparateapproximation
architectures.

More recentlyMcGovernandMoss[20] haveusedtemporaldifferencelearningto
developaninstructionschedulerfor anoptimisingcompiler. Theirapproachusestable-
lookupratherthanfunctionapproximation,andcombinespossiblesuccessorstatesinto
a singlefeaturevectorwhich is mappedto apreferenceindicator.

Bertsekas’differential training [1] is the mostcloselyrelatedpreviouswork. We
deferdiscussionof it until section4.3.
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Figure1: Transitionsandrewardsin thetwo-statesystem.

2 Generating Sub-optimal Policies

Convergenceby TD( � ) to sub-optimalpoliciescanbefoundin eventhesimplestnon-
trivial system— a Markov DecisionProcesswith only two states.Considerthe tran-
sition matrix shown in Table1. The correspondingmachine,shown in Figure1, has
two states,

�
and � , andin eachstatetherearetwo actionsto choosefrom. Action 
��

takesthemachineto state
�

with probability ��� � andaction 
 � takesit to state� with
thesameprobability.

Current DestinationStateProbabilities
State Action

� ��
or � 
�� 0.8 0.2�
or � 
 � 0.2 0.8

Table1: TransitionMatrix of theTwo-stateSystem

Therewardsfor eachstatetransitionareshown on thelinks in Figure1 . Denoting
the reward for a transitionfrom state � to state ��� by ������������� , we have ��� � � � �! ��� � �"�#�$ %���&�'� � �$ (� , and ���&�)�"�*�$ ,+ . If we assumeonly deterministicpolicies,
therearefour possiblepoliciesfor thissystem:alwayschooseaction 
�� , alwayschoose
action 
 � , choose
�� in stateA and 
 � in stateB, or vice-versa.

In this paperwe only considerinfinite-horizon,discounted-reward problems,so
thevalueof a state� underpolicy - , .0/1�&��� , is definedto betheexpecteddiscounted
rewardobtainedby startingin thatstateandfollowing thepolicy - :. / �&���2 43 / 5768 9�:1;=< 9 ���&� 9 �"� 9�> �?�?@ � ;  4��AB�
where � 9 is the currentstateat time C , 30/ denotesthe expectationover trajectories� ; ��� � �D�?�?� underpolicy - , and

<FEFG �H�?+I� is thediscountfactor.
For this simplesystemtheoptimalpolicy is to alwayschoosetheactionleadingto

stateB with highestprobability, that is to alwayschooseaction 
 � . Let .0/1����� denote
thevalueof state� undertheoptimalpolicy. Thefollowing relationsbetween.0/�� � �
and .0/J�&�*� musthold:

. / � � �K ML�� � �N�#� < . / �&�*�PO!L�� � � � � < . / � � �. / �&�#�K ML��Q�'�N�#�R��+7O < . / �&�*���PO!L��Q�'� � � < . / � � �S�
whereL��&�P�����T� denotestheprobabilityof a transitionfrom state� to ��� undertheopti-
malpolicy.
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Substitutingfor L���U � from Table1 andsimplifying, we canexpress.0/J�VUW� in terms
of
<

: . / � � �2 X. / �&�*�ZY[�H� � (1). / �Q�#�\ �H� �]YM���^+D_�� <+`Y < (2)

Notethat .0/1�Q�#�bac.1/1� � � for all
<FEFG ���D+d� .

We defineourapproximatelinearvaluefunction e.\������fg� bye.\������fg�7 hf4UIi��&���7 j8 k : � f k i k �����R�
where fl m�&fn�o�D�?�?�?��f j � is the parametervector, and i=���J�p m�Qi1�������R�?�D�?�d�Ni j ���J���is a function mappingstatesto featurevectors. In our simple two statesystemwe
requirethe dimensionalityof f and i to be + (i.e. qr s+ ) in order to ensurethate. cannotapproximateall possiblevaluefunctions(i.e. to ensurewe really are in an
approximatevalue-functionsetting).Henceour approximatevaluefunction is simplye.\������fg�7 hfgi=���J� for scalarf and i . For ourexamplewe takei=� � �2 Xt and i=�&�*�2 (+�� (3)

If wegeneratea policy from e.\�&�P��f]� by usingone-stepgreedylook-ahead,thento
preferaction 
 � overaction 
 � , we require e.\�&�)��fg�ga e.\� � ��fg� , which will hold only
if fvu4� . Hence,for a learningalgorithmto yield anapproximatorwhich implements
the optimal policy (ie: correctly valuesstate � above state

�
), it must tune f to a

negativevalue.
Assumingthe optimal policy is being followed, andwith w`x*�V+I� as the learning

algorithm,[9, Theorem1] shows that f will convergeto:f]yg argminz`{ e.|�VU^��fg�\Y}. / {R~]�
where { e.|�VU^��f]�|Y�. / { ~c�  8o��� �&���R� e.2������fg�\Y}. / ���J��� � �
where

� �&��� is thestationaryprobabilityof state� . That is, w`x���+d� convergesto a pa-
rametervectorminimising the weightedleast-squarederror betweenthe approximate
valueof a stateandits truevalue,whereeachstateis weightedby its stationaryproba-
bility.

For
<  ��H� � , a quick calculationgives f y  ��H� ��� — the wrong sign. Figure2

shows theevolution of � e.\� � ��fg�R� e.K�Q�'��f]��� plottedafterevery 50 iterationsof TD( � ).
Thesystemconvergesto �V+����o_H�"�H� ����� , minimising thesquarederror to .0/J� � �n (�H� _��
and .0/J�&�*�2 %+�� ��� — thetruevaluesundertheoptimalpolicy.

Note that the systemstartedin the region of optimal policy, with f�um� and� e.\� � ��f]�S� e.7�&�'�"fg��� above the line e.|� � �N�	�� e.\�Q�'��f]� . However, TD( � ) moved it
into the sub-optimalpolicy region to minimise the squarederror on the statevalue
approximations.
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Figure2: Evolution of � e.\� � ��f]�S� e.2�Q�'�"fg��� usingTD( � ) andstartingfrom f, �Y�+d� ,
ie: �VYnt	�H�?Y�+d��� , plottedevery50iterations.Theregionabove e.\� � ��fg�7 e.\�Q�'��f]� gives
optimalpolicy.

Origin DestinationStateProbabilities
State Action

� � �� 
�+ 0.0 0.8 0.2� 
�t 0.0 0.2 0.8� 
�+ 0.8 0.0 0.2� 
�t 0.2 0.0 0.8� 
�+ 0.0 0.8 0.2� 
�t 0.0 0.2 0.8

Table2: TransitionMatrix of theThree-stateSystem

2.1 The Three-state System

We have alsoconstructeda three-statesystemin which TD( � ) exhibits the samebe-
haviour. Wefeel thissystemis interestingbecauseit makesthelearningproblemsubtly
moredifficult. In thetwo-statesystem,eachobservationof actionchoicecanbeinter-
pretedasafull orderingon thedesirabilityof thestates.In thethree-statesystem,each
actionchoiceonly ordersthe desirabilityof two states. In particular, onepairing of
states(

�
and � ) is never encountered,anda preference(if any) betweenthesestates

mustbeinferredby thelearningalgorithm.
Thetransitionmatrix for thethree-statesystemis shown in Table2, with thetran-

sitionsandrewardsshown on thediagramin Figure3.
Again,alwaysselectingaction 
�t is theoptimalpolicy. However, wenow havetwo

featuresratherthanone;thelinearevaluatoris still of theform .� �f�� , but f and �
arevectors.Hence,wehave .p �f � i � �&���0OFf � i � �&��� .

Working from the valuesin Table 3, it can be confirmedthat state � , the most
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Figure3: Transitionsandrewardsin thethree-statesystem.i1�	� � �K � ���� i � � � �2 ���V�i1�	�&�#�K ����� i � �&�#�K � ����i1�	�Q���2 ���V� i � �Q���2 �����<  ��H� ���
Table3: Three-stateSystemvaluesusedto generateFigure4.

likely outcomeof action 
�t , is the highestvaluedstate: . y � � �) l. y �Q�#�) �+dt���+d_
whilst . y �Q���K r+dt�� ��_ . Ourchoicesfor i � and i � however, ensurethatpositivevalues
of fn� and f � cannotyield a . consistentwith this ordering.Thecorrectorderingcan
only beachievedby negativevaluessatisfyingfn�$ �f � .1

Again, tuning f with TD( � ) resultsin convergenceto anapproximatorwhich im-
plementsa sub-optimalpolicy. Figure4 shows a typical exampleof this. f wasini-
tialisedto (-10,-10),implementingtheoptimalpolicy eventhough {I.�Y . y { ~ wasn’t
minimised. f wasthenplottedon the f$�Sf � planeafterevery500iterationsof TD( � ),
for a totalof two million iterations.It convergesto apoint in thepositivequadrant,ap-
proximately �Q
����Wt�������� ��_�� , whichminimises{o.¡Y�. y { ~ but implementsasub-optimal
policy.

3 Sub-optimal Policies in Backgammon

Theexampleof theprevioussectiondemonstratesthat it is possiblefor TD( � ) to de-
gradethepolicy whilst still minimising {be.$Y). / { ~ , where. / is thetruevaluefunction
of thesystembeingobserved.We now show thatthis behaviour affectsnot only artifi-
cial examples,but is alsoevidentin a realdomain:backgammon— whereTD( � ) has
hadpossiblyits mostfamoussuccess.

Our backgammonplaying programhasbeencreatedalongthe lines of Tesauro’s
TD-Gammon[4, 5]. Its neuralnetwork function approximatorhas209 input nodes,
no hiddenlayer, and1 outputnode,which is a squashedlinear functionof the inputs.
The input vectorconsistsof 200elementsdirectly representingtheboard,8 elements

1Since ¢ �?£^¤Z¥�¦ ¢ �D£T§\¥ , wecouldrelaxtheorderingto theconjunction
£ ¢ £T¨|¥1© ¢ £ª¤=¥Q¥g«4£ ¢ £ª¨|¥1©¢ £ª§2¥&¥ without loss. This admitsregionsof the ¬|­V¬=® planeon eithersideof the negative portion of the¬|­ ¦ ¬�® line, but noneof thepositive quadrant.
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Figure4: Evolutionof f usingTD( � ) andstartingfrom �VY�+d���?Y�+d��� , plottedevery500
iterations.

representinghand-codedfeaturesextractedfrom the board (e.g: degreeof contact,
probabilityof hitting ablot), anda constantvalue1 (from thebias).

We usedTD( � ) to train a large numberof randomlygeneratedneuralnetworks
usingself-play, andmonitoredhow their level of performancechangedastrainingpro-
gressed.Wemeasuredperformanceby playingthenetwork againstahand-codedfixed
opponent(PUBEVAL, availablefrom http://www.revolver.demon.co.uk/bg/

bot/b pubeval.html) for at least2000games,recordingthe proportionof games
won, ignoring gammonsandbackgammons.Figure5 shows two runs from this ex-
periment. Theserunsexhibit an interestingbehaviour wherebyperformanceinitially
increases,but thensuffersa noticeabledropbeforerecoveringto plateauat about0.8
againstthe benchmarkopponent.About half of all the runsexhibited this behaviour,
with theothersshowing generallymonotonicperformanceincreasesbut still achieving
a similar final level of performance.

To ensurethat this behaviour wasnot an artefactof the benchmarkopponent,we
re-generatedthe performancecurveswith other benchmarkopponents.Thesewere
createdby randomlygeneratingfunction approximatorsandtraining themuntil they
wereof similar strength2 to PUBEVAL. The resultswereunchanged,the individual
curvesshifting up or down slightly with the variation in the playing strengthof the
benchmarkopponent,but thecharacteristicpolicy degradationremained.

Obviously the downward slopeof the dip representsa degradationin the policy
duringsomeof thetraining.However, to becertainthatit is thesameeffectasdemon-
stratedin the previous section,we needto show that TD( � ) is making progressin
minimising { e.!Yh.0/0{ ~ whilst thepolicy is degrading.This is not asstraightforward
in thecaseof a backgammonsystemusingTD( � ) to trainby self-play, becauseTD( � )
doesnotpassively observetheplay, but ratherregularlymodifiestheplayer. Hencethe

2This is necessarybecauseif they weresignificantlyweaker or stronger, thedetailof theeffect we wish
to observe would beobscuredasthecurve is compressedtowardsthetop or bottomaxis.
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Figure5: Performanceof the function approximatorfor backgammon,asit trainsby
self-playwith TD( � ). Learningrate  ��H� ����
 , �) c��� � For smallerlearningratesand/or
larger � , theeffect is lesspronouncedbut still present.

policy - changeseachtimetheneuralnetwork weightsareupdated,andsotheexisting
theoreticalresultsno longerapply. To overcomethis,wemodifiedour systemto make
theTD( � ) updatesontheparametersof anon-playingsecondapproximatorwhichwas
initialisedasa copy of theonebeingobserved.

As we are interestedthe policy degradationin Figure 5, we usedthis modified
systemto trainanetwork takenfrom theearlierexperiment.Thenetwork selectedhad
beentrainedfor 6500gamesandwaschosenbecauseit wasoneof the sequenceof
networksexhibiting policy degradation,i.e. trainingit undertheoriginalTD( � ) regime
hadresultedin networksimplementinginferior policies.We calledthisnetwork f start.

To estimate{ e.BYM.1/0{?~ weneedto estimateboth .0/ andthedistribution ° . Since
theperformanceof thenetwork is beingcomparedto PUBEVAL, ° is thedistribution
overstatesgeneratedby play betweenf start andPUBEVAL. Soto estimate° , wecol-
lecteda largenumber(2000)positions± �  �²D� � �?�D�?�D����³�´ from many gamesbetweenf start andPUBEVAL. Eachposition � E ± wasthenrolled-out200times,andthere-
sultsaveragedto form anestimate µ.\���J� of .0/J���J� . Thus { e.¶Y4.0/1{ ~ is estimatedby{ e.�Y·µ.2{2¸~ , where { e.�Y·µ.2{|¸~ �  +¹ 8��º�»'¼ e.\���P�"fg�|Ylµ.\���J�¾½ � �
Notethat { e.¿Y�µ.2{ ¸~ is anunbiasedestimateof { e.�Y}.0/0{R~ .

Figure6 shows performancecurves(againwith PUBEVAL as the opponent)for
onerun in this experiment.Performancedropsfrom a high of 0.46to a low of 0.30,a
declineof aboutone-third.

In Figure 7 we seethat our estimateof { e.}Y(.1/0{ ~ (called EstimatedError in
Approximator),risesinitially andthendeclinesthroughouttheremainderof therun.
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Togetherthesefiguresareextremelyinteresting.Normallywewouldexpectto find
theerrorfalling with thepolicy improving concurrently. However, thefiguresshow not
this, but two differenttypesof behaviour. Firstly, we seetheerrorrising whilst policy
degrades,andsecondlyweseeerrorfalling rapidlyaspolicy continuesto degrade.

Thefirst behaviour is not unexpected.If we believe thatpolicy improvesaserror
declines,we shouldalsobelieve thatpolicy will degradeaserror increases.The sec-
ondbehaviour however, clearlydemonstratesthepolicy degradationeffect — approx-
imationerror falls by half, whilst the performanceof the policy continuesto decline.
Hence,in this case,minimising error in the state-valueapproximationsresultsin an
inferior policy.

4 Improving Policy - STD( À )

The resultsof the previous two sectionsraisethe questionof whetherthereis a bet-
ter way of doing TD-style updates. Is therean updaterule which precludespolicy
degradation?

Theproblemwith TD( � ) is that it takesno accountof thepolicy implementedby
the function approximator. The updatesarenot directly derived from the policy, and
thereis noconsiderationof theeffectonpolicy thattheupdateswill have. Theupdates
are calculatedwith the sole intention of moving e. closerto .0/ . As we have seen
in section2, the region around .0/ may implementsub-optimalpolicies. Even if the
region to whichweconvergehasgoodpolicies,asin thecaseof backgammon(section
3), thepathwhichTD( � ) followsmaytraverseregionsof badpolicy.

The ideawe have tried to capturein STD(� ) is to usethe temporaldifferencesto
learnrelative statevalues.This endeavoursto improve thepolicy directly, ratherthan
concentratingon approximatingindividual statevalues.To simplify matterswe have
restrictedour attentionto Binary Markov DecisionProcessesor BMDP’s. BMDP’s
aredefinedformally in thenext section,but looselyspeaking,ateverystatein aBMDP
thereareat mosttwo statesthatthesystemcango to next. We call thesestatessibling
states.Unlike TD( � ) which operateson thefeaturevectorsof statesdirectly, STD(� )
operateson thedifferencebetweenfeaturevectorsof sibling states.This is illustrated
in Figure8.

In the remainderof this sectionwe formally defineBMDP’s and introducethe
STD(� ) algorithm.We thencharacterisethelimiting behaviour of STD(� ), in thecase
of aninfinite-horizon,discountedBMDP. Usingthis resultwethenprovethatin a two-
statesystemwith linear function approximation,STD(� ) will never producea worse
policy whenstartedfrom arbitraryinitial parametersettings.This is illustratedon the
two-statesystemof section2.

4.1 Binary Markov Decision Processes

A Markov DecisionProcess(MDP) consistsof asetof states±M %+��?�?�D�R� ¹ ( ¹ possibly
countablyinfinite), a setof actions

�
, a transitionprobability matrix ÁÂ G L��&ÃN�¾Ä��"
��¾Å

giving theprobabilityof moving from stateÃ to stateÄ after takingaction 
 E � , and
a scalarcostfunction ÆJ�&ÃÇ�ÈÄ�� giving thecostassociatedwith thetransitionfrom Ã to Ä .
A policy - mapseachstateto a probabilitydistributionoveractions(for simplicity we
consideronly stationarypolicies).

10



DA

Bφ (A) (D)φ
(B)φ

(C)φ

(D)φ (E)φ

(B)φ

STD (λ)TD(λ)

C

E

DA

B
-

-

Figure8: A sequenceof statesin aBinaryMarkov DecisionProcess(BMDP) andhow
they areviewedby TD( � ) andSTD(� ). Thesolid linesrepresentsthepathtakenby the
process,

�cÉ � É ° , with thedottedline representingthealternativepathsthatmight
have beenfollowed. TD( � ) only seesthestatesthesystemactuallyvisited(

� �"�)�"°)� ,
andmakesupdatesbasedon the featurevectorsof thosestates( i=� � �S�Ni=�Q�#�S�Çi=�&°)� ).
STD(� ) knowsaboutthealternativepaths,or sibling states, andmakesupdateson the
differencesbetweenfeaturevectorsof sibling states.

For any policy - anddiscountfactor
<FEFG �H�?+d� , wedefinethecostof stateÃ by:. / �&ÃV� �  43 / 5 68 9�:1; < 9 Æ1��� 9 ��� 9�> �R�D@ � ;  hÃQA��

where� 9 is thestateattime C and ÊË/ denotestheexpectationoverall trajectoriesunder
policy - . An optimalpolicy - y simultaneouslymaximizestherewardfrom everystate:. y �&ÃÌ�\ %. /�Í �  4ÎBÏ	Ð/ . / ��ÃV�S�
EveryMDPhasastationarydeterministicoptimalpolicy [21] (heredeterministicmeans
eachstatehasanoptimalaction).Notethatundera fixedpolicy - thestatetransitions� 9 �"� 9�> � �?�D�?� form aMarkov chain.

A binaryMarkov DecisionProcess(BMDP) is aMarkov DecisionProcesswith the
propertythatfor eachstateÃ , L��&ÃÇ�ÈÄ��"
�� is non-zerofor atmosttwo statesÄ��&ÃÌ� and Ä��È��ÃV� .Ä���ÃV� andÄ � ��ÃV� will bereferredto assiblingstatesfollowing Ã or justsiblingstatesif the
previousstateis clearfrom thecontext. In thatcasewe will dropthedependenceon Ã
andsimplywrite Ä andÄ�� . If Ã hasonly onesuccessorthenwe set Ä��� �Ä .
4.2 The ÑbÒ[Ó�ÔIÕ*Ö algorithm

We considera linearapproximationto . y of theforme.\��ÃÇ��f]� �  ×8j : � f j i j ��ÃV�S� (4)
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wheref �  ���f � �?�?�D�?�"f j � isavectorof tunableparametersandi=�&ÃÌ� �  ��Qi � ��ÃV�S�D�?�?�D�Ni j �&ÃÌ�"�is thefeaturevectorassociatedwith stateÃ .
The Ø�w`x*�Q��� algorithm is describedin Algorithm 1. Note that we can obtaina

Algorithm 1 The Ø�w`x#�È��� algorithm
1: Given:Ù � EFG �H�?+?ÅÈ� <ME[G ���D+d�Ù

Statesequence� ; ��� � �D�?�D� generatedby a BMDP undersomepolicy - .Ù
StepsizesÚ 9 a � .Ù
Linearfunctionapproximator e.\��U��"fg� parameterisedby f E�Û j .

2: Chooseany startingstate � ; , initial parametervector f ; , andset Ü ;  ����D�QÜ ; EÛZÝ � .
3: for eachstatetransition� 9 É � 9�> � do

4: Þ 9 �  ÆJ�&� 9 ��� 9�> � � O < ¼ e.B��� 9�> � �"f 9 �=Y e.pß&���9�> � �"f 9�à ½ Y¼ e.��Q� 9 ��f 9 �ZY e.*�Q���9 �"f 9 �Ì½
5: f 9�> � �  4f 9 OMÚ 9 Þ 9 Ü 9
6: Ü 9�> �` < ��Ü 9 O�i��&� 9�> �D�ZYFi=�����9�> � �
7: C �  �C1O�+
8: end for

versionof Ø�w`x*�Q��� for nonlinear e.\��ÃÇ��fg� by replacingstep6 withÜ 9�> � �  < �HÜ 9 O}á e.\��� 9�> � �"fg�|YFá e.\��� �9�> � �"fg�S� (5)

For our maintheoremto holdwe needthefollowing assumptions:

Assumption 1. ThestepsizesÚ 9 are positiveandpredeterminedwith â 69�:1; Ú 9  ,ã
and â 69�:1; Ú1�9 u4ã .

Assumption 2. TheMarkovchaingeneratedbytheBMDPunderpolicy - hasaunique
stationarydistribution

�  %� � ��+d�R�?�?�D�?� � � ¹ ��� .
Assumption 3. Thematrix iJ���V+I�äU?U?Uåi × �V+I�� �  ...

. . .
...i � � ¹ �æU?U?Uçi × � ¹ �hasfull rank.

Sincewe have assumedthe existenceanduniquenessof a stationarydistribution� ��ÃV� over states,thereexistsa stationarydistribution
� �&ÃN�"ÃÌ�^� over statesandtheir sib-

lings. That is,
� ��ÃÇ��ÃÌ�ª� is the stationaryprobability of being in state Ã , with ÃÌ� as the

sibling state.Notethatunderpolicy - ,� �&ÃÇ��Ã � �\ 8	è(� ��Ä��TL / ��Ä���ÃV�
wherethe sumis over all statesÄ with successorstatesÃ and ÃÌ� , and L�/1��Ä���ÃV� is the
probabilityof makinga transitionfrom stateÄ to stateÃ under- .
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Theorem 1. Under assumptions1–3, and with a linear value function (4), the se-
quenceof parametervectors f 9 generatedby the Ø�w`x��Q��� algorithm convergeswith
probabilityone. Furthermore, thelimiting vector f 6 satisfies8 k&é è�� �&ÃN�¾Ä�� ¼ e.|�&ÃÇ��f 6 �=Y e.|�^Ä���f 6 �=Y�. / ��ÃV�¾½ ��ê+`Y < �+`Y <ìë^í�îz 8 k�é èB� ��ÃÇ�¾Ä�� ¼ e.\�&ÃN�"fg�ZY e.2��Ä���f]�ZY}. / �&ÃÌ�Ì½ � (6)

Proof. Underafixedpolicy - thesequenceof pairsof siblingstates�&� 9 �"���9 �S�d��� 9�> � �"���9�> � �S�D�?�D�
formsa Markov chainwith transitionprobabilitiesL / ���&ÃN�"Ã � �R�D��Ä��¾Ä � ���K �ï L�/J��ÃÇ�ÈÄ�� if Ä and Ä�� aresiblingsfollowing Ã ,� otherwise

anda stationarydistribution
� �&ÃÇ�ÈÄ�� . Ø�w`x��Q��� is simply w`x*�Q��� appliedto this derived

Markov chain,with anapproximatevaluefunctiongivenby:e.��"��ÃÇ��Ã � �S��f]� �  e.\��ÃÇ��f]�ZY e.\�&Ã � ��f]�2 4f4U G i=��ÃV�ZYFi=��Ã � �¾Å��
Since e.��N��ÃÇ�"Ã¾�^�S�"fg� is linear in theparametersf , the resultfollows from [9, Theorem
1].

Theorem1 shows thatwithin a factorof �SðJñ�ò�SðJñ , Ø�w`x#�È��� is aimingfor a parameter
vector f minimizing theerrorfunction:Ê'��fg� �  8 k&é èB� ��ÃÇ�ÈÄ�� ¼ e.\��ÃÇ�"fg�ZY e.|�^Ä���fg�\Y}. / ��ÃV� ½ � �
Note that eachsibling pair �&ÃN�¾Ä�� appearspreciselytwice in the sum,contributing an
amount:Ê'�&fË��ÃÇ�ÈÄ�� �  � �&ÃÇ�ÈÄ�� ¼ e.\��ÃÇ��f]�ZY e.\�^Ä��"fg�|Y�. / ��ÃV�¾½ � O � ��Ä���ÃV� ¼ e.\��Ä���f]�|Y e.|�&ÃÇ��fg�\Y}. / ��Ä��¾½ � �
sothat Ê'��fg�K +t 8 k�é è Ê'�&fË��ÃÇ�ÈÄ��R�
To betterunderstandthesolutionobtainedby minimizing Ê'�&fg� , defineó ��ÃÇ�ÈÄ�� �  � ��ÃÇ�ÈÄ��� �&ÃN�¾Ä��PO � �^Ä���ÃV� �
Conditioningon theeventthatwe arein a statefor which thetwo successorstatesareÃ and Ä , ó �&ÃÇ�ÈÄ�� is theprobabilityof makinga transitionto stateÃ , whilst ó ��Ä���ÃV� is the
probabilityof makingatransitionto stateÄ . Notethat ó �&ÃÇ�ÈÄ��HO ó ��Ä���ÃV�2 (+ . With these
definitions,it is easilyverifiedthatÊ'�&fg�2 +t 8 k&é èpG � ��ÃÇ�¾Ä���O � �^Ä��"ÃV�¾Å ¼ e.\�&ÃN�"fg�ZY e.\��Ä���fg�\Y � ó ��ÃÇ�ÈÄ��Ç. / �&ÃÌ�|Y ó ��Ä��"ÃÌ�S. / ��Ä����V½ � Oõô���ÃÇ�ÈÄ��S�

(7)
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whereô���ÃÇ�ÈÄ�� is a functionof .0/J��ÃV�R�R.0/1��Ä��S� � ��ÃÇ�ÈÄ�� and
� �^Ä���ÃV� , but doesnotdependonf . Thus,theproblemof finding a f minimising Ê)��fg� is equivalentto theproblemof

findinga f minimising Ê � ��fg� , whereÊg����fg� �  8 k&é èpG � ��ÃÇ�¾Ä���O � �^Ä��"ÃV�¾Å ¼ e.\�&ÃN�"fg�ZY e.\��Ä���fg�\Y � ó ��ÃÇ�ÈÄ��Ç. / �&ÃÌ�|Y ó ��Ä��"ÃÌ�S. / ��Ä����V½ � �
(8)

Of course,thequantityweshouldbeminimising3 is:Ê � �&fg� �  8ök&é è G � ��ÃÇ�ÈÄ��PO � ��Ä��"ÃÌ�ÌÅ ¼ e.\��ÃÇ�"fg�ZY÷e.|�^Ä���fg�\Y �V. / �&ÃV�=Y}. / ��Ä��"� ½ � � (9)

However, it seemsto be very difficult to minimise (9) directly, principally because
for every state,oneneedsestimatesof thevalueof its sibling states,andthesevalues
are not available if we are following a single trajectory(or even a finite numberof
trajectories).Weconjecturethatminimising(9) is notpossiblein generalif thememory
of thealgorithmis constrained.

Comparing(8) and(9), we seethat Ø�w`x is adjustingtheapproximatedifferences
betweensiblingstates e.\��ÃÇ��f]�SY e.2��Ä��"fg� sothatthey matchtheweightedtruedifferencesó ��ÃÇ�ÈÄ��S.1/1�&ÃV��Y ó �^Ä���ÃV�Ç.0/J��Ä�� , ratherthantheunweightedtruedifferences.0/1�&ÃÌ��Y¿.0/J��Ä�� .
If theweights ó ��ÃÇ�¾Ä�� and ó �^Ä��"ÃV� areequal,then Ø�w`x ’s targetfor thesibling pair ��ÃÇ�¾Ä��
becomes�� �V.0/1��ÃV�=Y}.0/1�^Ä��"� , i. e +oø	t of the truedifference4. Thecondition ó �&ÃN�¾Ä��g ó ��Ä���ÃV� correspondsto apolicy - whichhasnopreferencefor stateÃ overstateÄ . Thus,Ø�w`x will beoptimisingthe “correct” quantity( Ê � ) whenever it is observinga policy- thatsimply tossesa coinwhenfacedwith any decision.

Evenif thepolicy - doesprefer, say, stateÃ over its sibling Ä , providedó ��ÃÇ�ÈÄ��ó �^Ä��"ÃV� . / �&ÃV�7a�. / ��Ä��S� (10)

thetarget ó ��ÃÇ�ÈÄ��Ç.0/1�&ÃÌ�|Y ó �^Ä���ÃV�Ç.0/1��Ä�� will still have thecorrectsign. Notethat(10) is
alwayssatisfiedif thepolicy - is correct: i.e - prefersÃ over Ä and .0/J��ÃV�7ac.0/1�^Ä�� .

Theprecedingdiscussionestablishesthefollowing proposition:

Proposition 1. For thetwo-statemodelof section2, let Ø�w`x*��+d� beobservinga one-
stepgreedylookaheadpolicy basedon the value function e.\�VU^��f ; � for someinitial
parameterf ; . Thenthelimiting parameterf 6 of Ø�w`x*�Q��� will itself implementa one-
stepgreedylookaheadpolicy that is no worsethanthepolicy generatedby e.\�VU^��f ; � .

Thesamecannotbesaidof w`x��V+I� (recallthediscussionin section2).

4.3 Comparison with Differential Training

As mentionedearlier, the methodof differential training describedby Bertsekas[1]
is themostcloselyrelatedto the Ø�w`x*�È��� algorithmpresentedhere. During training,

3In fact,thecorrectquantityto beoptimisingis theexpectedreward givenparameters¬ . However this is
notoriouslydifficult to do,andis what leadsusto considerapproximatevalue-functionsolutionsin thefirst
place.Hence,giventhatwe areworking within asquared-loss,differential value-functionframework, (9) is
in somesensethe“right” quantityto beoptimising.

4The factor of ù"úÇû is irrelevant in that it just correspondsto a fixed rescalingof all the rewards.
It can be removed if we replacethe temporal difference üRý in þ?ÿ�� with ü?ý�� ¦ û�� £�� ý	� � ý�
 ­ ¥
������¢ £�� ý�
 ­��&¬Pý ¥�� �¢�� ��� ý�
 ­ �&¬Pý��	� � ���¢ £�� ý	�Q¬Pý ¥�� �¢ £���� ý �&¬Pý ¥ � .
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it requirestwo instancesof the systembeingobserved to run in lock-stepbut evolve
independently. At time C , thestateof oneof theinstances(chosenarbitrarily)is referred
to as � 9 , with the stateof the other instancebeing µ� 9 . The methodusesa TD( � )
approachto learnanapproximation, e� ���P� µ���"fg� , to thetruedifferencesin thevaluesof
thesestates: � / �&� 9 � µ� 9 �\ %. / �&� 9 �ZY�. / � µ� 9 �R�� / is viewed asthe cost-to-gofunction of a probleminvolving the compoundstates
( �P� µ� ), andthecostperstage:ÆJ�&� 9 ��� 9�> �D�=Y¶Æ1� µ� 9 � µ� 9�> �?�R�
hence

� / satisfiestheBellmanequation:� / ��� 9 � µ� 9 �\ 43=²DÆJ�&� 9 �"� 9�> � �ZY�ÆJ� µ� 9 � µ� 9�> � ��O < � / ��� 9�> � � µ� 9�> � �Ç´��
Wewill referto thedifferentialtrainingalgorithmthatusesTD( � ) updatesin aninfinite
horizondiscountedrewardsettingasDT( � ).

Assuming e� is linear, andunderAssumptions1–3,DT( � ) will converge(within a
factorof �Çð1ñ�ò�Çð1ñ ) to a f whichminimises:Ê$~
�K��fg�7 8 � é ¸� � ���J� � � µ�P� ¼ e� �&�P� µ���"fg�ZY � / ���P� µ�J� ½ � 8 � é ¸� � ���J� � � µ�P� ¼ � e.\���P�"fg�|Y e.\� µ�=��fg�"�|Yh�Ì. / ���J�|Y�. / � µ�J�"� ½ � (11)

(by [9, Theorem1]).
Comparing(11) with (9), we seethat DT( � ) is minimising the samequantitywe

would liketo minimisewith STD(� ), exceptthatDT( � ) is workingwith adifferentdis-
tribution overstatepairs.This distribution is not thesameastheoneseenby STD(� ).
In particular, thedistribution observedby DT( � ) givesa non-zeroprobabilityto a pair
(  �� µ ), evenif thetwo componentstatescanneveroccurassiblings.If  and µ areboth
high probability states,then

� �! �� � � µ �� will be relatively large andthe evolution of f
will beinfluencedtowardsachieving a correctapproximationfor a pair thatwill never
occuroutsidethetrainingenvironment.

In contrast,STD(� ) observesonly a singleinstanceof thesystemduringtraining,
andthustrainswith respectto thedistribution of statepairsoccurringunderpolicy - .
Statepairswhosecomponentscanneveroccurassiblingswill notbeobserved,andwill
not influencetheevolutionof f . However, unlikeDT( � ), theerrorfunctionminimised
by STD(� ) (8) is not quite the trueerror function (9). So thereis a tradeoff: the true
error functioncanbeminimisedwith respectto thewrongdistribution (DT( � )), or an
approximationof the trueerror functioncanbeminimisedwith respectto thecorrect
distribution (STD(� )).

Note that for many dynamicalsystems(suchasphysicalsystems)the numberof
sibling state-pairswith non-zeroprobability is "�� ¹ � , while the total numberof state-
pairs(andhencethenumberwith non-zeroprobabilityunderDT( � )) is always "�� ¹ � � .
In thesesystemsnearlyall thestate-pairsconsideredin DT( � ) aremisleading.

4.4 Policy degradation in DT( # )

In this sectionwe presentan example3-statesystemin which DT( � ) convergesto
a suboptimalpolicy while STD(� ) convergesto the optimal policy. This exampleis
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Figure9: Transitionsandrewardsin theexamplethree-statesystem.

designedsimply to illustrate the pitfalls associatedwith training againstthe wrong
distribution. In particular, we donot claimSTD(� ) alwaysdominatesDT( � ).

The Markov chainwith rewardsis shown in Figure9. The only statein which a
decisionmustbe madeis state � , andin that statetherearetwo actions: 
�� goesto
state� with probability0.9and

�
with probability0.1,while action 
 � goesto state�

with probability0.1 andstate
�

with probability0.9. Clearly theoptimalpolicy is to
alwayschooseaction 
�� .

Under the optimal policy, and for a given discountfactor
<÷E G �H�?+I� , we have� � � �2 c��� ����� � �&�*�Z c���W��� � �Q���\ c��� ��� and.\� � �K ��� � < �+bY < �.\�&�#�K ��� � <+bY < �.\�Q���K %+KO �H� � < �+`Y < � �

If we takeour functionapproximatorto beone-dimensionalsothat .\������fg�7 hfgi=���J� ,
andset i=� � �2 (+��Çi��Q�#�2 �
 and i=�Q���7 �t , thenany positiveweightwill valuestate�
abovestate

�
andhencewill implementtheoptimalpolicy, while any negativeweight

will implementthe sub-optimalpolicy. A quick calculationshows that the limiting
weight f DT6 of the xgw���+d� algorithmsatisfiesf DT6  Y$�H� �����bOõ�H� ��� <��� _����
which is negative for all

<cE4G �H�?+d� , i.e. thewrongsign,while the limiting weight forØ�w`x��V+I� satisfies f STD6  ��H� �$O �����	t < �+$Y < � �
which is theright signfor all

<õEMG ���?+I� .
5 Experimental Results

To illustrateSTD(� ) we appliedit to thetwo-statesystemof section2. Thebehaviour
of the approximatevalue function is shown in Figure 10. The systemwas started
with f� Â��� ��� ( e.\� � ��f]�* +����o_H� e.Z�&�'�"fg�� �H� ��� ; the convergencepoint of TD( � )
anda sub-optimalpolicy), it subsequentlycrossedinto theoptimalpolicy region,withf approachingY$��� ��� ( e.\� � ��fg�! Y�+�� ��_�� e.=�Q�'��f]�! mY$��� ��� ). The sameresult is
achievedfor every initial valueof f .

In a secondexperiment,we appliedboth TD( � ) andSTD(� ) to the muchstudied
acrobotproblem[22, 23, 24]. This problemis analogousto a gymnastswingingon
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Figure10: Evolutionof � e.\� � ��f]�S� e.7�&�'�"fg��� usingSTD(� ) andstartingfrom fc ��H� ��� ,
ie: �V+����o_H�"�H� ����� , plottedevery50 iterations.

a high bar, and involvessimulatinga two-link underactuatedrobot. Torquecan be
appliedonly at thesecondjoint.

Our implementationis basedupontheequationsof motionandconstantsgivenin
[24, page271],seeFigure11. However, angularvelocitiesarerestrictedto theintervalG Y`� � ��� � Å , andboth $% � and $% � aremodifiedby addingin thedampingterm Y'&�()+* &() * q�,% ��where q is a constantand � is 1 or 2 asappropriate.

For our experiment,thelearningalgorithmsobserveda controllerwhich usedone-
steplook-aheadto choosebetweentwo actions(torquesof +1 and -1 respectively)
basedon thefollowing evaluationfunction..\� % �I� % � ��,% �o��,% � �\ v@-,% �|O.,% � @ (12)

Θ2

Θ1

tip

torque applied
here

Figure11: TheAcrobot
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This function waschosenbecauseit implementsa reasonablygoodpolicy which is
superiorto its converse. Using a discountfactorof

<  ��� ��� , we have empirically
estimatedthetotal discountedrewardfor thepolicy to be24.4(themaximumpossible
is 80),with anestimatefor theconversebeing0.4. Thenatureof our functionapprox-
imatorandfeaturevector(describedbelow) limit the learningalgorithmsto choosing
betweentheobservedpolicy andits converse.

Actions werechosenevery 0.1 simulatedseconds,thoughmotion wassimulated
at a muchfiner granularity. Thesystemwasrun continuouslywith rewardgivenafter
simulatingtheeffect of eachactionchoice;the rewardbeingsimply theheightof the
acrobot’s tip aboveits lowestpossibleposition5.

We useda linear function approximator, anda singleelementfeaturevector i=��U �
(see(13) below) which is restrictedto the range

G ���D+RÅ andgiveshigh valuesto states
not preferredby thehand-codedpolicy basedon .\�VUW� (see(12)above).i=� % � � % � � ,% � � ,% � �\ %+`Y @ ,% � O ,% � @� � (13)

With theacrobotstartingfrom restin theverticalhangingposition,andfollowing
thehand-codedpolicy mentionedabove,thetwo learningalgorithmswereusedto train
separatelinearevaluators.In bothcases� wassetto 1.0.

TD( � ) convergesto a weight of f� +D
H� � whilst STD(� ) convergesto f� Y$
����H�^+ . Since i=�VUW� ordersstatesin the oppositeorder to .\�VUW� , a positive value forf meansthat TD( � ) hasconvergedto the converseof the hand-codedpolicy, ie: the
inferior policy. STD(� ) however, hasconvergedto a negative f and thus its func-
tion approximatorreversestheorderingimposedby i=�VUW� andimplementsthesuperior
policy.

6 Conclusion

We have shown thatTD( � ) updateswhich seekto improve thestatevalueapproxima-
tion (by minimising {'U\{ ~ ) canleadto inferior policies. For the systemsdetailedin
section2, TD( � ) causesthe function approximatorto abandonan optimal policy. In
section3 we saw that in a real application,the TD( � ) updatescantake the function
approximatorinto regionsof parameterspacewith policiesinferior to thosethat had
alreadybeenachieved.

For Binary Markov DecisionProcesseswe presenteda new algorithm, STD(� ),
that retainstheadvantagesof TD( � ) in termsof on-lineoperationandsmallmemory
requirements(only theeligibility traceandcurrentparametervectorneedto bestored),
but operatesdirectly on thedifferencein valuesbetweensibling states, ratherthanthe
statevaluesthemselves.Thelimiting behaviour of STD(� ) wascharacterisedfor linear
function approximators,yielding an interpretationthat STD(� ) actsto improve poli-
ciesratherthanthestatevaluesthemselves.A comparisonwasmadewith Bertsekas’
DT( � ), anda three-stateexamplepresentedin whichDT( � ) is dominatedby STD(� ).

WehavealsodemonstratedthatSTD(� ) convergesto optimalpolicieson instances
of thetwo-stateandacrobotproblemswhereTD( � ) findsonly sub-optimalpolicies.

5Both links are1 metrein length,sotherewardfor eachstepis between0 and4.
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