Reinforcement.earningFrom Stateand
TemporalDifferences

Lex Weaver
Departmenbf ComputerScience
AustralianNationalUniversity
ACT AUSTRALIA 0200
Lex.Weaver@anu.edu.au

Jonathan Baxter
ComputerScienced.aboratory
AustralianNationalUniversity

ACT AUSTRALIA 0200
Jonathan.Baxter@anu.edu.au

Septembefi4,1999

Abstract

TD(X) with functionapproximatiorhasprovedempiricallysuccessfufor some
compl« reinforcementearningproblems. For linear approximation,TD(A) has
beenshavn to minimisethe squarederror betweerthe approximatevalue of each
stateand the true value. However, asfar aspolicy is concernedijt is errorin
therelative orderingof statesthatis critical, ratherthanerrorin the statevalues.
We illustratethis point, bothin simpletwo-stateandthree-statesystemsn which
TD(M\)—startingfrom an optimal policy—corvergesto a sub-optimalpolicy, and
alsoin backgammonWe thenpresenta modifiedform of TD()), calledSTD(),
in which function approximatorsare trainedwith respecto relative statevalues
on binary decisionproblems. A theoreticalanalysis,including a proof of mono-
tonic policy improvementfor STD()) in the context of the two-statesystem,is
presentedalongwith a comparisorwith Bertsekasdifferential training method
[1]. This is followed by successfudemonstration®f STD(\) on the two-state
systemanda variationon thewell known acrobotproblem.

1 Introduction

For comple reinforcementearningproblems;TD()\) with functionapproximatior2]
hasproved empirically successful.lts origins go back asfar as Samuels Checlers
Program[3], while perhapsts mostfamoussucceshasbeenTesauras TD-Gammon
[4, 5]. A variantof TD(\) for minimax searchhasalsobeensuccessfuin learningto
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play chesd6]. Successesutsideof thegameglomainincludejob-shopschedulind7]
anddynamicchannehllocation[8].

For linearapproximation;TD()) hasbeenshavn to minimisethe squarecerrorbe-
tweenthe approximatevalueof eachstateandthetruevalue[9, 10, 11, 12]. However,
asfaraspolicy is concernedit is errorin therelative orderingof stateghatis critical,
ratherthanerrorin the statevalues.Considera simplesystemconsistingof two-states:
A and B, wherethe value of eachstateunderthe optimal policy is 10 and5 respec-
tively. A functionapproximatowhich estimatedhe statevaluesto be 15and0, would
implementthe optimalpolicy whilst having a squarecerrorof 52. However, afunction
approximatorestimatingthe valuesas7 and8, would have a squarecerror of only 32,
yetwould notimplementthe optimalpolicy.

We illustrate this point further in section2 with simple two-stateandthree-state
systemsn which TD(}), startingfrom the optimal policy, corvergesto a sub-optimal
policy. In section3 we demonstratéhat this alsooccursin a more complex system:
backgammonln sectiord we presenamodifiedform of TD(A), calledState-Emporal
Differencef) (or simply STD(\)), in which function approximatorsaretrainedwith
respecto relative statevalueson binary decisionproblems. We presentresultschar
acterisingthe limiting behaiour of STD(\) andprovide a proof of monotonicpolicy
improvementfor the two-statesystemof section2. Experimentakesultsin section5
demonstratéhesucces®f STD()) in the two-statesystemandin a variantof thewell
known acrobotproblem.

1.1 Previouswork on State Differences.

Severalresearcherbave previously consideredisingstatedifferenceinformation. Ut-
goff andSaxena[13] describedheBest-FirstPreferencd.earningAlgorithm for creat-
ing asetof preferenceredicategrom apreviously known solution. Utgoff andClouse
[14] shovedhow asimilaralgorithmcanbeusedo generataveightupdategor alinear
function approximator The techniquereliesuponan externalexpertto nominatethe
preferredstatesandthusis aform of supervisedearning. They have alsoconstructed
analgorithmwhich hasa supervisedearningphaseto utilise expert preferencesand
areinforcementearningphaseto malke traditional TD-style updatesvhich don't use
the expertpreferencesTesaurd15] describedanexperimentin which he usedexpert
preferenceto train a neuralnetwork to choosebetweerbackgammorpositions.

The approximationof cost-to-gadifferences—rathahanjust the cost-to-go—has
beeninvestigatedy anumberof authorsin thecontext of Q-learning.Werbog[16, 17]
discussethe meritsof approximatinghegradientof the () function,whilst Baird [18],
Harmon,andKlopf [19] introducedadvantaing updatingwhich estimateghe value
of eachstateandthe relative advantageof eachaction using separateapproximation
architectures.

More recentlyMcGovernandMoss[20] have usedtemporaldifferencdearningto
developaninstructionschedulefor anoptimisingcompiler Theirapproactusegable-
lookupratherthanfunctionapproximationandcombinegossiblesuccessostatesnto
asinglefeaturevectorwhichis mappedo apreferencendicator

BertsekasUdifferential training [1] is the mostcloselyrelatedprevious work. We
deferdiscussiorof it until section4.3.
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Figurel: Transitionsandrewardsin thetwo-statesystem.

2 Generating Sub-optimal Policies

Corvergenceby TD(A) to sub-optimalpoliciescanbe foundin eventhe simplestnon-
trivial system— a Markov DecisionProcesswith only two states.Considerthe tran-
sition matrix shavn in Table1. The correspondingnachine,shavn in Figurel, has
two states A and B, andin eachstatetherearetwo actionsto chooserom. Action ay

takesthe machineto stateA with probability0.8 andactiona. takesit to stateB with

the sameprobability.

Current DestinationStateProbabilities
State | Action A B

AorB a1 0.8 0.2

AorB as 0.2 0.8

Tablel: TransitionMatrix of the Two-stateSystem

Therewardsfor eachstatetransitionareshavn onthelinks in Figurel . Denoting
the reward for a transitionfrom statez to statez’ by r(z,z'), we have r(A, A) =
r(4,B) = r(B,A) = 0, andr(B, B) = 1. If we assumenly deterministicpolicies,
therearefour possiblepoliciesfor this system:alwayschooseactiona, , alwayschoose
actionas, choosen, in stateA andas in stateB, or vice-versa.

In this paperwe only considerinfinite-horizon, discounted-revard problems,so
the valueof a statex underpolicy p, J*(z), is definedto be the expecteddiscounted
rewardobtainedby startingin thatstateandfollowing the policy p:

oo

JH(z) = E* Zatr(wt,xt+1)|w0 =z|,
t=0

wherez; is the currentstateat time ¢, B denotesthe expectationover trajectories
Zo, 1, ... underpolicy x4, anda € [0, 1) is thediscountfactor

For this simplesystenthe optimalpolicy is to alwayschoosethe actionleadingto
stateB with highestprobability, thatis to alwayschooseactiona,. Let J*(z) denote
the valueof statez underthe optimal policy. The following relationsbetweens#(A)
andJ*(B) musthold:

TJH(4) = p(A4, B)aJ*(B) + p(4, Ao (4)
JH(B) = p(B, B)(1 + aJ*(B)) + p(B, A)aJ* (4),

wherep(x, 2') denoteghe probability of atransitionfrom statex to 2’ underthe opti-
mal policy.



Substitutingfor p(-) from Table1 andsimplifying, we canexpressJ¥#(-) in terms
of a:

JH(A) = J*(B) — 0.8 @)
_08-016a @)

JH(B) " a

Notethat.J*(B) > J#(A) forall « € [0, 1). N
We defineour approximatdinearvaluefunction J(z, w) by

k
J(m,w) =w- ¢($) = sz¢z(x)a

wherew = (ws,...,wy) is the parametevector and ¢(z) = (¢1(x),-- ., dr(x))
is a function mappingstatesto featurevectors. In our simple two statesystemwe
requirethe dimensionalityof w and ¢ to be 1 (i.e. k = 1) in orderto ensurethat
J cannotapproximateall possiblevalue functions(i.e. to ensurewe really arein an
approximatevalue-functionsetting). Henceour approximatevaluefunctionis simply

J(z,w) = we(x) for scalarw and¢. For our examplewe take
¢(A) =2 and ¢(B) =1. (3)

If we generate policy from J(z, w) by usingone-stemreedylook-aheadthento
preferactiona, overactiona,, we requireJ(B,w) > J(A,w), whichwill hold only
if w < 0. Hence for alearningalgorithmto yield anapproximatomwhich implements
the optimal policy (ie: correctly valuesstate B above state A), it musttunew to a
negative value.

Assumingthe optimal policy is being followed, andwith TD(1) asthe learning
algorithm,[9, Theoreml] shows thatw will corvergeto:

w* = agmin, [|J(-,w) — J*||p,

where } 3

17Cw) = J*[p =Y w(@)(J (,w) = J*(x))?,
wherer(z) is the stationaryprobability of statez. Thatis, TD(1) corvergesto apa-
rametervectorminimising the weightedleast-squareérror betweerthe approximate
valueof a stateandits true value,whereeachstateis weightedby its stationaryproba-
bility.

Fora = 0.5, aquick calculationgivesw* = 0.88 — the wrong sign. Figure2
shows the evolution of (J(A4,w), J(B,w)) plottedafter every 50 iterationsof TD(\).
The systemconvergesto (1.76, 0.88), minimising the squareckerrorto J#(A) = 0.64
andJ*(B) = 1.44 — thetruevaluesunderthe optimal policy.

_ Note that the systemstartedin the region of optimal policy, with w < 0 and
(J(A,w), J(B,w)) above theline J(4,q) = J(B,w). However, TD(A) moved it
into the sub-optimalpolicy region to minimise the squarederror on the statevalue
approximations.
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Figure2: Evolution of (J(A,w), J(B,w)) usingTD(\) andstartingfrom w = —10,
ie:(—20, —10), plottedevery50iterations.Theregionabove J(A, w) = J (B, w) gives
optimalpolicy.

Origin DestinationStateProbabilities

State | Action A B c
A al 0.0 0.8 0.2
A a2 0.0 0.2 0.8
B al 0.8 0.0 0.2
B a2 0.2 0.0 0.8
C al 0.0 0.8 0.2
C a2 0.0 0.2 0.8

Table2: TransitionMatrix of the Three-stat&System

2.1 TheThreestate System

We have also constructedh three-statesystemin which TD()\) exhibits the samebe-
haviour. Wefeelthis systenis interestingoecausé makesthelearningproblemsubtly
moredifficult. In thetwo-statesystemgachobsenationof actionchoicecanbeinter-
pretedasafull orderingonthedesirabilityof the statesIn thethree-statsystemgeach
actionchoiceonly ordersthe desirability of two states.In particulay one pairing of
state(4 and B) is never encounteredanda preferenceif ary) betweerthesestates
mustbeinferredby thelearningalgorithm.

Thetransitionmatrix for the three-statesystemis shovn in Table2, with thetran-
sitionsandrewardsshovn onthediagramin Figure3.

Again,alwaysselectingactiona?2 is the optimalpolicy. However, we now have two
featuregatherthanone;thelinear evaluatoris still of theform J = w®, butw and®
arevectors.Hencewe have J = w; ¢1(X) + wada (X).

Working from the valuesin Table 3, it canbe confirmedthat stateC, the most



#1(A) = % $2(A) = %
¢1(B) =5 ¢2(B) =13
01(C) =3 ¢(C)=%
a=0.95

Table3: Three-stat&Systenvaluesusedto generatd-igure4.

likely outcomeof actiona?2, is the highestvaluedstate: J*(4) = J*(B) = 12.16
whilst J*(C) = 12.96. Ourchoicesfor ¢, and¢» however, ensurehatpositive values
of w; andws, cannotyield a J consistentvith this ordering. The correctorderingcan
only be achiesedby negative valuessatisfyingw; = w,.!

Again, tuningw with TD()) resultsin corvergenceto an approximatomwhich im-
plementsa sub-optimalpolicy. Figure4 shavs atypical exampleof this. w wasini-
tialisedto (-10,-10),implementingthe optimal policy eventhough||J — J*||p wasnt
minimised.w wasthenplottedon thew; w, planeafterevery 500iterationsof TD(A),
for atotal of two million iterations.It corvergesto apointin the positive quadrantap-
proximately(35.27,4.46), which minimises||J — J*|| p butimplementsa sub-optimal
policy.

3 Sub-optimal Policiesin Backgammon

The exampleof the previous sectiondemonstratethatit is possiblefor TD()) to de-
gradethepolicy whilst still minimising||.J — J#|| p, where.J* is thetruevaluefunction
of the systembeingobsened. We now shaw thatthis behaviour affectsnot only artifi-
cial examplesput is alsoevidentin arealdomain;: backgammonr— whereTD()) has
hadpossiblyits mostfamoussuccess.

Our backgammorplaying programhasbeencreatedalongthe lines of Tesaurcs
TD-Gammon[4, 5]. Its neuralnetwork function approximatorhas209 input nodes,
no hiddenlayer, and1 outputnode,which is a squashedinear function of the inputs.
The input vectorconsistsof 200 elementdirectly representinghe board,8 elements

1SinceJ*(A) = J*(B), we couldrelaxthe orderingto the conjunction(J(C) > J(A)) A (J(C) >
J(B)) without loss. This admitsregions of the w;ws» planeon eithersideof the negative portion of the
w1 = wy line, but noneof the positive quadrant.
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Figure4: Evolutionof w usingTD()\) andstartingfrom (—10, —10), plottedevery 500
iterations.

representinghand-codedeaturesextractedfrom the board (e.g: degreeof contact,
probability of hitting ablot), anda constanwvaluel (from the bias).

We usedTD()) to train a large numberof randomly generatecheural networks
usingself-play andmonitoredhow theirlevel of performancehangedastrainingpro-
gressedWe measuregberformanceéy playingthe network againsta hand-codedixed
opponent(PUBEMAL, availablefrom htt p: // www. r evol ver . denon. co. uk/ bg/
bot / b_pubeval . ht m ) for at least2000 gamesrecordingthe proportionof games
won, ignoring gammonsand backgammonsFigure 5 shaws two runs from this ex-
periment. Theserunsexhibit an interestingbehaiour wherebyperformancanitially
increasesbut thensuffers a noticeabledrop beforerecoveringto plateauat about0.8
againstthe benchmarkopponent.About half of all the runsexhibited this behaiour,
with the othersshaving generallymonotonicperformancéncrease$ut still achieving
asimilarfinal level of performance.

To ensurethat this behaiiour wasnot an artefact of the benchmarkopponentwe
re-generatedhe performancecurves with other benchmarkopponents. Thesewere
createdby randomlygeneratingunction approximatorsandtraining themuntil they
were of similar strengti to PUBEVAL. The resultswere unchangedthe individual
curves shifting up or down slightly with the variationin the playing strengthof the
benchmarlopponentput the characteristipolicy degradatiorremained.

Obviously the downward slopeof the dip represents degradationin the policy
duringsomeof thetraining. However, to becertainthatit is the sameeffectasdemon-
stratedin the previous section,we needto showv that TD()) is making progressin
minimising ||.J — J*#|| p whilst the policy is degrading. This is not asstraightforward
in the caseof abackgammorsystemusingTD()\) to train by self-play becausd D())
doesnot passvely obsenre the play, but ratherregularly modifiesthe player Hencethe

2This is necessarpecauséf they weresignificantlywealer or stronger the detail of the effect we wish
to obsene would be obscuredasthe curve is compressetbwardsthetop or bottomaxis.



Proportion of Games Won

0 L L L L L L L
0 20000 40000 60000 80000 100000 120000 140000 160000
Games of Training

Figure5: Performancef the function approximatorfor backgammonasit trainsby
self-playwith TD()). Learningrate= 0.003, A = 0.0 For smallerlearningratesand/or
larger A, theeffectis lesspronouncedut still present.

policy 4 changegachtime the neuralnetwork weightsareupdatedandsotheexisting
theoreticakesultsnolongerapply. To overcomethis, we modifiedour systemto make
the TD(\) updateonthe parametersf anon-playingsecondapproximatomwhichwas
initialisedasa copy of the onebeingobsened.

As we are interestedthe policy degradationin Figure 5, we usedthis modified
systemto train a network takenfrom the earlierexperiment.Thenetwork selectechad
beentrainedfor 6500 gamesandwas chosenbecausét was one of the sequencef
networksexhibiting policy degradationj.e. trainingit undertheoriginal TD()) regime
hadresultedn networksimplementingnferior policies. We calledthis network wstart.

To estimatd|J — J#|| p we needto estimateboth .J# andthedistribution D. Since
the performancef the network is beingcomparedo PUBEVAL, D is thedistribution
over stateggeneratedby play betweenwsirandPUBEVAL. Soto estimateD, we col-
lecteda large number(2000)positionsS := {z1, ..., z,} from mary gameshetween
wstart andPUBEMVAL. Eachpositionz € S wasthenrolled-out200times,andthere-
sultsaveragedo form anestimateJ(z) of J#(z). Thus||.J — J#||p is estimatecby
|\J — Jl| 5, where

1 2

1T = dllp =3 [ w) - ()

€S

Notethat||J — J|| 5 is anunbiasedstimateof || — J#||p.

Figure 6 shows performancecurves (againwith PUBEVAL asthe opponent)for
onerunin this experiment.Performancaropsfrom a high of 0.46to alow of 0.30,a
declineof aboutone-third.

In Figure 7 we seethat our estimateof ||.J — J*||p (called EstimatedError in
Approximator),risesinitially andthendeclineshroughoutheremainderof therun.
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Figure6: Performancef function approximatorfor backgammonasit trainsby ob-
senationwith TD()). Learningrate= 0.003, A = 0.0
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Figure7: Estimatecerrorin thefunctionapproximatofor backgammonasit trainsby
obsenationwith TD()). Learningrate= 0.003, A = 0.0.



Togethelthesdiguresareextremelyinteresting. Normally we would expectto find
theerrorfalling with thepolicy improving concurrently However, thefiguresshav not
this, but two differenttypesof behaiour. Firstly, we seethe errorrising whilst policy
degradesandsecondlywe seeerrorfalling rapidly aspolicy continuego degrade.

Thefirst behaviour is not unexpected.If we believe that policy improvesaserror
declines,we shouldalsobelieve thatpolicy will degradeaserrorincreases.The sec-
ondbehaiour however, clearly demonstratethe policy degradationeffect— approx-
imation error falls by half, whilst the performanceof the policy continuesto decline.
Hence,in this case,minimising error in the state-alue approximationgesultsin an
inferior policy.

4 Improving Policy - STD())

The resultsof the previous two sectionsraisethe questionof whetherthereis a bet-
ter way of doing TD-style updates. Is therean updaterule which precludespolicy
degradation?

The problemwith TD(]) is thatit takesno accountof the policy implementedoy
the function approximator The updatesare not directly derived from the policy, and
thereis no consideratiorof the effect on policy thattheupdateswill have. Theupdates
are calculatedwith the sole intention of moving J closerto J*. As we have seen
in section2, the region aroundJ* may implementsub-optimalpolicies. Evenif the
region to which we corvergehasgoodpolicies,asin the caseof backgammorfsection
3), the pathwhich TD(X) follows maytraverseregionsof badpolicy.

The ideawe have tried to capturein STD(}) is to usethe temporaldifferencedo
learnrelative statevalues. This endeaoursto improve the policy directly, ratherthan
concentratingon approximatingndividual statevalues. To simplify matterswe have
restrictedour attentionto Binary Markov DecisionProcesse®r BMDP's. BMDP’s
aredefinedformally in thenext section but looselyspeakingatevery statein aBMDP
thereareat mosttwo stateghatthe systemcango to next. We call thesestatessibling
states.Unlike TD(X) which operateson the featurevectorsof statesdirectly, STD())
operate®n the differencebetweerfeaturevectorsof sibling states.This is illustrated
in Figure8.

In the remainderof this sectionwe formally define BMDP’s and introducethe
STD()) algorithm.We thencharacteris¢helimiting behaiour of STD()), in thecase
of aninfinite-horizon discountedMDP. Usingthis resultwe thenprove thatin atwo-
statesystemwith linear function approximation STD(\) will never producea worse
policy whenstartedfrom arbitraryinitial parametesettings.This is illustratedon the
two-statesystemof section2.

4.1 Binary Markov Decision Processes

A Markov DecisionProces§MDP) consistof asetof statesS = 1, ..., n (n possibly
countablyinfinite), a setof actionsA, a transitionprobability matrix P = [p(i, j, a)]

giving the probability of moving from statei to statej aftertakingactiona € A, and
ascalarcostfunction g(4, j) giving the costassociateavith the transitionfrom i to j.

A policy p mapseachstateto a probability distribution over actions(for simplicity we
considernly stationarypolicies).

10
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Figure8: A sequencef statesn aBinary Markov DecisionProces§BMDP) andhow
they areviewedby TD()\) andSTD()\). Thesolid linesrepresentthepathtakenby the
processA — B — D, with thedottedline representinghealternatve pathsthatmight
have beenfollowed. TD(A) only seeshe stateshe systemactuallyvisited (A, B, D),
and makes updatesbasedon the featurevectorsof thosestates(¢(A), ¢(B), ¢(D)).
STD(A\) knows aboutthe alternatve paths,or sibling states andmakesupdateson the
differencesbetweerfeaturevectorsof sibling states.

For ary policy i anddiscountfactora € [0, 1), we definethe costof statei by:

o0
JH(i) == B Zatg(mt,xt+1)|wo =i,
t=0

wherez; isthestateattimet and E# denotesheexpectatioroverall trajectoriesunder
policy p. An optimalpolicy p* simultaneouslynaximizegherewardfrom every state:

JHi) = J* = max JE(d).
EveryMDP hasastationarydeterministicoptimalpolicy [21] (heredeterministianeans
eachstatehasanoptimalaction). Note thatundera fixed policy p the statetransitions
X, Lyy1,- - - formaMarkov chain.

A binaryMarkov DecisionProces§BMDP) is aMarkov DecisionProcessvith the
propertythatfor eachstatei, p(i, j, a) is non-zerdor atmosttwo states;j(z) andj’(i).
j(i) andj'(¢) will bereferredto assibling statesfollowings or justsibling statesf the
previous stateis clearfrom the contet. In thatcasewe will dropthedependenceni
andsimplywrite j andj’. If 7 hasonly onesuccessothenwe setj’ = j.

42 The STD(A) algorithm

We considera linearapproximatiorto J* of theform

d
J(i,w) = win(i), 4)
k=1

11



wherew := (w1,. .., wy) isavectorof tunableparameterandg(i) := (¢1 (2), . . ., dr (7))
is thefeaturevectorassociatedavith statesi.
The STD()) algorithmis describedn Algorithm 1. Note that we canobtaina

Algorithm 1 TheSTD(A) algorithm
1: Given:

e \e 0,1, €0,1)
e Statesequencey, z1, ... generatedy aBMDP undersomepolicy .
e Stepsizesy; > 0.
e Linearfunctionapproximator/ (-, w) parameterisely w € R¥.
2: Cgooseary startingstatezy, initial parametewvectorwy, andsetzo = 0, (2o €
3: Bf)r ?a.achstatetransitiona:t — X441 dO
4 dy = 9(m, 1) +  « [j (Tpp1,we) — J (;EQH,wt)] -
[T (@ywe) = J (2}, w0)]

5 Wi 1= Wy + Yedy 2y

6 2t41 = Az + P(Tey1) — P(2hy )
7. t=t+1

8: end for

versionof STD()) for nonlinear.J (i, w) by replacingstep6 with
Ze1 = @Az + VI (@41, w) — VI ()1, w). (5)
For our maintheorento hold we needthefollowing assumptions:

Assumption 1. Thestepsizesy; are positiveand predeterminedvith >°7° vy = oo
and) ;7 < oo.

Assumption 2. TheMarkov chaingenematedbytheBMDP underpolicy u hasa unique
stationarydistribution7 = (7 (1),...,7(n)).

Assumption 3. Thematrix
$1(1) -+ ¢a(l)
P =
¢1(n) -+ ¢a(n)
hasfull rank.

Sincewe have assumedhe existenceand uniquenes®f a stationarydistribution
w(i) over statesthereexists a stationarydistribution 7 (4, ") over statesandtheir sib-
lings. Thatis, w(i,4") is the stationaryprobability of beingin statei, with i’ asthe
sibling state.Notethatunderpolicy ,

n(i,i') =Y w(j)p" (5, 1)
J
wherethe sumis over all statesj with successostates; andi’, andp*(j,1) is the
probability of makingatransitionfrom statej to statei underp.

12



Theorem 1. Under assumptionsl—3, and with a linear value function (4), the se-
qguenceof parametervectos w; genematedby the STD(A) algorithm corvergeswith
probability one Furthermoe, thelimiting vectorw,, satisfies

Zw(i,j) [J(i,woo) — J(we) — Jﬂ(i)]Q <

1- O;/\ igfzﬂ(i’j) [j(@,w) — j(J,w) - J“(i)]z (6)

Proof. Underafixedpolicy i« thesequencef pairsof siblingstatez;, x;), (141, T441), - - -
formsaMarkov chainwith transitionprobabilities

Bl (A — p*(i,j) if j andj’ aresiblingsfollowing i,
" ((i,1),(4,3") {0 otherwise

anda stationarydistribution 7 (i, 7). STD(A) is simply TD(\) appliedto this derived
Markov chain,with anapproximatesaluefunctiongivenby:

J((i,i"),w) := J(i,w) — J(i',w) = w - [¢(i) — $(i")] -

SinceJ ((i,i'),w) is linearin the parameters, the resultfollows from [9, Theorem
1]. O

Theoreml shows thatwithin a factorof 11*_°‘a*, STD(]) is aimingfor a parameter
vectorw minimizing theerrorfunction:

B(w) = Y w(i.g) [Ti.w) - TG.w) - 746)]

2]

Note that eachsibling pair (7, j) appeargreciselytwice in the sum, contributing an
amount:

Blw,i,4) = (i,) [T,w) — TG, w) = @) +2.0) [TGw) — T6w) —7G)]

sothat )
]
To betterunderstandhe solutionobtainedby minimizing E(w), define
)
(i, 4) + m(4, 1)
Conditioningon the eventthatwe arein a statefor which the two successostatesare
i andj, n(i, 7) is the probability of makinga transitionto statei, whilst 7(j, ¢) is the

probabilityof makingatransitionto statej. Notethatn(i, j) + n(j,7) = 1. With these
definitions,it is easilyverifiedthat

(i, J) :

(G,w) — (16, 3)7 ) — G, )7 GD)] + K G, ),

(@)

B(w) = 5 3 In(i,5) + 70,1 [T(i,0) -

13



whereK (i, j) isafunctionof J* (i), J*(j), 7 (i, j) andr (4, ), but doesnotdependbn
w. Thus,the problemof finding aw minimising E(w) is equivalentto the problemof
findingaw minimising E; (w), where

~ 2
By (w) = Y (i) + (0, 0)] [T(6w) = T(G.w) = (n(6,3) 7 0) = n(G. )7 (3) |
5] (8)

Of course the quantitywe shouldbe minimising? is:

~ ~ 2
Ey(w) = Y [v(,9) + 7, 1) [ TG, 0) — JGyw) — (J*G) = 7G| - (@)
]

However, it seemsto be very difficult to minimise (9) directly, principally because
for every state,oneneedsestimatef the valueof its sibling statesandthesevalues
are not available if we are following a single trajectory(or even a finite numberof
trajectories) We conjecturghatminimising(9) is notpossiblan generaif thememory
of thealgorithmis constrained.

Comparing(8) and(9), we seethatSTD is adjustingthe approximatedifferences
betweersiblingstates/ (i, w)—.J(j, w) sothatthey matchtheweightedruedifferences
n(i, 5)J*(8) —n(j,3)J*(j), ratherthantheunweightedruedifferencesy* (i) — J#(j).
If theweightsn(i, j) andn(j, ) areequal,thenSTD’s targetfor the sibling pair (7, 5)
becomes; (J#(i) — J¥(j)), i. e1/2 of thetrue differencé. The conditionn(i, j) =
n(j,¢) correspondso a policy u which hasno preferencdor statei overstatej. Thus,
STD will beoptimisingthe “correct” quantity (E») whenever it is observinga policy
u thatsimply tossesa coin whenfacedwith ary decision.

Evenif thepolicy u doesprefer, say statei overits sibling 5, provided

1) gy s gu (), (10)

n(4,1)

thetargetn(i, j)J* (i) — n(j,4)J*(4) will still have the correctsign Notethat(10)is
alwayssatisfiedif thepolicy u is correct i.e u prefersi overj andJ# (i) > J*(j).
Theprecedingdiscussiorestablisheshefollowing proposition:

Proposition 1. For the two-statemodelof section2, let STD(1) be observinga one-
step greedylookaheadpolicy basedon the value function J(-,w) for someinitial
parametenwg. Thenthelimiting parameternw., of STD(\) will itselfimplement one-
stepgreedylookaheadpolicy thatis no worsethanthe policy geneatedby j(-, wo)-

Thesamecannotbe saidof TD(1) (recallthediscussionin section2).

4.3 Comparison with Differential Training

As mentionedearlier the methodof differential training describedby Bertsekaq1]
is the mostcloselyrelatedto the STD () algorithmpresentedhere. During training,

3In fact, the correctquantityto be optimisingis the expectedeward given parametersy. However thisis
notoriouslydifficult to do, andis whatleadsusto considerapproximatevalue-functionsolutionsin the first
place.Hence giventhatwe areworking within a squared-losgjifferential value-functionframework, (9) is
in somesenseghe‘“right” quantityto be optimising.

4The factor of 1/2 is irrelevant in that it just correspondgo a fixed rescalingof all the rewards.
It can be removed if we replacethe temporal differenced; in STD with d; = 2g(x¢,ze41) +

a (j(mH_l,wt) -J (m;+1,wt)) - (j(m,g,w,g) - j(arg,wt)).
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it requirestwo instancesf the systembeingobsenedto run in lock-stepbut evolve
independentlyAt timet, thestateof oneof theinstancegchoserarbitrarily)is referred
to as x;, with the stateof the other instancebeing z;. The methodusesa TD()\)
approacho learnanapproximation(G(z, #, w), to thetruedifferencesn thevaluesof
thesestates:

G"(mt, .’IA}'t) = J”(.’I}'t) - J”(i’t)
G" is viewed asthe cost-to-gofunction of a probleminvolving the compoundstates
(z, ), andthe costperstage:

g(-'Et,.Z't+1) - g(i't;i't-i-l)a

henceG* satisfieghe Bellmanequation:

G*(xy,2¢) = B{g(zt, we41) — 9(Be, T441) + QG* (Tyy1, Te41) }-

Wewill referto thedifferentialtrainingalgorithmthatusesrD(A) updatesn aninfinite
horizondiscountedewardsettingasDT()).

AssumingG is linear, andunderAssumptionsl—3,DT()\) will corverge (within a
factorof %) to aw whichminimises:

Epr(w) =Y n(@)n(@) [G(z,8,v) - G*(z,4)| ’

T,

= Y n(e)n(@) [(Jmw) - Jaw) - (@) - @] @

(by [9, Theoreml]).

Comparing(11) with (9), we seethat DT()\) is minimising the samequantitywe
wouldliketo minimisewith STD(\), exceptthatDT () is workingwith adifferentdis-
tribution over statepairs. This distribution is not the sameasthe oneseerby STD()).
In particular the distribution obsenedby DT()) givesa hon-zeroprobabilityto a pair
(y, ), evenif thetwo componenstatescannever occurassiblings.If y andg areboth
high probability statesthenz(y) 7 () will be relatively large andthe evolution of w
will beinfluencedtowardsachiesing a correctapproximatiorfor a pair thatwill never
occuroutsidethetrainingervironment.

In contrast,STD(\) obsenesonly a singleinstanceof the systemduring training,
andthustrainswith respecto the distribution of statepairsoccurringunderpolicy u.
Statepairswhosecomponentsanneveroccurassiblingswill notbeobsened,andwill
notinfluencetheevolution of w. However, unlike DT(A), theerrorfunctionminimised
by STD()) (8) is not quite the true error function (9). Sothereis atradeof: thetrue
error function canbe minimisedwith respecto the wrongdistribution (DT(X)), or an
approximationof the true error function canbe minimisedwith respecto the correct
distribution (STD(})).

Note that for mary dynamicalsystemgsuchasphysicalsystems}he numberof
sibling state-pairwith non-zeroprobabilityis O(n), while the total numberof state-
pairs(andhencethe numberwith non-zeroprobabilityunderDT())) is awaysO(n?).
In thesesystemsnearlyall the state-pairgonsideredn DT()) aremisleading.

4.4 Policy degradation in DT())

In this sectionwe presentan example 3-statesystemin which DT()) corvergesto
a suboptimalpolicy while STD(A\) corvergesto the optimal policy. This exampleis
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Figure9: Transitionsandrewardsin the examplethree-statsystem.

designedsimply to illustrate the pitfalls associatedvith training againstthe wrong
distribution. In particular we do notclaim STD()\) alwaysdominateDT(A).

The Markov chainwith rewardsis shovn in Figure9. The only statein which a
decisionmustbe madeis stateB, andin that statetherearetwo actions: a; goesto
stateC' with probability0.9and A with probability0.1, while actionas goesto stateC
with probability 0.1 andstateA with probability 0.9. Clearly the optimal policy is to
alwayschooseactiona; .

Under the optimal policy, and for a given discountfactora € [0,1), we have
m(A) = 0.05,7(B) = 0.5,7(C) = 0.45 and

0.902
A= ——
J(A) o
0.9a
TB) =1z
0.902
TO) =1+ 720,

If wetake our functionapproximatoto beone-dimensionaothat J(z,w) = weé(z),
andsetg(A) = 1, ¢(B) = 3and¢(C) = 2, thenary positive weightwill valuestateC'
above stateA andhencewill implementthe optimalpolicy, while ary negative weight
will implementthe sub-optimalpolicy. A quick calculationshaws that the limiting
weightw?T of the DT(1) algorithmsatisfies

o1 —0.405 + 0.09
w =
°° 0.695

which is negative for all o € [0, 1), i.e. thewrongsign, while thelimiting weightfor
STD(1) satisfies
2
1—a?

whichis theright signfor all « € [0, 1).

5 Experimental Results

To illustrate STD(\) we appliedit to the two-statesystemof section2. The behaiour
of the approximatevalue function is shawvn in Figure 10. The systemwas started
with w = 0.88 (J(4,w) = 1.76, J(B,w) = 0.88; the corvergencepoint of TD(\)
anda sub-optimalpolicy), it subsequentlgrossednto the optimalpolicy region, with
w approaching-0.98 (J(4,w) = —1.96, J(B,w) = —0.98). The sameresultis
achievedfor everyinitial valueof w.

In a secondexperiment,we appliedboth TD(X) andSTD()) to the muchstudied
acrobotproblem[22, 23, 24]. This problemis analogougo a gymnastswingingon
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Figure10: Evolutionof (J(A, w), J(B,w)) usingSTD(\) andstartingfromw = 0.88,
ie:(1.76,0.88), plottedevery 50 iterations.

a high bar, and involves simulatinga two-link underactuatedobot. Torquecan be
appliedonly atthe secondoint.

Ourimplementatioris baseduponthe equationsof motionandconstantgivenin
[24, page271], seeFigurell. However, angularvelocitiesarerestrictedo theinterval
[—47,4x], andboth§; andd, aremodifiedby addingin the dampingterm — ‘g—”kéi
wherek is aconstantindz is 1 or 2 asappropriate. :

For our experimentthelearningalgorithmsobseneda controllerwhich usedone-
steplook-aheadto choosebetweentwo actions(torquesof +1 and -1 respectiely)
basedon thefollowing evaluationfunction.

J(01,02,91,92) = |(91 + 92| (12)

Figurell: The Acrobot
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This function was chosenbecausét implementsa reasonablygood policy which is

superiorto its corverse. Using a discountfactorof a = 0.95, we have empirically
estimatedhetotal discountedewardfor the policy to be 24.4(the maximumpossible
is 80), with anestimatefor the corversebeing0.4. The natureof our functionapprox-
imator andfeaturevector(describedelow) limit the learningalgorithmsto choosing
betweerthe obsenedpolicy andits corverse.

Actions were chosenevery 0.1 simulatedsecondsthoughmotion was simulated
atamuchfiner granularity The systemwasrun continuouslywith reward given after
simulatingthe effect of eachactionchoice;the reward beingsimply the heightof the
acrobotstip aboveits lowestpossiblepositior?.

We useda linear function approximatoy and a single elementfeaturevector ¢(-)
(see(13) below) which is restrictedto the range[0, 1] andgiveshigh valuesto states
not preferred by the hand-codegbolicy basecon J(-) (see(12) above).

6(601,0,61,0,) = 1 — 191+ 02! (13)
s

With the acrobotstartingfrom restin the vertical hangingposition,andfollowing
thehand-codegolicy mentionedabove, thetwo learningalgorithmswereusedto train
separatdinearevaluators.In bothcases\ wassetto 1.0.

TD(A) corvergesto a weight of w = 13.4 whilst STD(\) corvergesto w =
—394.1. Since¢(-) ordersstatesin the oppositeorderto J(-), a positive value for
w meansthat TD()) hascorvergedto the corverseof the hand-codedolicy, ie: the
inferior policy. STD(\) however, hascorvergedto a negative w andthusits func-
tion approximatoreverseghe orderingimposedby ¢(-) andimplementshe superior

policy.

6 Conclusion

We have shovn that TD(A) updateswvhich seekto improve the statevalueapproxima-
tion (by minimising || - ||p) canleadto inferior policies. For the systemdletailedin
section2, TD()\) causeghe function approximatorto abandoran optimal policy. In
section3 we saw thatin a real application,the TD()\) updatescantake the function
approximatorinto regionsof parametespacewith policiesinferior to thosethat had
alreadybeenachieved.

For Binary Markov DecisionProcessesve presenteda new algorithm, STD()),
thatretainsthe advantagef TD(A) in termsof on-line operationand small memory
requirementgonly theeligibility traceandcurrentparametevectorneecto bestored),
but operatedlirectly on the differencein valuesbetweersibling states ratherthanthe
statevaluesthemseles. Thelimiting behaiour of STD(\) wascharacterisetbr linear
function approximatorsyielding an interpretationthat STD(\) actsto improve poli-
ciesratherthanthe statevaluesthemseles. A comparisorwasmadewith Bertsekas’
DT()A), andathree-statexamplepresentedn which DT()) is dominatedoy STD()).

We have alsodemonstratethatSTD()\) corvergesto optimalpoliciesoninstances
of thetwo-stateandacrobotproblemswhereTD()) findsonly sub-optimalpolicies.

5Bothlinks are1 metrein length,sotherewardfor eachstepis betweerD and4.
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