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Abstract

In thispaper, we describetechniqueswhichcanimprove theperformanceof dense
linearsystemsolution,basedonLU, LLT andQR factorizations,on distributedmemory
multiprocessors,includingclustercomputers.

Themostimportantof thesearerefinementsof thealgorithmicblockingtechnique
which reducethebulk of its introducedcommunicationstartupcostsandmake the
techniquesuperiorto storageblockingin termsof communicationvolumecosts.These
primarily rely onpipelinedcommunicationandthechoiceof asmallstorageblock size.

Two othertechniques,optimizingthememorybehavior in multiple row swaps,andthe
coalescingof vector-matrix multipliesin QR,alsoafford modestimprovementsin storage
blockingandserialperformance.

Performanceresultson a24nodeBeowulf clusterwith 550MHz dualSMPPentium
III nodesconnectedby aCOTSswitchwith 10Mb/s links, show thatalgorithmicblocking
generallyimprovesperformanceby 15–30%or morefor thesecomputationsover a large
rangeof systemsizes.

KeyWords and Phrases: linearsystems,denselinearalgebra,parallelcomputing,cluster
computing,block-cyclic decomposition,algorithmicblocking.

1 INTRODUCTION

DenselinearalgebracomputationssuchasLU, LLT (Cholesky) andQR factorization(see
Section2) requirethetechniqueof ‘block-partitionedalgorithms’for theirefficient
implementationonmemory-hierarchyprocessors.Here,therowsand/orcolumnsof amatrix
arepartitionedinto panels, ie. block row/columnsof width ����� , whicharetypically formed
by matrix-vectoroperations.Theremainderof thecomputationtypically involves‘Level 3’ or
matrix-matrixoperations,whichcanrun at optimalspeed.

In thedistributedmemoryparallelcomputercontext, most,if notall, communicationoccurs
within thepanelformationstages.Oncetheoptimalpanelwidth �����	� is achievedfor the
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matrix-matrixoperations,themostscopefor theaccelerationof theoverall computationis in
thepanelformationstages.

In this paper, wewill considerthe 
���
 block-cyclic matrixdistributionovera ����� logical
processorgrid (Choi,Dongarra,Ostrouchov, Petitet,Walker& Whaley 1996).Here,an� � � globalmatrix � is dividedinto (storage)blockswhicharecontiguous
���

sub-matrices;block ��������� of � is thenstoredon processor���! #"�$%�&���' %"($%�'� . Wewill now
review two establishedtechniquesfor parallelpanelformation,known asstorageblocking,
where�)� 
 � 
 , andalgorithmicblocking (Hendrickson&
Womble1994,Strazdins1995,Petitet1996,Stanley 1997),where��*+�	� �,
 * 
 *-� .
Storageblockingsuffersfrom loadimbalanceon thepanelformationstage,in thatonly one
row or columnof processorsof thegrid will beinvolvedin this stage,resultingin an. � �0/ ��
212�435
617�8��� penalty. It alsoexacerbatesanunavoidableloadimbalanceof thesame
orderon theLevel 3 computation,which is dueto thecell owning thelastandcolumnblock
row having moreoverallwork to do thantheothersin thesestages(Greer&
Henry1997,Stanley 1997).

Algorithmic blockingcanovercomemuchof this imbalance,andhasbeenshown to yield
significantperformancegainsfor variousmatrix factorizations(Brent1992,Hendrickson&
Womble1994,Strazdins1995,Strazdins1998b) andreductions(Stanley 1997).However,
thesehaveall beenon earliervendor-built distributedmemoryparallelcomputerssuchasthe
FujitsuAP+ andtheIntel Paragon,with relatively low communicationcostscomparedwith a
clustercomputer. Reflectingthis,all of thesestudieshaveeitherassumedor shown thata
storageblocksizeof 
 � 
 �9� wasoptimalfor algorithmicblockingon thoseplatforms.

However, storageblockingis widely believedto minimizecommunicationcosts,especially
communicationstartupcosts.Therehasbeena strongtrendof relative increasein
communicationcostsrelative to processor(Level 3) floatingpoint performanceseenin
distributedmemorymultiprocessorswith vendor-suppliedcommunicationnetworksover the
mid 90’s (Dongarra& Donigan1997).With theadventof theclustercomputingmodel,this
trendhasincreasedsharply, dueto theuseof theslowerCOTScommunicationnetworks
typically usedfor this model.This is furtherexacerbatedby thegeneralityrequiredby the
clustermodel,wheresafetyandsecurityrequirementsmayimposeseverallayersof overhead
oncommunication,andpossiblyeventhenegotiationof a full TCP/IPstack.

Furthermore,storageblockingis relatively simpleandrobustto implement,animportant
requirementfor general,portableparalleldenselinearalgebralibraries.To this date,
ScaLAPACK (Blackford,Choi,Cleary, D’Azevedo,Demmel,Dhillon, Dongarra,
Hammarling,Henry, Petitet,Stanley, Walker & Whaley 1997)is by far themostwidely used
suchlibrary, usingalgorithmsbasedonstorageblocking(Choi et al. 1996).

Hence,whetheralgorithmicblockingcanyield worthwhile,or indeedany, performancegains
in performancefor clustercomputershasbeensofar largely unresolved.

Themainoriginalcontributionsof this paperarefirstly to show how algorithmicblockingcan
beimplementedto have little extra communicationstartupoverheadsand,surprisingly,
negativeextra communicationvolumeoverheadsoverstorageblocking(Section2). Secondly,
wealsotheredescribenew optimizationsthatalsoimprovetheperformanceof storage
blocking(includingserialperformance)for LU andQR factorizationsaswell. Thirdly, to
show, particularlyonclusters,thatfor algorithmicblockingtheoptimaltradeoff betweenload
imbalanceandcommunicationcostsoccursat 
 � 
 *;: , dueto theeffectsof pipelined
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communication.Fourthly, to demonstratethatevenona Beowulf clusterwith a relatively
low-speednetwork, algorithmicblockingcanyield significantperformancegainsoverstorage
blocking(Section3), for bothsmallandmediumnumbersof cells.

Wechoselinearsystemssolutionsbasedon LU, LLT andQR factorizationbecauseeachof
theseinvolvesdifferentpotentialloadbalanceandcommunicationoverheadtradeoffs.

For thecomparisonof thetwo methods,wechooseacombinedfactorandbacksolve
computation,ratherthanjust thematrix factorization.This is fairerbecause,on acluster, the
relatively slowercommunicationnetwork will increasethecostof thelargely communication
startup-boundbacksolvecomputation,wherea largestorageblocksizecanbeusedto reduce
thesecosts.

Pipeliningwith lookaheadis analternatetechniqueusing ��� 
 , which canalsoimprovethe
loadbalancein thelowerpanelformationin LU, LLT andQRfactorizations(Greer&
Henry1997,Strazdins1998b, Petitet,Whaley, Dongarra& Cleary2000).However, we will
concentrateonalgorithmicblockingin this studyasit is morewidely applicablein dense
linearalgebracomputations(eg. lookaheadcannotbeappliedto symmetrictridiagonal
reduction(Stanley 1997)or LDLT factorization(Strazdins1999)),andbecauseit doesnot
reduceloadimbalancein theupperpanelformationor in theLevel 3 computation.
Furthermore,lookaheadis muchmorecomplex to implement,oftenrequires
platform-dependenttuning,andrequiresa largeasynchronousbufferingcapacityin the
underlyingcommunicationsystem(Strazdins1998b). For thesereasons,it is lesssuitablefor
implementationin portableparallellibraries.

2 ALGORITHM DESIGN FOR FAST ALGORITHMIC
BLOCKING

In this section,wedescribeaggressiveoptimizationsthatcanbeappliedto paralleldense
linearsystemssolution.Theprimarygoalis to minimizecommunicationstartupsandvolume
for bothalgorithmicandstorageblocking,which is especiallyimportantfor clustercomputing.
Thesecondarygoalis to increasecomputationalperformance.

An importantoptimizationis theuseof thepipelinedbroadcastsuchcomputations.Figure1(a)
demonstratesaseriesof suchbroadcasts,with broadcasts0 to 6 (originatingfrom cells0, 1, 2,
3, 0, 1, and2 respectively) beingcompletedin thefirst 16 timesteps.In thecontext of storage
blocking(Choi et al. 1996),this canreducethecommunicationstartupandvolumecostsby a
factorof <>=@?BA/ overanormalbinarytree-basedbroadcast.It canbeappliedto all horizontal
communicationsin LU, LLT andQR factorization,asall informationflows from left to right.
Thefactorof 2 arisesdueto the‘bubble’ introducedasthesourcecolumnof thebroadcast
shiftsrightwards.Thesizeof this bubblecanbereducedif consecutivebroadcastsoriginate
from thesamecell, asshown in Figure1(b).

Ourparallelalgorithmsapplythis,notonly in thecaseof storageblocking,but in algorithmic
blockingaswell. They alsoapplyall otheroptimizationsfor storageblockingcurrentlyusedin
ScaLAPACK (Blackfordet al. 1997).Our algorithmsarebasedon theDBLAS Distributed
BLAS library, whichweredesignedto supportalgorithmicblocking,andoffer reduced
softwareandcommunicationoverheads(Strazdins1998c).
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Figure1: Multiple pipelinedbroadcasts(of equalsize)acrossa � � : grid

For theremainderof this paper, wewill assumeasquareblock-cyclic distribution is used,ie.
 � 
 , for thesakeof simplicity.

2.1 LU FACTORIZATION

LU factorizationis thedecomposition�;_ `ba , where ` is a lower triangularmatrixand a is
anuppertriangularmatrixwith aunit diagonal.Figure2 indicatesthesub-matricesinvolvedin
the � th partialLU factorizationwith row pivoting,usingapanelwidth of � , for an

� � �
matrix � . Here � H � � � �,� / � � H 3 � . This is repeatedfor � �dc � � �Xe(�gfhfhfi�kj lIm � to givea full
factorization.Matrix indicesbegin from 0, with thenotationnpo beingusedasashorthandforn#m � .
TheblockedLU factorizationalgorithmthencanbeexpressedas:

LU2 � � m�� H � � �,�rqtsvu j	wyx qts�u q w ? �U�	qtszu q w ? �
for �|{ � H~} ��o/�~� x E u q w s�� �r�X� x E u q w s uy� � � x q ? u j w � � �X� x q ? u j w �a q { ��� q �,� H a q � q � ��qts�u q w ? x qtszu q w ? (triangular, with unit diag.)a q � � q�s�u q w ? x q ? u j�w� q { � q m)` q a q � q � � q ? u j�w�x q ? u j	w �;` q � � q ? u j	wyx q s u q w ?whereLU2( � ,

�
, � , � ) is:

for ��{ c } � o
find � ��� � } �+o s.t. � � �X� x � � � � � � u � w�x � �� � x u � � �X� x u � � � � � x ��� H u j	w� � { � � 1i� � x � � � � � �@� H u � wyx �` � { ` � m � � � � ` � � � �@� H u � wyx �@� H u j�w
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Figure2: Partial LU factorizationof an
� � � matrix �

For storageblocking,thelowerpanel ` q is heldoveracolumnof cells.Hence,thedominant
communicationoverheadsarefrom thestartupsassociatedwith thedeterminationof � � and
theverticalbroadcastof � � . By combiningthesewith therow swapswithin ` q (Petitet
etal. 2000)via a (contention-free)binarytreereduce-broadcast,thesenumbere���� / ���8� � .

For algorithmicblocking,
� � and � � alsohasto bebroadcasthorizontally. However, assuming��� 
7� , thesecanbepipelinedwith reducedcost;indeed,sincewewill have e7
 consecutive

broadcastsfrom thesamecell column(cf. Figure1(b)), thepipeline‘bubble’ only appliesto
thefirst of these;thusonly �ze�3 H� � � startupsareactuallyintroduced(Strazdins1998a).

Furthermore,thebroadcastcolumns
� � canbe‘cached’,sothata re-broadcastof thefactored` q (and � q ) is obviated(Strazdins1998a). Thus,algorithmicblockingneedintroducenoextra

communicationvolumecosts.Thishowever introducesaproblem:subsequentrow swapshave
to beappliedto the‘cached’

� � columnsaswell.

For algorithmicblockingwith 
�� � , it mayseemtemptingto block thecommunicationsof
� �

to reducethenumberof introducedstartupsto
H� � . Apart from introducingextracomplexity,

therearetwo reasonsnot to doso.Firstly, unless� is severaltimeslargerthan 
7� , theload
balancewill belower. For example,at ���d��c �@
 �+: �,� �d� , modellingtechniquespredict
thatthedegreeof loadbalancewoulddecreasefrom 0.72to 0.61(Strazdins1995).Secondly,
andmoreimportantly, theeffectiveoverallcommunicationvolumedueto

� q is reducedfrome���j ?/ to � � 3 H� ����j ?/ , againdueto thehidingof thepipelinebubblementionedearlier.

Similarly, in theformationof a q , pipelinedcommunicationcanstill beappliedon the
individual rowsof a q , whicharebroadcastvertically (Strazdins1998a). Thisoptimizationis
encapsulatedin thestandardDBLAS triangularupdateroutine(with anextendedinterfaceto
returnthecachedrows). Thissimilarly introduces� � 3 H� � � startups,but againthesecanbe
cached.Thecommunicationvolumecostof thebroadcastof a q is reducedby algorithmic
blockingby a factorof <>= ? �� H � s X¡ also.
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Thereis alsoscopefor optimizationsin theapplicationof themultiple row swaps:

1. therow swapsin the‘cached’
� � columnscanbecombinedwith thosein a q , ie. therow

segmentsof botharepacked(unpacked)into abuffer before(after)communication.
Thismeansthat‘caching’ the

� � columnsandhencealgorithmicblockingintroducesno
extra messagestartupoverheadshere.

2. assumingcolumnmajorstorage(thestandardfor suchcomputations),if this packing
(andunpacking)stageis performedoverall affectedrows, thememoryaccessbehavior
of this stagecanbesignificantlyimproved(Strazdins1998a). This is becauseby
blockingtherows in chunksof *£¢ ¤¦¥W§p¢/ , where � ¨�©�ª'� is thenumberof TLB entriesfor
dataaccesses,thenumberof TLB andtop-level cachemissescanbereduced.This
optimizationactuallyaidsstorageblockingto a greaterextent,sincethecell row holdinga q hasall � sourcecolumns.Subsequentto its introduction,this techniquehasbeen
shown to improveserialLU performanceon Alpha21164,UltraSPARC 2200and
R10000processors,andwasproposedfor inclusionin LAPACK dlaswap()
(Whaley 1998).

3. algorithmicblockingwill automaticallyparallelizeamultiple swapoperation
(Strazdins1995),includingcommunicationsandTLB misses,dueto thefactthatall cell
rows will holda roughlyequalnumberof rows in theranges� H~} � / and �#«>� Hb} � /@¬ ,
provided ��� 
2� . Thedegreeof this parallelizationis notperfect,dueto some
interferencebetweenrow swapoperations,but simulationstudieshaveshown thatit is* � / for contention-freenetworks.Thiseffectalsoresultsin asimilarly reducedvertical
communicationvolumecostoverstorageblocking.

In thecontext of a linearsystemsolve,notethattherow swapto theleft of ` q neednot be
performed(seeSection2.4).

2.2 LLT FACTORIZATION

LLT factorizationis thedecomposition�d_ `­`¯® , wherè is a lower triangularmatrix; �
mustbeasymmetricpositivedefinitematrix. LLT factorizationdiffersfrom LU in thatthereis
nopivoting. Thismeansthat ` q canbeformedvia aLevel 3 computation,makingthepanel
formationstagemuchlessexpensivethanin LU or QR.Theexploitationof symmetrymeans
thatonly thelower triangularhalf of � is accessed(notethattheresultingreducednumberof
FLOPsexacerbatestheimbalancedueto 
 in Level 3 computationsalso).Thepartialblocked
LLT factorization(cf. Fig 2) canbeexpressedas:

LLT2 � � �@� q � � q � �rqts°u q w ? x qts°u q w ? (tri.)` q { ` q ��� q � �k® ` q � �rq ? u j�w�x qtszu q w ?� q { � q m)` q �v` q � ® � q � � q ? u j w x q ? u j w (lower triangular)
whereLLT2(

�
, � ) is:

for ��{ c } � o� � x � { ± � � x �� � { � � 1i� � x � � � � � ��� H u j	w�x �` � { ` � m � � � � � �°® ` � � � ��� H u j	w�x �@� H u j�w (lower triangular)
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For storageblocking,thereare
. � j � � communicationstartups,considerablysmallerthanthe. � � ��� / � ) startupsin LU andQR. It is well known thatcommunicationcostsfor this

computationareminimizedif � � � (Choi et al. 1996),whichwewill assumein thissection.

In theformationof ` q usingalgorithmicblocking,pipelinedcommunicationcansimilarly
reducetheintroducedstartupsto � � 3 H� � � , andoffersa reducedcommunicationvolumecost
overstorageblockingby a factorof

/� H � Hv² � ¡ , asfor LU. However, it is in thefactorizationof � q
thatchallengesoccurfor reducingcommunicationstartupcosts.

Firstly, pipelinedbroadcastsmaybeappliedto thehorizontalbroadcastsof thecolumns
� � and

to their verticalre-broadcast,at acostof e³� � 3 H� � � introducedstartups.However, asthe
amountof work involvedis small, � q couldbesemi-replicated,acrosscell rows,beforethe
factorization,reducingthenumberof horizontalcommunicationstartups(Strazdins1998a).
Indeed,it couldbefully replicatedacrossall cells;usingmulti-broadcasttechniques(Mitra,
Payne,Shuler, vandeGeijn& Watts1995,Strazdins1998c), this wouldonly introduce* e´� j �l startups.

2.3 QR FACTORIZATION

QRfactorizationis thedecomposition�d_ �'µ , where� is anorthogonalmatrixand µ is an
uppertriangularmatrixwith aunit diagonal.QRfactorizationis by far themostcomplex
computationof thethree,but therebyofferssomeinterestingscopefor optimization.Also,
unlike in LU or LLT, theblocked-partitionedalgorithmintroducesredundant

. � �¶/ � �
computations;this factorfavourstheselectionof a smaller� (andhencefavoursstorage
blocking).

ThepartialblockedQRfactorization(cf. Figure2) canbeexpressedas:

QR2 � � m�� H � � �X· q �@��� · q � � qts°u j	wyx qts�u q w ? �+� is � � �¸ { �v·¹o q ��®º�ro q �ro q � � qts�u j�w�x q ? u j	w¸ {»� ¸ ¸
is � �)� � m�� / ���o q { ��o q m)·¹o q ¸ ·¼o q is thetrapezoidalpartof · q (with a unit diag.)

whereQR2 �z�d� � �,�'�@��� is:
for ��{ c } � o½ { � � x � � � � x � { ���¾ � �,¿ o �,À � �Á{»� ®� u � w x � � � u � w�x u ¾ � � � � x E u � w��� � x � �ÃÂ³�Ä¿]��{ Å¯� ½ �,¿!o�� Å¯�z� is a scalarfunction� � { � � 16¿ � � � � � ��� H u � w�x �` � { ` � mÇÆÈ � � À � ` � � � ��� H u � w�x �@� H u j	w¾ � { ÆÈ ¾ � � � � x � � Â
for ��{ c } � o¾ � {»� � ¾ � � � � � E u � wyx E u � w (lower triangular)

In aparallelimplementation,thetemporarymatrix
¸

is alignedwith a q , and � is alignedwith� q (cf. Figure2).

Thenew optimizationappliedhereis to mergetwo vector-matrixmultipliesandthedot
productÉ � �WÉ � into asinglevector-matrixmultiply (Strazdins1998a). Notethatthetemporary
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vector À � (alignedwith � � , cf. Figure2) canbestoredin theuppertriangularhalf of � , and� � x � canbeusedto store ¿!o .
Previously, implementationssuchasLAPACK andScaLAPACK (Choi et al. 1996)performed
instead: ¿!o � � � � � � � � � { � � 17¿ � À � { ��®� u � w�x � � � u � wyx u` � { ` � m^Â � � À � � ¾ � {»Â³��®� u � w�x � � � u � wyx u
Usinga mergedvector-matrixmultiply hasthefollowing advantages:

1. bettercomputationalspeed,with awider vector-matrixmultiply, improving paralleland
serialperformance.

2. reducingthedominantcommunicationstartupsof thecomputation,from Ê��t� / �v�'� � , as
in ScaLAPACK QR,to e¯�t� / �v�'� � (for bothalgorithmicandstorageblocking).This is
possibleif ¿ and Â arebroadcastin thesamemessageas À � .

3. perfectloadbalanceis achievedfor algorithmicblocking,asthethematrixwidth is
always � .

Similar to LU, pipelinedhorizontalbroadcastsandcachingcanbeappliedto
� � , to save

re-communicationfor therank-1updateon ` � , aswell asfor thesubsequentLevel 3
computations.Â mustthenbebroadcasthorizontally, sothatasfor LU algorithmicblocking
introduces�ve&3 H� � � startupsin theformationof thelowerpanel.

By coalescingtheverticalbroadcastof ¾ � with thatof À � , � becomesa row-replicatedmatrix
without furthercommunicationstartupcosts.� canthenbebroadcasthorizontallyto make it
fully replicated.Thecompletionof � canthenproceedwithoutany furthercommunication.

For theLevel 3 computations,(temporarily)makingtheuppertriangularpartof ·¼o q zero(so
that · o q becomesa rectangularratherthana trapezoidalmatrix) introducesfurther

. � � / � �
redundantcomputations,but haspreviouslybeenfoundto beaworthwhileoptimization(Choi
etal. 1996),which concurswith ourexperience.It alsogreatlysimplifiestheefficient
implementationof algorithmicblockingfor theformationof theupperpanel

¸
.

For storageblocking,a verticalreduceandbroadcastof
¸

is required,resultingin a total
communicationvolumeof eË�W��� / ���8�6j ?/ , usingtree-basedcommunicationpatterns.

For algorithmicblocking,our implementationof theLevel 3 parallelBLAS routineperforming¸ {»� ¸ broadcastş in its entirity beforeupdatingit. Thismeansthateffectively perfect
loadbalanceis achievedin theformationof

¸
. ThusthethreeLevel 3 computationsrequirea

multi-reducefollowedby two multi-broadcastson
¸

; however, asthesecanbeimplemented
usingring-shifts(Mitra et al. 1995,Strazdins1998c)), this resultsin asmallercommunication
volumecostof *ÍÌ � j ?/ .

2.4 BACKSOLVE COMPUTATION

To solve thelinearsystem,wearerequiredto apply ÎÏ{»�¹� H Î to somesolutionvector(or
setof vectors)Î .
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In thecaseof LU, a fairly standardoptimization(Brent1992)is to performthefactorizationon
theaugmentedmatrix ���#� ÎÐ� ; in thiscase,thebacksolvestageneedonly perform Î£{ a¹� H Î .
NotethatstandardLU factorizationroutinescanoperateon non-squarematrices.

Thiscansimilarly beappliedto QR,althoughherethegainsaregreatersinceany blocked
algorithmapplying �|� H Î wouldhave to re-constructthetriangularreflectors� for each
block, resultingin

�¶/ � extra floatingpoint operations.

It canalsobeappliedto LLT, by factorizingtheaugmentedmatrix

Ñ � ÎÎ ® nÓÒ , wheren is

madeto besufficiently largeto ensurepositivedefiniteness.This is possiblebecause,for LLT,
addinganextra row Î¶® will notaffect thefactorizationof � .

Thebacksolvestagein eachcasethusreducesto essentiallythesamecomputationÎ£{ a � H Î , whichusesthestandardparallelBLAS triangularmatrix solve routine.This is
implementedin anequivalentfashionto thatof ScaLAPACK, in thatcommunications
(broadcastsandreductions)areblockedby a factorof 
 , resultingin ����� / �Ô3I�t� / �'�7j � startups.
However, asfor thesymmetricrank-kupdateroutineusedin LLT, herealsocomputational
blockingoccurswith amachine-dependentblockingfactorthatis independentof 
 , to better
supportthesmallblocksizesusedwith algorithmicblocking.

2.5 OVERALL COMPARISON

Table1 summarizesthemainperformancefactorsin an
� � � linearsystemsolvefor thetwo

blockingmethodsonamoderatesizedgrid, usingtheanalysisgivenabove. For LU, adegree
of parallelizationof

� / is assumedin themultiple row swapsfor algorithmicblocking. It is
assumedthat ���4:kc (eg. sothat

. �Õj �l � startupcostshaveanegligible effect). For thecount
of FLOPsin thepanelformationstagesof QR,redundantcomputationsfrom zero-padding·¹o q
(seeSection2.3)areincluded.TheLevel 3 imbalanceis thenumberof extraFLOPsin the
matrix-matrixmultiply executedby a

H� fractionof thecells(Greer&
Henry1997,Stanley 1997).TheTablewill behelpful in interpretingtheresultsof Section3.

LU LLT QR
startupcost( Ö�× ) 5 : 8.5 0.0 : 2.8 6.0 : 9.8
volumecost( Ö	× /XØgÙ ) 3 : 1.5 2.5 : 2.1 4.0 : 2.1
panelloadbalance 0.1 : 0.7 0.1 : 0.7 0.1 : 0.9
panelFLOPs( ÖÛÚ	× / ) 1 0.5 3
Level 3 imbalance( Ö!ÜW× / ) 1 1 2
overallFLOPs( Ö	× O ) /O HO R O

Table1: Performancefactorsfor storage: algorithmicblocking( 
 ��: ) for � � � �+�
3 PERFORMANCE

Thissectiondescribesperformancesresultson theANU Beowulf Cluster. Firstly serial
performanceis discussed,which is usedto determinetheoptimalblockingfactors.Thena
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� e c Ì2c :kc Ý2c Ê c Þ2c ��c
MFLOPS e2ß : Ì2:�c Ì�Þ�Þ Ì Ê Þ ÌkÞ�Ý Ì���� :kc�c

Table2: Largesquarematrix multiply performance,with a blockingfactorof � appliedto the
innerdimension

comparisonof theperformanceof algorithmicandstorageblockingalgorithmson a
moderate-sizedclusterconfigurationis given.

3.1 THE ANU BEOWULF CLUSTER

TheANU Beowulf cluster, namedBunyip, consistsof 96dualPentiumIII nodes,ratedat 550
MHz. EachCPUin anodehasanon-shared256KB direct-mappedsecond-level cache.

The96 nodesarearrangedin four groupsof 24,connectedin a tetrahedralfashionby four
48-portswitches.Communicationspeedis limited by thenodes’100Mb/s Network Interface
Cards.

TheBunyip hasbeendesignedwith price/performancein mind; indeedit wonaGordon-Bell
awardfor this category in Supercomputing2000(Aberdeen,Baxter& Edwards2000).

CommunicationoccursthroughLAM MPI, whichsendsmessagesvia theTCP/IPprotocol.
Benchmarktestsfor point-to-pointmessageshaveshown acommunicationstartupcostof ofà���:�:�áÛâ , andasustainedcommunicationbandwidthof 6.5MB/s.

3.2 SERIAL PERFORMANCE

ATLAS PentiumBLAS (Whaley & Dongarra1998)is usedby our algorithmsfor cell
computation.

For this BLAS, Table2 indicatestheperformanceof doubleprecisionlargesquare
matrix-matrixmultiply onaBunyip node.

Performancedid not improvesignificantlyfor larger � ; thepeaksthenat ���+:�c and ���;��c
indicatetwo candidatesfor optimalblockingfactorsfor linearsystemsolution.

Level-2computationsspeedfor this BLAS wasfoundto be *-�Wc2c MFLOPSfor rank-1
updatesand150–200MFLOPSfor matrix-vectormultiply.

At
� �+Ì�c�c�c , theseriallinearsystemsolveperformanceusingLU, LLT andQRfactorizations

was320,380and330MFLOPS,respectively, usingablockingfactorof ���d��c . Comparing
thiswith Table2, weseethattheLevel 2 computationsin thepanelformationof LU andQR
degradesevenlargecomputationsto asignificantextent.

3.3 PARALLEL PERFORMANCE

For theLU andQR tests,weuseall 48 CPUsin a groupusinga logical Êã� � grid, which we
foundto betheoptimalgrid shapefor bothalgorithmicandstorageblocking.LAM MPI was
setup heresothattheCPUson thesamenodewouldbeon thesamecolumnof thegrid. For
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LLT, a Êã��Ê grid wasused,ashereasquaregrid minimizescommunicationcostsfor
symmetriccomputations(Choi et al. 1996,Stanley 1997,Strazdins1999).

Testsona logical : � : grid indicatedthatrunningtwo suchprocessesoneachdualSMPnode
was *��Wckä slower thanusingtwice thenumberof nodes,andonly runningonesuchprocess
pernode.Thisappliedequallyto algorithmicandstorageblocking.

For all tests,thereweresomecompute-boundjobsrun by anotheruserrunningon all nodes
(suchasituationoftenoccurson acluster!);asthesejobsweresetat low processpriority, they
only reducedparallelperformanceby lessthan5%. Evenundertheseconditions,its wasfound
thatall performanceresultswerehighly reproducible.

Testswererun on blockingfactors���d:kc �UÊ c � ��c for storageblock sizesof 1, 4 and � . For
algorithmicblocking, ���;��c wasalwaysfasterthantheothers(but only by at most5%,at the
upperendof therange).Exceptfor LLT, �)�+:kc wassimilarly alwaysfasterfor storage
blocking,by asimilarmargin.

Comparisonsweredonewith HPL, a recentlyreleased,state-oftheart portableparallel
LINPACK benchmark(Petitetet al. 2000).HPL is basedon storageblocking1 andusessome
techniquesmoreadvancedthanours,suchasusingbinary-exchangecommunicationpatterns.
Thiscanbearguedto requireonly �t� / ���8� � startupsfor theverticalcommunicationswithin` q , assumingacontentionfreenetwork (which appliesto theBunyip’sswitches).It alsousesa
combinedswapandbroadcastof a q , which in thebestcasecanreducethevolumecostfor LU
in Table1 from Ì f Ý to e (their implementationalsoincorporatesmemorypattern
optimizations).Most importantly, it usesa recursivealgorithmfor factorizing ` q , effectively
makingthis a level-3computation,therebyreducingtheimpactof loadimbalance.
ScaLAPACK version1.6,known to haveanefficient implementationof storageblocking,was
alsousedfor comparison.
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Figure3: Performanceof LU-based

� � � systemsolve

Figure3(a)givestheparallelspeedfor theLU-basedsolve. Here,algorithmicblockingwith
 �+: out-performedstorageblockingby 76–22%,thegreatestdifferencebeingin thelower
endof therange.With 
 �ç� , theperformancewasslightly less.Our implementationof

1It canalsousepipeliningwith lookahead;however, on theBunyip, thisdid notyield largeperformancegains.
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Figure4: Speedin MFLOPS/cellof parallel
� � � systemsolve

storageblockingwassimilar to ScaLAPACK’s,exceptthatScaLAPACK lost performancefor
largematrices;probablydueto poormemoryaccesspatternson therow swaps.HPL without
recursivepanelfactorizationperformedonly marginally betterthanourstorageblocking
implementation.However, with recursion,it gainedsignificantimprovements;this also
enabled
 �d��c to betheoptimalblockingfactor.

Figure3(b)givesthescaledparallelefficiency of theseLU implementationsat jæ � A � e c2c�c ,
for �ç��� gridsof aspectratiobetween0.5and1. Thescaledmatrix sizewaschosento give
maximumperformanceona � � � grid (absolutespeedin MFLOPsfor this grid is givenin
parentheses).It shouldbenotedherethatHPL hasa muchhigherspeedhere,which somewhat
prejudicesits scaledefficiency rating.Thisgraphclearlyshowsthefull advantageof
algorithmicblockingrequires�'� ��� on this platform. It alsoshowsthatfor thelargest
performancedrop-off occursfor �'����e , ie. whenmorethanonedualSMPnodeis being
used.

Figure4(a)givestheresultsfor LLT-basedsolve. Here,for storageblocking, 
 �4���;��c was
slightly fasterat theupperhalf of therange,dueto thefactthatthepanelformationis ‘Level 3’
andhencefasterthanfor LU, andsoresultsin lessof a loadimbalancepenalty. For algorithmic
blocking,fully-replicating � q asdescribedin Section2.2,wasfoundto befaster, althoughonly
significantlyfor 
 �9� and

�éè �2c�c�c . At 
 ��: , algorithmicblockingwasonly 10%fasterat� ��:kc�c�c , reflectingtheimpactof theextrastartupcosts.However, theperformance
differencesfor therestof therangewere25–20%,somewhatsurprisinglybeingcomparableto
LU or QR(cf. Table1). ScaLAPACK’s performanceat 
 �d:�c wasessentiallyidenticalto our
storageblockingimplementation,exceptfor

� � e c�c2c�c , whereit wasabout5% slower.

Figure4(b)givestheresultsfor QR-basedsolve. In contrastto LLT, thelargestgainis at� ��:kc�c�c , being46%,dueto thefactthatfor this computation,startupcostsaccountfor a
muchsmallerfractionof theoverall performance,andtheadvantageof loadbalancefor
algorithmicblockingis moresignificant.Elsewhere,algorithmicblockingat 
 ��: similarly
achieveda25–18%performancegain,althoughhere,theperformancedifferencebetween���+:�c and ���;��c wasslightly smaller, slightly negativeon thelowestquarterof therange,
increasingto *ÇÝ�ä at

� � e :kc�c2c . As ScaLAPACK only providesanefficientQR
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factorization(andnota factor-solve), it is difficult to performa directcomparison.Basedon
factorizationtimesonly, ScaLAPACK’s QRwasbetween0–5%slowerover this range
comparedwith our storageblockingimplementation.

It shouldbenotedthatthebacksolvecomputationis indeedfasterfor largeblock sizes(ie. as
usedin storageblocking),by a factorof * e for smallto moderate

�
, dueto the

. �ij � �
blockedcommunications.However, this hadlittle effecton theoverall performancedifference
betweenalgorithmicandstorageblocking.

Thecorrespondingtestswerealsoperformedon a : � : grid. Thetrendswereverysimilar,
exceptthattheadvantageof algorithmicblockingoverstorageblockingwas *�Ý2ä lessin the
mid-range.This is largely dueto thefactthatloadimbalanceeffectsarereducedona smaller
grid.

Onotherplatforms,wehave foundsimilar results.Ona64cell Intel Paragon,with ourLU and
QRimplementationout-performingthatof ScaLAPACK 1.6by -1%– 5%over therange�hc�c�c è��éè � e c�c�c (Strazdins1998a) 2. Similarly, our implementations(includingLLT) ran
-3%– 10%fasterona 8 or 9 cell AP3000(Mackerras& Strazdins1999),over therange�WÝ2c�c è��éè ß c�c�c . As for theBunyip, thesameserialBLAS andunderlyingcommunication
librarieswereused.It is relevantto alsonotethatalgorithmicblockingon bothof these
platformsshowedsimilar performanceimprovements(Strazdins1998a, Mackerras&
Strazdins1999).

4 CONCLUSIONS

Algorithmic blocking,dueto its perceivedcommunicationoverheads,wasnotanobvious
candidatefor denselinearsystemssolutiontheclustermodel.However, with somerefinement
of thealgorithms,it generallyachievedgainsof 15–30%onaBeowulf clusterover the
standardtechnique,storageblocking.

Thiswasdueto severalreasons.Firstly, althoughit hashighercommunicationstartupcosts,
thebulk of thesecanbeeliminatedby techniquessuchasreplicationof thetriangularfactor
matrices(for LLT andQR),parallelizationof multiple row swaps(in LU), cachingof panels
andpipelinedcommunicationwithin panelformation(in bothverticalandhorizontalpanels).
This lattereffect canbemagnifiedby choosingasmallstorageblocksize,eg. 
 �+: .
Secondly, thesecond,third andfourthof thesetechniquesalsoserve to make theeffective
communicationvolumecostsof algorithmicblockingactuallyless; on aCOTScluster
network, suchason theANU Beowulf, thesecostsmorequickly dominatethoseof
communicationstartups,asmatrix sizeincreases.

Thirdly, becauseloadbalanceeffectsin panelformationbecomeincreasinglyimportantwith
increasingCPUspeed,asthedifferencebetweenthespeedsof panelformationspeedand
matrix-multiplycorrespondinglywidens.With recursivepanelfactorizationtechniques,such
asusedby HPL, this is becominglessimportant.However, in theparallelcontext, these
techniques,andsomeof theothersusedin HPL, requirea largeimplementationeffort
justifiablefor a ‘prestigious’computationsuchastheparallelLINPACK benchmark.They

2Our LLT wasslower, but this wasdueto Paragon-specificcomputationalspeedeffectsin the DBLAS sym-
metricrank-kupdateroutine,not to any differencein communicationperformance.
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wouldhoweverbedifficult to sustainacrossacomprehensiveparallellinearalgebralibrary.
For example,aparallelrecursiveQRpanelfactorizationalgorithmwouldbemuchmore
complex thanfor LU.

Unlike in mostpreviouswork relatingto algorithmicblocking,wehaveshown thatthechoice
of a smallstorageblocksizegivestheoptimaltradeoff in loadbalanceandcommunication
costs.In this,wehavealsointroducedsomenew optimizationswhich improveto amodest
extentstorageblockingandindeedserialperformanceof thesecomputations.

Work which we intendto do in thenearfutureincludesaddingcomputationalblockingto the
factorizationof ` q for LU. Thisshouldachieve 90%of thebenefitsof recursive factorization,
but will besimpleenoughto incorporateinto algorithmicblocking.Also, coalescingmessages
in themultiple row swapscanbeusedto reducestartupcosts.

However, theparallelefficiency on amoderatesizedclusterof thesecomputationsis still low,
relative to thaton distributedmemorymachineswith vendor-suppliednetworks,beingonly
60–65%for computationstakingmorethanahalf hourof elapsedtime. Thissituationcanonly
berectifiedwhenfasternetworksbecomemoreaffordable.

In general,parallelizationtechniquesof minimumcommunicationstartupcostarenot
necessarilysuperioron amoderncluster. Alternatetechniquesofferingbetterloadbalance,
andpotentiallyreducedcommunicationvolumecosts,shouldbecarefullyconsidered.A
particularlyimportantissueon clustersis whether, andto whatextent,canpipelined
communicationbeutilized.
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