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Abstract

In this paperwe describeechniquesvhich canimprove the performancef dense
linearsystemsolution,basedon LU, LLT andQR factorizationspn distributedmemory
multiprocessorancluding clustercomputers.

Themostimportantof thesearerefinement®f thealgorithmicblockingtechnique
which reducethe bulk of its introducedcommunicatiorstartupcostsandmake the
techniquesuperiorto storageblockingin termsof communicatiorvolumecosts.These
primarily rely on pipelinedcommunicatiorandthe choiceof a smallstorageblock size.

Two othertechniquespptimizingthe memorybehaior in multiple row swaps,andthe
coalescingf vectormatrix multipliesin QR, alsoafford modesimprovementsn storage
blockingandserialperformance.

Performanceesultson a 24 nodeBeowulf clusterwith 550 MHz dual SMP Pentium
[l nodesconnectedy a COTS switchwith 10 Mb/s links, shav thatalgorithmicblocking
generallyimprovesperformanceéy 15-30%or morefor thesecomputation®ver alarge
rangeof systemsizes.

KeyWordsand Phrases: linearsystemsgensdinearalgebraparallelcomputing cluster
computing block-gyclic decompositionalgorithmicblocking.

1 INTRODUCTION

DensdinearalgebracomputationsuchasLU, LLT (Cholesly) andQR factorization(see
Section2) requirethetechniqueof ‘block-partitionedalgorithms’for their efficient
implementatioron memory-hierarchyprocessorsHere,therows and/orcolumnsof a matrix
arepartitionedinto panels ie. block row/columnsof width w > 1, which aretypically formed
by matrix-vectoroperations Theremaindeiof the computatiortypically involves‘Level 3’ or
matrix-matrixoperationsyhich canrun at optimal speed.

In the distributedmemoryparallelcomputercontect, most,if notall, communicatioroccurs
within the panelformationstages Oncethe optimal panelwidth w = w,, is achievedfor the
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matrix-matrixoperationsthe mostscopefor the acceleratiorof the overall computationis in
thepanelformationstages.

In this paperwe will considerther x s block-gyclic matrix distributionovera P x @ logical
processogrid (Choi, DongarraOstrouche, Petitet, Walker & Whaley 1996).Here,an

N x N globalmatrix A is dividedinto (storageblockswhich arecontiguous x s
sub-matriceshlock (i, j) of A is thenstoredon processofi; mod P, j mod Q). We will now
review two establishedechniquedor parallelpanelformation,known asstorage blocking,
wherew = r = s, andalgorithmicblocking (Hendrickson&
Womble1994,Strazdinsl 995, Petitet1996,Stanley 1997),wherew ~ w,,,r ~ s ~ 1.

Storageblockingsuffersfrom loadimbalanceon the panelformationstagejn thatonly one
row or columnof processorsf thegrid will beinvolvedin this stageresultingin an
O(N?*(r/Q + s/P)) penalty It alsoexacerbatesanunavoidableloadimbalanceof the same
orderonthelLevel 3 computationwhichis dueto the cell owning thelastandcolumnblock
row having moreoverallwork to do thanthe othersin thesestage{Greer&
Henry1997,Stanley 1997).

Algorithmic blockingcanovercomemuchof thisimbalanceandhasbeenshownn to yield
significantperformancegainsfor variousmatrix factorizationgBrent1992,Hendrickson
Womble1994,Strazdinsl 995, Strazdinsl99&) andreductiongStanley 1997). However,
thesehave all beenon earliervendorbuilt distributedmemoryparallelcomputersuchasthe
Fujitsu AP+ andthelntel Paragonwith relatively low communicatiorcostscomparedvith a
clustercomputer Reflectingthis, all of thesestudieshave eitherassumear shovn thata
storageblock sizeof » = s = 1 wasoptimalfor algorithmicblockingon thoseplatforms.

However, storageblockingis widely believedto minimize communicatiorcosts,especially
communicatiorstartupcosts.Therehasbeena strongtrendof relative increasen
communicatiorcostsrelative to processofLevel 3) floating point performanceseenn
distributedmemorymultiprocessorsvith vendorsuppliedcommunicatiometworks over the
mid 90’s (Dongarra& Donigan1997).With theadwentof the clustercomputingmodel,this
trendhasincreasedharply dueto the useof the slower COT'S communicatiometworks
typically usedfor this model. This s furtherexacerbatedby the generalityrequiredby the
clustermodel,wheresafetyandsecurityrequirementsnayimposeseverallayersof overhead
on communicationandpossiblyeventhe negotiationof a full TCP/IPstack.

Furthermorestorageblockingis relatively simpleandrobustto implementanimportant
requiremenfor general portableparalleldensdinearalgebrdibraries. To this date,
ScalLARACK (Blackford,Choi, Cleary D’Azevedo,Demmel,Dhillon, Dongarra,
Hammarling Henry, Petitet,Stanle/, Walker & Whaley 1997)is by far the mostwidely used
suchlibrary, usingalgorithmsbasedon storageblocking (Choietal. 1996).

Hence whetheralgorithmicblocking canyield worthwhile,or indeedary, performancegains
in performancdor clustercomputersasbeensofar largely unresolhed.

Themainoriginal contributionsof this paperarefirstly to shav how algorithmicblockingcan
beimplementedo have little extracommunicatiorstartupoverheadsnd,surprisingly
negative extra communicatiorvolumeoverheadsver storageblocking (Section2). Secondly
we alsotheredescribenew optimizationsthatalsoimprove the performancef storage
blocking(includingserialperformancejor LU andQR factorizationsaswell. Thirdly, to
shaw, particularlyon clustersthatfor algorithmicblockingthe optimaltradeof betweerioad
imbalanceandcommunicatiorcostsoccursatr = s ~ 4, dueto the effectsof pipelined
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communicationFourthly, to demonstratéhatevenon a Beawvulf clusterwith arelatively
low-speechetwork, algorithmicblocking canyield significantperformanceyainsover storage
blocking(Section3), for bothsmallandmediumnumbersof cells.

We chosdinearsystemssolutionsbasedon LU, LLT andQR factorizationbecauseachof
thesenvolvesdifferentpotentialload balanceandcommunicatioroverheadradeofs.

For the comparisorof thetwo methodswe choosea combinedfactorandbacksole
computationratherthanjust the matrix factorization.Thisis fairerbecausepn a cluster the
relatively slower communicatiometwork will increasehe costof the largely communication
startup-boundbacksole computationwherea large storageblock sizecanbe usedto reduce
thesecosts.

Pipeliningwith lookaheads analternateechniqueusingw = r, which canalsoimprove the
loadbalancen thelower panelformationin LU, LLT andQR factorization{Greer&
Henry1997,Strazdinsl99&, Petitet,Whaley, Dongarra& Cleary2000).However, we will
concentrat®n algorithmicblockingin this studyasit is morewidely applicablein dense
linearalgebracomputationgeg. lookaheadctannotbe appliedto symmetrictridiagonal
reduction(Stanley 1997)or LDLT factorization(Strazdinsl999)),andbecausét doesnot
reducdoadimbalancdan the upperpanelformationor in the Level 3 computation.
Furthermorelookaheads muchmorecomplex to implement,oftenrequires
platform-dependerttining, andrequiresalarge asynchronoubuffering capacityin the
underlyingcommunicatiorsystem(Strazdinsl99&). For thesereasonsit is lesssuitablefor
implementationn portableparallellibraries.

2 ALGORITHM DESIGN FOR FAST ALGORITHMIC
BLOCKING

In this sectionwe describeaggressie optimizationsghatcanbe appliedto paralleldense
linearsystemssolution. The primarygoalis to minimize communicatiorstartupsandvolume
for bothalgorithmicandstorageblocking,which is especiallyymportantfor clustercomputing.
Thesecondargoalis to increasecomputationaperformance.

An importantoptimizationis the useof the pipelinedbroadcassuchcomputationsFigurel(a)
demonstratea seriesof suchbroadcastsyith broadcast® to 6 (originatingfrom cellsO, 1, 2,
3,0, 1,and2 respectiely) beingcompletedn thefirst 16 timestepsin the context of storage
blocking(Choi etal. 1996),this canreducethe communicatiorstartupandvolumecostsby a
factorof % overanormalbinarytree-basetbroadcastlt canbeappliedto all horizontal
communicationgn LU, LLT andQR factorizationasall informationflows from left to right.
Thefactorof 2 arisesdueto the‘bubble’ introducedasthe sourcecolumnof the broadcast
shiftsrightwards.Thesizeof this bubblecanbereducedf consecutie broadcasteriginate
from the samecell, asshovn in Figure1(b).

Our parallelalgorithmsapplythis, notonly in the caseof storageblocking, but in algorithmic
blockingaswell. They alsoapplyall otheroptimizationsfor storageblockingcurrentlyusedin
ScalLARACK (Blackfordetal. 1997).Our algorithmsarebasedonthe DBLAS Distributed
BLAS library, whichweredesignedo supportalgorithmicblocking,andoffer reduced
softwareandcommunicatioroverheadgStrazdinsl99&).
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Figurel: Multiple pipelinedbroadcast$of equalsize)acrossal x 4 grid

For theremaindelof this paperwe will assumea squareblock-gyclic distributionis used,e.
r = s, for the sale of simplicity.

21 LUFACTORIZATION

LU factorizations thedecompositiod — LU, whereL is alower triangularmatrixandU is
anuppertriangularmatrix with a unit diagonal.Figure2 indicatesthe sub-matricesnvolvedin
theith partial LU factorizationwith row pivoting, usinga panelwidth of w, foran N x N
matrix A. Herei; = iw, i = i; + w. Thisisrepeatedori =0,1,2,..., % — 1 togiveafull
factorization.Matrix indicesbegin from 0, with the notationz’ beingusedasa shorthandor
xz— 1.

Theblocked LU factorizationalgorithmthencanbe expresseas:
LU2(N — i1, w, Aiyinv ity Piyeiy)

o
for j <« i :1
Ajoi, € Ap o Ajinint € Apy sy

U« (TH~ U T = Ay, 4,0, (triangulay with unit diag.)
. : o U% = Ailzig,iQ:N’ .
Al — A — LU? A" = Aponigny, L= Agyne iy,
whereLU2(M, N, A, P)is:
for j«<0:N
find Pj €j: M’ S.t.|Apj,j| > ‘Aj:M’,j‘
Aj’: (—).Apj,; u9 = Aj,j+1:N’
1« 17/A;, U=A1.m;
LI« L7 — V) LV = Aj i1 jiin



Figure2: Partial LU factorizationof an N x N matrix A

For storageblocking,thelower panelL? is heldover a columnof cells. Hence thedominant
communicatioroverheadsrefrom the startupsassociateavith the determinatiorof P; and
theverticalbroadcasof /. By combiningthesewith therow swapswithin L? (Petitet

etal. 2000)via a (contention-freepinarytreereduce-broadcashesenumber2 1g,(P)N.

For algorithmicblocking,? and P; alsohasto be broadcashorizontally However, assuming
w > r@, thesecanbe pipelinedwith reducedcost;indeed sincewe will have 2r consecutie
broadcastfrom the samecell column(cf. Figurel(b)), thepipeline‘bubble’ only appliesto
thefirst of thesethusonly (2 + %)N startupsareactuallyintroduced(Strazdinsl998a).
Furthermorethe broadcastolumnsl’ canbe‘cached’,sothatare-broadcastf thefactored
L (andT?) is obviated(Strazdins1998a). Thus,algorithmicblocking needintroduceno extra
communicatiorvolumecosts.This howeverintroducesa problem:subsequemnow swapshave
to beappliedto the‘cached’l’ columnsaswell.

For algorithmicblockingwith » > 1, it may seemtemptingto block the communication®f 1/
to reducethe numberof introducedstartupgo %N . Apart from introducingextra complexity,
therearetwo reasonsotto do so. Firstly, unlessw is severaltimeslargerthanr(@, theload
balancewill belower. For example,atw = 80,r = 4, ) = 8, modellingtechniquegpredict
thatthe degreeof load balancenvould decreasérom 0.72to 0.61(Strazdinsl995). Secondly
andmoreimportantly the effective overall communicatiorvolumedueto /; is reducedrom
2- NTZ to (1 + %) . NTQ againdueto thehiding of the pipelinebubblementionedearlier

Similarly, in theformationof U?, pipelinedcommunicatiorcanstill be appliedon the
individual rows of U?, which arebroadcasvertically (Strazdins1998). This optimizationis
encapsulateth the standardDBLAS triangularupdateroutine (with anextendednterfaceto
returnthe cachedows). This similarly introduces1 + %)N startupsput againthesecanbe
cached Thecommunicatiorvolumecostof the broadcasof U’ is reducedoy algorithmic

blockingby afactorof (llg—j’_% also.



Thereis alsoscopefor optimizationsin the applicationof the multiple row swaps:

1. therow swapsin the‘cached’l’ columnscanbe combinedwith thosein U, ie. therow
sggmentsof botharepacked (unpacled)into a buffer before(after)communication.
This meanghat‘caching’thel’ columnsandhencealgorithmicblockingintroduceso
extramessagstartupoverheadsere.

2. assumingcolumnmajorstoragegthe standardor suchcomputations)if this packing
(andunpacking)stages performedover all affectedrows, the memoryaccesdehaior
of this stagecanbe significantlyimproved(Strazdinsl998a). Thisis becausédy
blockingtherowsin chunksof ~ %2l where| TLB]| is thenumberof TLB entriesfor
dataaccesseshenumberof TLB andtop-level cachemissescanbereduced.This
optimizationactuallyaidsstorageblockingto a greaterextent, sincethe cell row holding
U* hasall w sourcecolumns.Subsequertb its introduction this techniquehasbeen
shown to improve serialLU performanceon Alpha21164,UltraSFARC 2200and
R10000processorsandwasproposedor inclusionin LAPACK dl aswap()

(Whaley 1998).

3. algorithmicblockingwill automaticallyparallelizea multiple swapoperation
(Strazdinsl995),includingcommunicationgnd TLB missesdueto thefactthatall cell
rows will hold aroughlyequalnumberof rowsin theranges : i, andP[i; : is),
providedw > rP. Thedegreeof this parallelizationis not perfect,dueto some
interferencebetweerrow swap operationsbut simulationstudieshave showvn thatit is
~ § for contention-freaetworks. This effectalsoresultsin a similarly reducedvertical
communicatiorvolumecostover storageblocking.

In the context of alinear systemsolve, notethattherow swapto theleft of L neednot be
performed(seeSection2.4).

2.2 LLT FACTORIZATION

LLT factorizationis thedecompositiond — LLT, whereL is alower triangularmatrix; A
mustbe a symmetricpositive definitematrix. LLT factorizationdiffersfrom LU in thatthereis
no pivoting. This meanghat ! canbeformedvia a Level 3 computationmakingthe panel
formationstagemuchlessexpensvethanin LU or QR. Theexploitationof symmetrymeans
thatonly thelowertriangularhalf of A is accesse@nhotethattheresultingreducechumberof
FLOPsexacerbatetheimbalancedueto r in Level 3 computationslso). The partialblocked
LLT factorization(cf. Fig 2) canbe expresseas:

LLT2 (w, TZ) T = AZ1Z'2,Z11'2 (trl)
Li — LZ(Tz)iT LZ = Aig:N’,il:i’Q
At A'— LH(LHT A" = A;,.nviy.n (lower triangular)
whereLLT2(V, A) is:
for j«<0:N
Ajj— VA _
17+ l]/Aj’j = Aj—i—l:N’,j
LV L7 =)t LI = Aj 1.nj+1.8 (lowertriangular)



For storageblocking,thereareO(%) communicatiorstartupsconsiderablysmallerthanthe
O(N lg, P) startupsn LU andQR. It is well known thatcommunicatiorcostsfor this
computatiorareminimizedif P = Q (Choietal. 1996),whichwe will assumen this section.

In theformationof L* usingalgorithmicblocking, pipelinedcommunicatiorcansimilarly
reducetheintroducedstartupgo (1 + )N, andoffersareduceccommunicatiorvolumecost
over storageblocking by afactorof ﬁ asfor LU. However, it is in thefactorizationof T*
thatchallenge®ccurfor reducingcommunicatiorstartupcosts.

Firstly, pipelinedbroadcastsnay be appliedto the horizontalbroadcastsf the columns/? and
to their vertical re-broadcasttacostof 2(1 + 1) N introducedstartups However, asthe
amountof work involvedis small, 7" could be semi-replicatedacrosscell rows, beforethe
factorizationreducingthe numberof horizontalcommunicatiorstartupg Strazdinsl998&).
Indeed it couldbefully replicatedacrossall cells; usingmulti-broadcastechniquegMitra,
Payne,Shuler vande Geijn & Watts1995,Strazdinsl99&), this would only introduce

~ 2 - YF startups.

23 QRFACTORIZATION

QR factorizationis thedecompositiod — Q R, where( is anorthogonalmatrixandR is an
uppertriangularmatrix with a unit diagonal.QR factorizations by far the mostcomplec
computatiorof thethree,but therebyoffers someinterestingscopefor optimization.Also,
unlikein LU or LLT, the blocked-partitionecalgorithmintroducesedundant (N%w)
computationsthis factorfavoursthe selectionof a smallerw (andhencefavoursstorage
blocking).

Thepartialblocked QR factorization(cf. Figure2) canbe expresseds:

QR2(N —iy,w, Vi, T) Vi=Ajna, TiswXw
W+ (V)T A" A" = Aip NN
W« TW Wisw x (N — i)
Al — A" VW V' is thetrapezoidapartof V¢ (with a unit diag.)
whereQR2(M, N, A, T) is:
for j«<0:N'
a < Aj,j; Aj,j ~—1
(tjﬂ g, wj) = A};M’,jAJ'=M'a3 t = Tj0.5
(A,;,m.0) < f(a,f) f() isascalarfunction
I« lj/ﬁ, I = Aj+1:M’,j
LI« IJ— %ljwj L' = Ajiim jrtan
5t Ty =7
for j«<0:N
o Titi T7 = Ty, 0.5 (lower triangular)

In aparallelimplementationthetemporarymatrix W is alignedwith U?, andT is alignedwith
T* (cf. Figure2).

Thenew optimizationappliedhereis to meige two vectormatrix multipliesandthe dot
producty’ - v7 into asinglevectormatrix multiply (Strazdins199&). Notethatthetemporary



vectorw? (alignedwith u?, cf. Figure2) canbestoredin the uppertriangularhalf of 7', and
T; ; canbeusedto store/'.

Previously, implementationsuchasLAPACK andScalLAFACK (Choietal. 1996)performed
instead: o , ,

ﬁ’ — l] . ZJ’ l] — l]//B, w] — A;Ml,jAj:M’,:

i« IJ — Tl]w], t TAg?MI,jAj:M’,:

Usinga melgedvectormatrix multiply hasthefollowing advantages:

1. bettercomputationaspeedwith awider vectormatrix multiply, improving paralleland
serialperformance.

2. reducingthe dominantcommunicatiorstartupsof the computationfrom 6 1g,(P) N, as
in ScaLARACK QR,to 21g,(P)N (for bothalgorithmicandstorageblocking). Thisis
possibleif 3 andr arebroadcasin the samemessag@asw?’.

3. perfectloadbalances achievedfor algorithmicblocking,asthethe matrix width is
alwaysw.

Similarto LU, pipelinedhorizontalbroadcastandcachingcanbeappliedto I/, to save
re-communicatiorior therank-1updateon L7, aswell asfor thesubsequeritevel 3
computationsr mustthenbe broadcashorizontally sothatasfor LU algorithmicblocking
introduces2 + )N startupsn theformationof thelower panel.

By coalescingheverticalbroadcasof ¢/ with thatof w?, T becomes row-replicatedmatrix
without furthercommunicatiorstartupcosts.” canthenbe broadcashorizontallyto make it
fully replicated.The completionof 7' canthenproceedwithout any furthercommunication.

For the Level 3 computations(temporarily)makingthe uppertriangularpartof V" zero(so
thatV"* becomes rectangularatherthanatrapezoidamatrix) introducesurther O (N%w)
redundantomputationsbut haspreviously beenfoundto be a worthwhile optimization(Choi
etal. 1996),which concurswith our experiencelt alsogreatlysimplifiesthe efficient
implementatiorof algorithmicblocking for the formationof the upperpanelit’.

For storageblocking,a verticalreduceandbroadcasof W is required resultingin atotal
- . 2 - - .
communicatiorvolumeof 2 - 1g, (P) -, usingtree-basedommunicatiorpatterns.

For algorithmicblocking,ourimplementatiorof the Level 3 parallelBLAS routineperforming
W « TW broadcast$V in its entirity beforeupdatingit. This meanghateffectively perfect
loadbalancds achiezedin theformationof W. ThusthethreeLevel 3 computationsequirea
multi-reducefollowedby two multi-broadcasten W; however, asthesecanbeimplemented
usingring-shifts(Mitra etal. 1995,Strazdinsl998)), this resultsin a smallercommunication
volumecostof ~ 3 - 2*.

24 BACKSOLVE COMPUTATION

To solvethelinearsystemwe arerequiredto apply X + A~'X to somesolutionvector(or
setof vectors).X.



In thecaseof LU, afairly standardptimization(Brent1992)is to performthefactorizationon
theaugmentednatrix (4| X); in this casethebacksole stageneedonly performX «+ U~'X.
Notethatstandard_U factorizatiorroutinescanoperateon non-squarenatrices.

This cansimilarly beappliedto QR, althoughherethe gainsaregreatersinceary blocked
algorithmapplying@—X would have to re-constructhetriangularreflectorsT” for each
block, resultingin N%w extra floating point operations.

It canalsobe appliedto LLT, by factorizingthe augmentedanatrix ( , Wherez is

XT
madeto be sufficiently largeto ensurepositive definitenessThisis possiblebecausefor LLT,
addinganextrarow X7 will notaffectthefactorizationof A.

Thebacksole stagein eachcasethusreducedo essentiallythe samecomputation

X + U !X, whichusesthestandardarallelBLAS triangularmatrix solve routine. This is
implementedn anequialentfashionto thatof ScaLARACK, in thatcommunications
(broadcastandreductionsreblockedby afactorof r, resultingin (g, P + 1g, Q) % startups.
However, asfor the symmetricrank-kupdateroutineusedin LLT, herealsocomputational
blockingoccurswith amachine-dependebtockingfactorthatis independendf r, to better
supportthe smallblock sizesusedwith algorithmicblocking.

25 OVERALL COMPARISON

Tablel summarizeshe mainperformancdactorsin an N x N linearsystemsolve for thetwo
blockingmethodson a moderatesizedgrid, usingthe analysisgivenabove. For LU, adegree
of parallelizationof g is assumedn the multiple row swapsfor algorithmicblocking. It is
assumedhatw > 40 (eg. sothatO(%) startupcostshave a nggligible effect). For the count
of FLOPsin the panelformationstagesf QR, redundantomputationgrom zero-padding/”
(seeSection2.3)areincluded.The Level 3 imbalances the numberof extra FLOPsin the
matrix-matrixmultiply executedby a % fractionof thecells(Greer&

Henry1997,Stanley 1997). The Tablewill behelpfulin interpretingtheresultsof Section3.

LU LLT OR
startupcost(x N) 5:85 | 0.0:2.8|6.0:9.8
volumecost(x N2/ P) 3:15 |25:21(4.0:2.1
panelloadbalance 0.1:0.7|0.2:0.7] 0.1: 0.9
panelFLOPs(xwN?) 1 0.5 3
Level 3imbalance(xrN?) 1 1 2
overall FLOPs(x N?3) 2 3 3

Tablel: Performancéactorsfor storage algorithmicblocking(r =4)for P =Q =8

3 PERFORMANCE

This sectiondescribeperformancesesultsonthe ANU Beawulf Cluster Firstly serial
performances discussedwhichis usedto determinethe optimalblockingfactors.Thena



w 20 30| 40| 50| 60| 70| 80
MFLOPS| 294 | 340 | 377 | 367 | 375 | 388 | 400

Table2: Large squarematrix multiply performancewith a blocking factorof w appliedto the
innerdimension

comparisorof the performancef algorithmicandstorageblockingalgorithmson a
moderate-sizedlusterconfigurations given.

31 THE ANUBEOWULF CLUSTER

The ANU Beowulf cluster namedBunyip consistof 96 dualPentiumlll nodesyatedat 550
MHz. EachCPUin anodehasanon-share@56 KB direct-mappedecond-lgel cache.

The96 nodesarearrangedn four groupsof 24, connectedn atetrahedrafashionby four
48-portswitches.Communicatiorspeeds limited by thenodes’100Mb/s Network Interface
Cards.

TheBunyip hasbeendesignedvith price/performancen mind;indeedit wonaGordon-Bell
awardfor this categgory in Supercomputin@000(AberdeenBaxter& Edwards2000).

CommunicatioroccursthroughLAM MPI, which sendsmessagesia the TCP/IPprotocol.
Benchmarkestsfor point-to-pointmessagebave shavn acommunicatiorstartupcostof of
a = 44us, anda sustainedcommunicatiorbandwidthof 6.5 MB/s.

3.2 SERIAL PERFORMANCE

ATLAS PentiumBLAS (Whaley & Dongarral998)is usedby our algorithmsfor cell
computation.

For this BLAS, Table?2 indicatesthe performancef doubleprecisionlarge square
matrix-matrixmultiply onaBunyip node.

Performancelid notimprove significantlyfor largerw; the peakshenatw = 40 andw = 80
indicatetwo candidate$or optimalblockingfactorsfor linearsystemsolution.

Level-2 computationspeedor this BLAS wasfoundto be~ 100 MFLOPSfor rank-1
updatesaand150—-200MFLOP Sfor matrix-vectormultiply.

At N = 3000, theseriallinearsystemsolve performanceausingLU, LLT andQR factorizations
was320,380and330MFLOPS, respectrely, usinga blockingfactorof w = 80. Comparing
thiswith Table2, we seethatthe Level 2 computationsn the panelformationof LU andQR
degradesevenlarge computationgo a significantextent.

3.3 PARALLEL PERFORMANCE

For the LU andQR testswe useall 48 CPUsin agroupusingalogical 6 x 8 grid, whichwe
foundto bethe optimalgrid shapdor bothalgorithmicandstorageblocking. LAM MPI was
setup heresothatthe CPUson the samenodewould be on the samecolumnof thegrid. For
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LLT, a6 x 6 grid wasused,ashereasquaregrid minimizescommunicatiorcostsfor
symmetriccomputationgChoietal. 1996,Stanley 1997,StrazdinsL999).

Testsonalogical4 x 4 grid indicatedthatrunningtwo suchprocessesn eachdual SMP node
was~ 10% slowerthanusingtwice the numberof nodes andonly runningonesuchprocess
pernode.This appliedequallyto algorithmicandstorageblocking.

For all tests thereweresomecompute-boungbbsrun by anothemuserrunningon all nodes
(suchasituationoftenoccurson a cluster!);asthesgobsweresetatlow procesriority, they
only reducedparallelperformancéy lessthan5%. Evenundertheseconditions,jts wasfound
thatall performanceesultswerehighly reproducible.

Testswererun on blockingfactorsw = 40, 60, 80 for storageblock sizesof 1, 4 andw. For
algorithmicblocking,w = 80 wasalwaysfasterthanthe others(but only by at most5%, atthe
upperendof therange).Exceptfor LLT, w = 40 wassimilarly alwaysfasterfor storage
blocking, by a similar magin.

Comparisonsveredonewith HPL, arecentlyreleasedstate-ofthe art portableparallel
LINPACK benchmarkPetitetet al. 2000).HPL is basedn storageblocking* andusessome
techniquesnoreadwancedthanours,suchasusingbinary-ecchangecommunicatiorpatterns.
This canbeamuedto requireonly g, (P)N startupdor theverticalcommunicationsvithin
L, assuminga contentionfree network (which appliesto the Bunyip’s switches) It alsousesa
combinedswapandbroadcasof U?, whichin thebestcasecanreducethevolumecostfor LU
in Tablel from 3.5 to 2 (theirimplementatioralsoincorporategnemorypattern
optimizations) Mostimportantly it usesarecursve algorithmfor factorizingL?, effectively
makingthis alevel-3 computationtherebyreducingtheimpactof loadimbalance.
ScalLARACK versionl.6,known to have anefficientimplementatiorof storageblocking,was
alsousedfor comparison.
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Figure3: Performancef LU-basedNV x N systemsolve

Figure3(a)givestheparallelspeedor the LU-basedsolve. Here,algorithmicblockingwith
r = 4 out-performedstorageblocking by 76—22% the greatestifferencebeingin thelower
endof therange.With » = 1, the performanceavasslightly less.Ourimplementatiorof

LIt canalsousepipeliningwith lookaheadhowever, on the Bunyip, this did notyield large performancegains.
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Figure4: Speedn MFLOPS/cellof parallelN x N systemsolve

storageblockingwassimilarto ScaLAFRACK'’s, exceptthat ScaLAFACK lost performancédor
large matricesprobablydueto poormemoryaccespatternson therow swaps.HPL without
recursve panelfactorizationperformedonly mamginally betterthanour storageblocking
implementationHowever, with recursionjt gainedsignificantimprovementsthis also
enabled- = 80 to bethe optimalblockingfactot

Figure3(b) givesthe scaledparallelefficiency of theselLU implementationsit%Q = 2000,
for P x @ gridsof aspectatio betweer0.5and1. The scaledmatrix sizewaschoserto give
maximumperformancenal x 1 grid (absolutespeedn MFLOPsfor this grid is givenin
parentheses)t shouldbe notedherethatHPL hasa muchhigherspeedhere,which somevhat
prejudicedts scaledefficiengy rating. This graphclearly shovs the full advantageof
algorithmicblockingrequiresP@ > 8 onthis platform. It alsoshavsthatfor thelargest
performancealrop-of occursfor PQ > 2, ie. whenmorethanonedual SMP nodeis being

used.

Figure4(a)givestheresultsfor LLT-basedsolve. Here,for storageblocking,r = w = 80 was
slightly fasteratthe upperhalf of therange,dueto thefactthatthe panelformationis ‘Level 3’
andhencefasterthanfor LU, andsoresultsin lessof aloadimbalancepenalty For algorithmic
blocking, fully-replicating7™ asdescribedn Section2.2,wasfoundto befaster althoughonly
significantlyfor » = 1 and N < 8000. At r = 4, algorithmicblockingwasonly 10%fasterat
N = 4000, reflectingtheimpactof the extra startupcosts.However, the performance
differencedor therestof therangewere25-20%,somevhatsurprisinglybeingcomparabldo
LU or QR (cf. Tablel). ScaLAFRACK’s performancetr = 40 wasessentiallyidenticalto our
storageblockingimplementationgxceptfor N > 20000, whereit wasabout5% slower.

Figure4(b) givestheresultsfor QR-basedolve. In contrastto LLT, the largestgainis at

N = 4000, being46%, dueto thefactthatfor this computationstartupcostsaccountor a
muchsmallerfraction of the overall performanceandthe advantageof load balancefor
algorithmicblockingis moresignificant.Elsevhere,algorithmicblockingatr = 4 similarly
achieveda 25-18%performanceyain,althoughhere,the performancelifferencebetween

w = 40 andw = 80 wasslightly smaller slightly negative on the lowestquarterof therange,
increasingo ~ 5% at N = 24000. As ScaLARACK only providesanefficient QR

12



factorization(andnot afactorsolwe), it is difficult to performa directcomparisonBasedon
factorizationtimesonly, ScaLAFACK’s QR wasbetweerD-5%slower over thisrange
comparedvith our storageblockingimplementation.

It shouldbe notedthatthe backsole computations indeedfasterfor large block sizes(ie. as
usedin storageblocking), by afactorof ~ 2 for smallto moderateV, dueto the O(%)
blocked communicationsHowever, this hadlittle effect onthe overall performancelifference
betweeralgorithmicandstorageblocking.

Thecorrespondingestswerealsoperformedona4 x 4 grid. Thetrendswerevery similar,
exceptthatthe advantageof algorithmicblocking over storageblockingwas= 5% lessin the
mid-range.Thisis largely dueto the factthatloadimbalanceesffectsarereducedon a smaller
grid.

Onotherplatforms,we have foundsimilar results.On a 64 cell Intel Paragonwith our LU and
QR implementatiorout-performingthatof ScaLARACK 1.6 by -1% — 5% overtherange

1000 < N < 12000 (Strazdins19983) 2. Similarly, ourimplementationgincludingLLT) ran
-3%— 10%fasterona 8 or 9 cell AP3000(Mackerras& Strazdinsl999),overtherange

1500 < N < 9000. As for the Bunyip, thesameserialBLAS andunderlyingcommunication
librarieswereused.lt is relevantto alsonotethatalgorithmicblockingon bothof these
platformsshoved similar performancemprovementqStrazdinsl 998, Mackerras&
Strazdinsl999).

4 CONCLUSIONS

Algorithmic blocking,dueto its perceved communicatioroverheadsywasnot anobvious
candidatdor densdinearsystemssolutionthe clustermodel. However, with somerefinement
of thealgorithms,it generallyachiezedgainsof 15-30%on a Beowulf clusteroverthe
standardechniquestorageblocking.

Thiswasdueto severalreasonsFirstly, althoughit hashighercommunicatiorstartupcosts,
thebulk of thesecanbe eliminatedby techniquesuchasreplicationof thetriangularfactor
matriceqfor LLT andQR), parallelizationof multiple row swaps(in LU), cachingof panels
andpipelinedcommunicatiorwithin panelformation(in bothverticalandhorizontalpanels).
This lattereffect canbe magnifiedby choosinga smallstorageblock size,eg. r = 4.

Secondlythesecondthird andfourth of thesetechniqueslsosene to make the effective
communicatiorvolumecostsof algorithmicblockingactuallyless ona COTS cluster
network, suchasonthe ANU Beowulf, thesecostsmorequickly dominatethoseof
communicatiorstartupsasmatrix sizeincreases.

Thirdly, becausdoadbalanceeffectsin panelformationbecomencreasinglyimportantwith
increasingCPU speedasthedifferencebetweerthe speed®of panelformationspeedand
matrix-multiply correspondinglyidens.With recursve panelfactorizationtechniquessuch
asusedby HPL, thisis becomingessimportant.However, in the parallelcontext, these
techniquesandsomeof the othersusedin HPL, requirea large implementatioreffort
justifiablefor a ‘prestigious’computatiorsuchasthe paralleILINPACK benchmarkThey

20ur LLT wasslower, but this wasdueto Paragon-specificomputationakpeedeffectsin the DBLAS sym-
metricrank-kupdateroutine,notto ary differencein communicatiorperformance.
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would however be difficult to sustainacrossa comprehensie parallellinearalgebralibrary.
For example,a parallelrecursve QR panelfactorizationalgorithmwould be muchmore
comple thanfor LU.

Unlike in mostpreviouswork relatingto algorithmicblocking,we have shovn thatthe choice
of asmallstorageblock sizegivesthe optimaltradeof in load balanceandcommunication
costs.In this, we have alsointroducedsomenew optimizationswhichimprove to amodest
extentstorageblockingandindeedserialperformancef thesecomputations.

Work whichwe intendto do in the nearfuture includesaddingcomputationablockingto the
factorizationof L¢ for LU. This shouldachieve 90% of the benefitsof recursve factorization,
but will be simpleenoughto incorporatento algorithmicblocking. Also, coalescingnessages
in themultiple row swapscanbe usedto reducestartupcosts.

However, the parallelefficiency on a moderatesizedclusterof thesecomputationss still low,
relative to thaton distributedmemorymachineswith vendorsuppliednetworks, beingonly
60—65%for computationgakingmorethana half hourof elapsedime. This situationcanonly
berectifiedwhenfastemetworksbecomemoreaffordable.

In generalparallelizationtechnique®f minimum communicatiorstartupcostarenot
necessarilsuperioron amoderncluster Alternatetechnique®ffering betterload balance,
andpotentiallyreduceccommunicatiorvolumecosts,shouldbe carefully consideredA
particularlyimportantissueon clusterss whether andto whatextent,canpipelined
communicatiorbe utilized.
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