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Abstract

In this paper, we provide a method for determining the asymptotic value of the
maximum edit distance from a given hereditary property. This method permits the
edit distanceto be computed without using Szemeedi's Regularity Lemma directly.

Using this newmethod, we are able to compute the edit distancefrom hereditary
properties for which it was previously unknown. For some graphs H, the edit
distance from Forb(H) is computed, where Forb(H) is the class of graphs which
contain no induced copy of graph H.

Those graphs for which we determine the edit distance asymptotically areH =
Ka + Ep, an a-cligue with b isolated vertices, and H = K 3.3, a complete bipartite
graph. We also provide a graph, the rst sud construction, for which the edit
distance cannot be determined just by considering partitions of the vertex set into
cliquesand cocliques.

In the process,we dewvelop weighted generalizationsof Turan's theorem, which
may be of independert interest.

1 Intro duction

Throughout this paper, we use standard terminology in the theory of graphs. See,for
example,[6]. A subgraphdewid of edges,usually called an independen set, is referred
to in this paper asa coclique, sothat it parallelsthe notion of a clique .

1.1 Background

The edit distanceof graphswas de ned in [4] asfollows:
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De nition 1 Let P denotea classof graphs. If G is a xed graph, then the edit dis-
tance from G to P is

Dist(G;P) = minffE(F)4 E(G)j: F 2 P;V(F) = V(G)g
and the edit distanc e from n-vertex graphs to P is
Dist(n; P) = maxf Dist(G;P) : jV(G)j = ng:

It is natural to considerhereditary properties of graphs. A hereditary prop erty
is one that is closedunder the deletion of vertices. In fact, edge-mali cation for sut
propertiesis an important questionin computer scienceasdescrited in Alon and Stav [1]
and biology, asshawvn in [4].

Clearly, Forb(H) is a hereditaryl-property for any graph H. In fact, every hereditary
property, H, can be expressedas |, 4, Forb(H), where the intersection is over the

family F (H), which consistsof all graphsH which are the minimal elemets of H.

In [1], Alon and Stav prove that, for ewery hereditary property H, there exists a
p = p(H) sud that, with high probability, Dist(n;H) = Dist (G(n;p );H) + o(n?),
where G(n; p) denotesthe usual Erdps-Reryi random graph. This fact can be usedto
prove the existenceof

d (H) £ lim Dist(n;H)= _
ni1 2

1.2 Previous results

The previously-knavn generalboundsfor Dist(n; Forb(H)) are expressedn terms of the
so-calledbinary chromatic number:

De nition 2 The binary chromatic number of a graphG, §g(G) is the leastinteger

andk+ 1 c cocliques.

The binary chromatic number [4] is calledthe \colouring number" of a hereditary prop-
erty by Bollobasand Thomason[9] and again by Bollobas[5] and is calledthe parameter
(H) in Premel and Steger[21]. The term indicatesits generalizibility to multicolorings
of the edgesof K, or K., asin [3].
The binary chromatic number givesthe value of Dist(n; Forb(H)) to within a multi-
plicative factor of 2, asymptotically:

Theorem 3 ([4]) If H is a graph with binary chromatic numker g(H) = k + 1, then

= o(1) 5 Dist(n;Forb(H)) &5 .
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1.2.1 Known values of d and p

In [4], a large classof graphsH for which d (Forb(H)) is known to be the lower bound
in Theorem 3 is descriked. Namely, if a graph H hasthe property that g(H) = k+ 1
and there exist (A; ¢) and (a; C) sud that ead of the following occurs

V (H) cannot be partitioned into c cliquesand A cocliques,
V (H) cannot be partitioned into C cliquesand a cocliques,
A+c=a+C=kandc k=2 C,

then 1

d (Forb(H)) = K

It is obsenedin [1] that if H and (A; c) and (a;C) satisfy the conditions above, then
p (Forb(H)) = 1=2. Furthermore, if H is a self-complemetary graph, then A = C and
a=c So,C+ c= k, which impliesc k=2 C and (p (Forb(H));d (Forb(H))) =
(1=2; 1=(2k)).

The edit distancefrom monotonepropertiesis alsowell-known. A monotone prop-
erty is, without lossof generalily, closedunder the removal of either vertices or edges.
Let M be a monotone property of graphs. The theoremsof Erdps and Stone [15] and
Erdps and Simonwits [14] give that

d(M) = 1= wherer = minf (F) 1:F 62Vig and p(M)=1

Alon and Stav, in [2], provethat d (Forb(K 1.3)) = p (Forb(K1.3)) = 1=3: In this paper,
we generalizethis result to computethe pairs (p ;d ) for hereditary properties of the form
Forb(K .+ Ep) and Forb K, + E, , whereK, is a completegraph on a vertices, Ey is an
empty graph on b verticesand the \+" denotesa disjoint union of graphs. The claw K ;.3
is Ks+ Ej.

In both [4] and in [2], more preciseresults for determining Dist(n; H) are given for
se\eral families of hereditary properties. For this paper, we concernoursehesexclusiely
with the rst-order asymptotics.

Finally, in [2], a formula is given for the asymptotic value of the distance
Dist(G(n; 1=2); H) for an arbitrary hereditary property H. It generalizeshe result, stated
in [1] and implicit from argumerns in [4], that almost surely, Dist(G(n; 1=2); Forb(H)) =
W 5 o(n?). In this paper, we will further generalizethis by determining
an asymptotic expressionfor Dist(G(n; p); H) for all p 2 [0; 1].

1.3 Colored homomorphisms
Next we recall three de nitions from [1] which are corvenient for us.

De nition 4 A color ed regularity graph (CR G), K, is a completegraph for which
the vertices are partitioned V(K) = VW(K) [ VB(K) and the edgesare partitioned
E(K) = EW(K) [ EG(K) [ EB(K). The setsVW and VB are the white and black
vertices, respectively, and the setseW, EG and EB are the white, gray and black edges,
resyectively.
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Bollobasand Thomason([8],[10]) originate the useof this structure to de ne so-called
basic hereditary properties. In particular, the paper [10 generalizesthe ernumeration
of graphs with a given property P to the problem of computing the probability that
G(n;p) 2 P. The problemsare equivalert if p = 1=2. The papers use many of the
techniquesthat are repeated or cited in the subsequen works on edit distance and use
other nontrivial ideas.

Denition 5 Let K be a CRG with V(K) = fvy;:::;w0. The graph property Pk,
consists of all graphsJ on n vertices for which there is an equipartition A = fA; : 1
i kg of the vertices of J satisfying the following conditionsfor 1 i< j k:

if vi 2 VW(K), then A; spans an empty graphin J,

if vi 2 VB(K), then A; spans a completegraphin J,

if fvi;vig2 EW(K), then (Ai;A;) spans an empty bipartite graphin J,
if fvi;v;g2 EB(K), then (A;j; Aj) spans a completebipartite graphin J,
if fvi;v;g2 EG(K), then (A;; Aj) is unrestricted.

If all of the alove holds, we say that the equipartition witnesses the membership of
J In PK;n.

De nition 6 A color ed-homomorphism  from a (simple) graph F to a CRG, K, is a
mapping' :V(F)! V(K), which satis es the following:
1. If fu;vg 2 E(F) then either ' (u) = " (v) = t 2 VB(K), or ' (u) 6 ' (v) and
f(u);" (V)92 EB(K) [ EG(K).
2. If fu;vg 62E(F) then either " (u) = ' (v) =t 2 VW(K), or ' (u) 6 ' (v) and
f* (u);" (v)g2 EW(K) [ EG(K).

Moreover, a colored-homomorphismcan ke de ned from a CRG, K ° to another CRG,
K % that satis es the following:
0. If v2 VB(K9, then' (v) 2 VB(K%. If v2 VW (K9, then' (v) 2 VW (K %.
1. If (u;v) 2 EB(K9 theneither' (u) = ' (v) =t 2 VB(K%, or ' (u) 6 ' (v) and
(" (u);* (v)) 2 EB(K®)[ EG(K®.
2. If (u;v) 2 EW(K9 then either' (u) ="' (v) =t 2 VW(K%, or' (u) 8 ' (v) and
(" (u);" (v)) 2 EW(K®)[ EG(K).

Note that we can use the second de nition to include the rst, by de ning V(F) =
VW (F) [ VB(F) in sucha way as to makethe colored-homomorphismlegal with respect
to the edgeset.

De nition 7 A CRG, K isinduc ed in anotherCRG, K , if thereis a colored-homomor-
phism' : V(K9 ! V(K) suchthat

' is an injection and
for any u;v 2 V(K9 for whichf' (u);' (v)g2 EG(K), thenfu;vg2 EG(K 9.
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De nition 8 A CRG, K, is an H-color ed regularity graph (H-CR G) for a heredi-
tary property H if, for everygraphJ 62H, there is no colored-homomorphismfrom J to
K.

Denote K(H) to be the family of all CRGs K suchthat for everygraphJ 62H there
is no colored-homomorphismfrom J to K. If there is no colored-homomorphismfrom J
to K, thenthis is denotal asJ 67 K. If there is a colored-homomorphismfrom J to K,
then this is denotel asJ 7! . K.

T
Obsene that if H = |,y Forb(H), then an H-CRG, K, is one sud that for all
H 2 F (H), there is no colored-homomorphisnfrom H into K.

1.4 Functions of colored regularit y graphs
1.4.1 Binary chromatic number

Previousedit distanceresultswere expressedn terms of the so-calledbinary chromatic
number, which can be viewed as an invariant on CRGs for which the edgesetis gray.

De nition 9 Let K (a;c) denotethe CRG with a white vertices, ¢ black vertices and all
edgesgray.

The binary chromatic number of a hereditary property H, denotel g (H), is the
least integer k + 1 suchthat, K (a;c) 62K(H) for all a;c suchthat a+ c= k+ 1. This
de nition meansthat g(Forb(H)) = g(H) for any graphH.

This quartity is too specic for our purposes. We needto introduce a function that
accourns for nongray edgesin CRGs.

1.4.2 The function f

Given a CRG, K, we de ne two functions. If K hask vertices, with the usual notation
for the edgesetsand the vertex sets,then let

fr(p) € k—lz[p(J'VW(K)J' + ZEW(K)j)) + (1 p) (JVB(K)j + ZEB(K)))]:

The function that de nes f¢ (p) was introducedin [1] and correspndsto equiparti-
tioning the vertex set of someG which is chosenaccordingto the distribution G(n; p) and
mapping the parts of the partition to the verticesof K. So,f represets the expected
proportion of edgesthat are changedunder the rule that if an edgeis mapped to a white
edgeor its endwertices are mapped to the samewhite vertex, then the edgeis removed
and if a nonedgeis mapped to a black edgeor its endwertices are mapped to the same
black vertex, then the edgeis added.

The function f (p), asa function of p, is a line with a slopein [ 1;1].
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1.4.3 The function ¢

The function gk (p) is de ned by a quadratic program. It correspnds not necessarilyto
an equipartition, but a partition with optimal sizes.

In order to de ne g, we rst de ne somematrices: Let W ¢ denote the adjacency
matrix of the graph de ned by the white edges,along with the rst jVW (K)j diagonal
ertries being 1 (corresponding to the white vertices) and the other diagonal ertries being
0. Let Bk denotethe adjacencymatrix of the graph de ned by the bladk edgesalong
with the last jVB(K)j diagonalertries being 1 (corresponding to the black vertices) and
the other diagonal ertries being 0. We de ne the matrix M ¢ (p) as follows:

Mk(p) = pWk + (1 pBxk:
With this, we de ne gk (p):

8
< min UMk (p)u

& (p):=. stou'l =1 (1)
' u 0:

If an optimal solution u®haszeroertries, then gk (p) = gk (p) for the CRG, K , induced
in K, whoseverticescorresmpnd to the nonzeroertries of u®. (Note that K may depend
on u?)

Lemma 10 For any CRG K, and any p 2 [0; 1], there existsa CRG K , whee K s

de ned asa CRG induced in K by the vertices which correspnd to nonzeo entries of u’,

suchthat gk (p) = gk (p) = m

We prove Lemma 10in Section3.2.

2 Results

2.1 General bounds

Theorem 11 is our main theorem, relating the functions f and g. For p 2 (0;1), the
notation G(n; p) is the random variable that represetts a graph on n vertices chosenby
a random processin which eat edgeis presen independertly with probability p. For
m 1, G(n; m) is the random variable that represets a graph on n vertices chosen
uniformly at random from all n vertex graphswith bmc edges.

T
Theorem 11 For a hereditary property H = - 4, Forb(H), let K(H) denote all

CRGsK suchthat H 674K for eachH 2 F (H). Then, d (H) &' lim,, Dist(n;H)= "

exists. De ne

f(OE inf fu(p and o E inf g (p):

K 2K (H) K 2K (H)

the electr onic journal of combinatorics 15 (2007), #R20 6



Then it is the casethat f (p) = g(p) for all p 2 [0; 1],

d (H) = maxf(p) = maxg(p);
and p (H) is the value of p at which f achievesits maximum. In addition, the function
f (p) = g(p) is concave.
Furthermore, for all p2 (0;1),

max fDist(G;H)g = f (p) oy o(n?);
G:e(G)=p(3) 2

andfor all > 0, Dist G n;p(}) ;H f(p) 5 n2, with prokability approaching1 as
n! 1.

Of course,by de nition, Dist(n;Forb(H)) = d (H) 5 + o(n?).

Remark: The main theorem of Alon and Stav [1] states, informally, that there exists
ap = p(H) sud that Dist(n;H) = Dist(G(n;p );H). Here, we compute the rst-
order asymptotic of the edit distanceand show that f (p) , is asymptotically the maxi-
mum edit distance amongall graphs of density p, and is achieved by the random graph
G(n; p(3)). Informally, Dist G(n;p(3));H =f(p) 5 + o(n?) and in the proof, we shaw,
that Dist (G(n;p);H) = f(p) 5 + o(n?) aswell.

In addition, Theorem 11 hasthe advantage that the edit distance can be computed,
asymptotically, without direct use of Szemeedi's Regularity Lemma. As we seein The-
orems 12, 13, 14 and 15, the function f (p) is very useful in computing the values of
(p (H);d (H)).

The method for computing (p ;d ) in this paper follows the samepattern for every
hereditary property.

Metho d for computing edit distance:
Upp er bound: Carefully choose CRGs, K%K %2 K(H) (possibly K®= K% and
compute maXgz jo;11 Min f g o(p); gk o p)g. This maximum is an upper bound for d (H).
Lower bound: Let p be the value of p at which the function minf gk o(p); gk o{p)g
achievesits maximum. For any K 2 K(H), we try to show that fx (p ) is at least the
upper bound value. If this is the case,then we have computedd (H); moreover, p (H) is
the p provided above. In order to do this, we usea type of weighted Turan theorem.

2.2 The edit distance of K+ Ej

We give a classof graphsin which neither the upper nor the lower bounds given by the
binary chromatic number hold.

Theorem 12 Leta 2andb 1 be positive integers. Let H = K, + Ey, the disjoint
union of an a-clique and a b-coclique. Then,
a 1

and p (Forb(K,+ Ep)) = m;

1
d (FOI‘b(Ka+ Eb)) = m
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i.e., Dist(n; Forb(K.[ Ep)) = " o(n?).

_1
atb 1 2

We note that (K4 + E,) = maxfa;b+ 1g and so Theorem 12 is an improvemert
over [4] in the casewhena & b+ 1. It is alsoan improvemen over Proposition 17, which
appearsbelow, in the casewhenb> 1 anda> 2. Alon and Stav [2] prove the casewhen
a= 3andb= 1, the complemen of the \claw," K.3.

2.3 A few specic graphs

In all known examplesof hereditary properties H, the point at which (p (H);d (H))
occurs is either the intersection of two curves gk o(p), gkodp) or is the maximum of a
single curve gco(p). In either case,eath CRG can be chosento be one with only gray
edges.

We computethe edit distanceof two hereditary propertiesthat demonstratethe com-
plexity of both p andd .

2.3.1 The graph Kgz3

The graph K33 hasd and p de ned by the local maximum of a single curve g o(p).

Theorem 13 The completebipartite graph K 3.3 satis es

p (Forb(Ks3)) = pi 1 and d (Forb(Ks3)) = 3 2IO 2:
Moreover, p is the local maximum of gk o(p), wheee K © consists of one white vertex, two
blackverticesand all gray edges.

It shouldbe notedthat neither p nord could be determinedfor this hereditary prop-
erty by the intersectionof a nite number of f curves, simply becausesud intersections
would occur at rational points. So,a sequenceof CRGs would be required. By using the
g curves, howewer, we needonly to usea single CRG.

2.3.2 The graph Hg

Here, the graph we construct is formed by taking C3 and adding a triangle. That is, if

the verticesaref0;1;2;3;4,5;6;7;8g,theni ji i j2f 1, 2g (mod 9) or both i

and j are congruert to 0 modulo 3. For notational simplicity, we call this graph Hg. See
Figure 1.

Figure 1: The graph H.
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An upper bound on d (Forb(Hy)) is de ned by the intersection of two curves, gk o(p),
gk o p), one of which correspndsto a CRG that hasoneblack edge. For this graph Hy,
it is impossibleto only considerCRGs which have all edgesgray. It was a folklore belief
that for every graphit is su cient to considerCRGs which have all edgesgray, Hg is the
rst exampleshawving that this belief is false.

Theorem 14 The graph Hg satis es

3 Ps
-

d (Forb(Hy))

Moreover, this value occurs at the intersection of gk o(p) and gk «p), where K ° consists
of two black vertices and a gray edgeand K “consists of four white vertices, a black edge
and 5 gray edges.

In the proof, we show that if only gray;edgeCRGs are used,then the upper bound on
d could benolessthan 1=5= 0:2,but .2 0:191. The lower bound, from Theorem3,
isd (Forb(Hg)) 1=6 0:167.

2.4 4-vertex graphs

In [2], Alon and Stav compute(p (Forb(H)); d (Forb(H))) for all H on at most4 vertices.
Exceptfor P;+ K, andits complemem, all sud graphsH areeither coveredby Theorem16
(seealso[4]) or are of the form K, + E, or K, + Ep, which is covered by Theorem 12.
Here we give a short and di erent proof, using Lemma 18, for P; + K, which consistsof
a triangle and a pendart edge.

Theorem 15 The graphP; + K, satis es

p Forb(Ps+ K;) = 2=3 and d Forb(P;+ K,) = 1=3:

3 Basic tools

3.1 Impro ved binary chromatic number bounds

Lemma 10, alongwith Theorem11, yields a proof of a somewhatbetter upper bound for
Dist(n; H), basedon the binary chromatic number.

Recallthat K (a;c) denotesthe CRG that consistsof a white vertices, ¢ black vertices
and only gray edges. If k = g(H) 1, then let ¢y, be the least ¢ sothat K (k
c;c) 62K(H). Let cnax be the greatestsud number. For H = Forb(H), there exists an
upper bound that can be expressedn terms of the binary chromatic number of H and
correspnding Cnin and Cnax.
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Theorem 16 ([4]) Let H be a graph with binary chromatic numter k + 1 and ¢, and
Cmax P2 de ned asalove. If Cnin  K=2  Cmax, then

dquH»:%?

Otherwise, let ¢y be the one of f Cyax; Cmin g that is closestto k=2. Then
0 1
1

d (Forb(H)) @ q 1 Al L
142 21 = K K

Proposition 17 improvesthis generalupper bound, not only trivially by extendingit to
generalhereditary properties, but alsoby improving the casewhen cnax = 0 Or Cyin = K.

Prop osition 17 Let H be a hereditary property with k + 1 = g(H) and ¢p; Cnax; Cmin
de ned analgyouslyto Theorem 16. The boundsin Theorem 16 hold for H. Furthermore,
if H 6 Forb(Ky+1), then

1

d (H) K+ 1

Note that d (Forb(Kg+1)) = % by Turan's theorem.

Pro of. If we restrict our attention to the CRGs in K(H) which are of the form K (a; ),
then Theorem 11 givesthat

. _ . pd P
dH) Ik oy F@a(P) = IR o ) all p)+cp

A word on why the \inf " is madeinto a\min": Recallthat if H = ! n2F 1y FOrb(H),
then K 2 K(H) meansthat H 67¢ K for all H 2 F(H). ChoosesomeHy 2 F(H). In
order for K 2 K(H), it must be the casethat Hy 67 K. But, there are only a nite
number of pairs (a; c) sud that Hy 67 K (a;¢). Indeed,Hq 7! K (a;¢) if eithera (Ho)
orc (Ho). Therefore,regardlessof H, there areonly a nite number of (a; c) for which
K(a;c) 2 K(H).

Supposethere exist di erent pairs (a;C) and (A; ¢) suc that a+ C= A+ c= k and
c k=2 C. Weboundd (H) by pr?[% min Ok (a:c)(P); Ok (ac)(pP) . If p< 1=2, then

C1 2p > c(1 2p)
Cl p+Cp < ¢l p+cp
k C)@1 p+Cp < (k 9 p+cp
al p+Cp < AL p+cp
K @c)(P) > Ik ac)(p):
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Similarly, if p> 1=2, then gk a;c)(P) < Gk (ac)(P). So, pg][% min gk (a.c)(P); Ik (ac)(P)

occursat the intersection of the two curves,which is (1=2; 1=(2k)).

Otherwise, let ¢y be the value of ¢ for which K (k c¢;c) 2 K(H) that is the closestto
k=2. Without lossof generality, assumethat ¢, = c< k=2. If ¢g > 0, then kpiand we
may bound d (H) by Ok x c:c0)(P), Which adchievesits maximum at p = pk_—"%fga and
this maximum is 0

1
A

Xl

(al
9

1+2

1

© 1 %

k K4
A

@ 2 ®
=

1 1
p——< ;
k+ 2 1 k+1

g 1_
1 k_

1+2 1

=

1
k
Finally, considerthe casewhen c, = 0. If there exists someK ( ; ) 2 K(H) with

1, then gk (. )(p) intersectsgk (.0)(p) at p = k" — and the value of ead function

at that point is h ﬁ vxihich hasequality only if = l1and = 0. If thereis
nosud K( ; ), then, with H =, ;) Forb(H), eatr H 7! K (0; 1). Therefore,eat
H is a clique and so the smallestonede nes H. The fact that g(H) = k + 1 requires
H = Forb(Kg+1).

So,d (H) & unlessH = Forb(Ky+1).

3.2 Proof of Lemma 10

Let u®be an optimal solution of (1) and, amongsud solutions, it is one with the most
number of zero ertries. Let K be a CRG that correspndsto u®. Let M (p) be the
asseiated matrix and u be the vector formed by removing the zeroertries from u® By
assumption,u is an optimal solution of

8
< min u™Mg (p)u

O (p:=. st:u™l =1 (2)
' u 0;

where from K the verticesthat correspnd to the deleted O coordinates of u® and the
correspnding rows and columnsof M ¢ (p) are removed. Furthermore, all ertries of u
are strictly positive.

SupposeM g (p) is not invertible, with M ¢ (p)x = 0 wherex 6 O andx™1 6 0. Then
rescalex sothat x"1 = 1. Choosean > Osudithat (1 )u + x hasall nonnegatiwe
ertries. This is possibleand is a feasiblesolution to the quadratic program (2), producing
the value

@ Ju+ ) "M @EE@ Ju+ x)=(@C ) Mg (pu;

which cortradicts the presumedoptimal value.
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SupposeM ¢ (p) is not invertible, with Mk (p)x = 0 wherex 6 0 and x"1 = 0.
Then rescalex sothat u + x hasnonnegati\e ertries and at least one zeroenry. This
is a feasiblesolution to (2), producing the value

(U +x)" "Mk (P (U +x)= () Mg (Pu;

but this cortradicts the valueof u becausehis vector haszeroertries. More zeroertries
can be appendedto createa solution of (1) which has more zerosthan u®

Therefore,we may assumehat M ¢ (p) is invertible. Note that both it andits inverse
are symmetric matrices. De ne the following vector: z := M (p) 1= 1"M¢ (p) 1.
Choose > 0 small enoughsothat both - (u + z) and & (u z) have all ertries
nonnegative. Sud an existsbecauseall ertries of u are positive.

Theseare eat feasiblesolutions and when 1# (u z) is placedin (2), it givesthe
value

Al ATMePE 2
= Gy M PU 2W) M Pz M ()2
e 2 MM )
L 21'Mk (p) M« (M (p) "1
(1™« (p) 11)°
= TV O+ gy o
= @MU+ (2% gy )M

F (U) Mg (Pu 6 1™M (p) 1 ' theneitheru + zoru  zisabetter solution

to (2) than u , a cortradiction.
So, (2), hence(l), hasvalue 1M (p) 1 .

4 Pro of of Theorem 11

Our proof hasthe following outline:
A. Show that every graph G onn verticesand p ;, edgeshasDist(G;H) f(p) 5 .
B. Show that f is cortinuousand soit adiievesits maximum.
C. Shaw that, for any xed pandfor smallenough,Dist (G(n;p);H) f(p) 5 2n?
for n su ciently large.
D. Shaw that g(p) = f (p) for all p.
E. Shawv that g(p) is concave.
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A: Upp er bound.

Recallthat f (p) = KZEQIEH)fK (p) and g(p) = KzinzH)gK (P).

Let G be an arbitrary graph on n vertices with p 2 edges. Let K 2 K(H) with
k = jVB(K)j+ jJVW(K)j. Wewill randomly partition V(G) into k piecesand deleteand
add edgesn amannerdeterminedby K . Foread v 2 V(G), randomly, and independerily
from other vertices, placev into V; with probability 1=k. Moreover, label the verticesof K

i andj in [K]:
If vi 2 VW (K), then deletethe edgesin G having both endpoints in V;.
If vi 2 VB(K), then add the non-edgesn G having both endpoints in V.

If fvi;v;g2 EW(K), then deletethe edgesin G having one endpoint in V; and the
otherin V.

If fvi;vjg 2 EB(K), then add the edgesin G having one endpoint in V; and the
otherin V.

If there is an induced copy of H in G° then there is a colored-homomorphisnfrom H to
K. SinceK 2 K(H), thereisnoH 2 F(H) for which H 7!. K. Thus, G°2 H.

The probability that an edgeis deletedis (jVW (K )j + 2JEW(K )j)=k? and the proba-
bility that a nonedgeis addedis (jVB(K )j + 2JEB(K )j)=k2. Therefore,expected number
of changesis

n jVW(K)j+ 2JEW(K)j N
2 k2

n jVB(K)j+ 2JEB(K)j

R . = k()  :

This implies that there is a partition which results in at most fi (p) , changesin
order to transform G into someG°2 H, i.e., Dist(G;H)= 5 fk (p). Sincethis is true
for any K 2 K(H), Dist(G;H)=} infx 2k 1y F (P) = T (P).

B: Continuity of f.

We di er slightly from Alon and Stav in their approad in [1] to ensurethe cortinuity of
f . For terminology and citations of the theoremsbelow, seechapter 7 of Rudin [22].

The set K(H) is courtable sincethe set of nite CRGs is courtable. Therefore, we
can linearly order the menmbers of K(H) asK;;Ky;:::.. Let my(p) = min; ,fg,(p) and
f (p) = inf; fx,(p). Sinceead f, (p) isaline with slopein [ 1, 1], eatcy m,(p) is Lipschitz
with coe cient 1. So,f m,g forms an equicorinuous, pointwise boundedfamily. As sud,
f m,g hasa uniformly corvergen subsequenceThe limit must, therefore, be cortinuous.
Sincem, ! f pointwise,this limit is f (p).

Sincef is cortinuous, it achievesits maximum in the closedinterval [0; 1]. Therefore,
Dist(n;H)  maXyo.1;f (p). De ne p sothat f (p ) is this maximum. Note that if some
lines are horizortal then p is not necessarilyunique.
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C: Lower bound for the random graph.

Fix p2 (0;1) and > 0. Let S = S(; H) the function provided by the generalization
of the Regularity Lemma, cited as Lemma 2.7 in [1]. The proof belowv follows ideas
similar to thosein [1]. Let G G(n;p). A routine application of the Cherno bound
(see[16]) givesthat the probability that every equipartition of V(G) into k S pieces
Vi[ [ W hasthe subgraphsG[V;] and the bipartite subgraphsG[(V;;V;)] with density
in(p n %;p+ n %4 for all distinct i;j 2 [K] is at most expf  ( n'?)g, with pand S
xed. Choosen to be large enoughfor sud a graph to exist and chooseG to be onesut
graph.

Let G°2 H havethe property that Dist(G; G% = Dist(G;H). Apply the generalization
of the Regularity Lemmato G° with parameters andm = 2 . ThereisanS = S(; H)

sud that thereis an equipartition of the vertexset: V(G% = ;[ [ Vi, withm k S.

Ead pieceis of sizeeither L © pn=kc or dn=ke.

The graph G%is constructedfrom this partition in sucd away asto ensurethat G°V;]
is either an empty or complete graph and either dgolVi;V;) = 0 or dgo(Vi;Vj) = 1 or
=2 deVi;Vj) 1 =2. This is doneby deleting edgesfrom sparseclustersand pairs
and adding edgesto denseclustersand pairs. Consequetly, Dist(G%G% < ( =2)n?.

i G°V] is fempty;completegy and fvi;vig is fwhite;blackg i fdgofVi;Vj) = 0,
deoVi; V) = 1g; otherwise fv;;v;g is gray. If there is a colored-homomorphismfrom
H 2 F(H) to K, then the construction of G®ensuresthat H is inducedin both G®and
G® Therefore,K must bein K(H).

Sincethe distance between graphsis simply a symmetric di erence of edges,we see
immediately that the triangle inequality applies:

Dist(G: GY Dist(G;:G% Dist(G* G%
Dist(G;G% (=2)n?

L L. . L L. .
p n% , IVW(K)+ 1 p n %4 5 IVB(K)]

+ p n% LIGEWK)j+ 1 p n % LIEB(K)] (=2)n?

1 . . . . (n k)}(n 2k)

F(pJVW(K)j*‘(l P)IVB(K)J) 2 n(in 1)
- H 1 i k2

+k—12(pJEW(K)J+(1 PIEB(K)I) 2 r(1r(]n )1)

r]1:6 n1:6 _ ]

S 5 (=2)n*
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For n large enough,

i 1 . : . N 3k
Dist(G;GY) S (AVW(K)j+ (@ PIVB(K)) , 1 —
1 . : . on %k 3,
tiz (PEW(K) + (1 pIEBK)) , 1 = n

n
fk (p) ) nZ:

So, for ead suciently small > 0, the probability that G G(n; p) satis es
Dist(G;H) f(p) 5 n? approaheslasn! 1.

The only place whererandomnesss usedabove is to shav that, with respect to any
equipartition with k S parts, the density of the pairs is closeto p. This is true for
G n;p(3) aswell, thereforewe concludethat for all su ciently small, the probability
that G G n;p(3) satisesDist(G;H) f(p) n? approaciesl asn! 1 .

Thus, f(p) is the supremum of Dist(G;H) for graphs G of density p and

Dist(n;H)=" =f(p) ofl).

D: Equalit y of f and g.

We addressthe g functions. Recalling (1),

8

< min WM (p)w
()=, st w'l = 1

' w 0:

If K hask vertices,then w = 11 is a feasiblesolution, and gk (p)  f« (p) for all

k
p2[0;1]. Thus,g(p) f(p).
Fix p2 [0;1] and 2 (0;1) and choosea K 2 K(H) sud that g« (p) g(p) + =2

strictly positive ertries. We will nd a CRG, L (for which the * clusters are equally
weighted), that will appraximate the weighted versionof K . Set™ > 5k 1. Construct a
CRG, L, on " verticessud that there are bu; c or du; e copiesof vertex x; of K in the
natural way: Let y°be a copy of x; and y°°be a copy of x;. The vertex y° hasthe same
color asx; and y®®hasthe samecolor asx;. If i 6 j, then fy© y°y hasthe samecolor as
fxi;xjg. If i = j, then fy©®y°y hasthe samecolor as vertex x;.

Lettr= (du;’ e:::;duc € andd = & “u . Hence,coordinatewise,0 d k1. We
can upper bound the f function of L:
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LM« (e

fL(p)
= Leu+d) M (Cu +d)

2 1
= (u)'Mg (Pu + <u Mg (p)d+ Zd"M (p)d

g (p)+ 2(u)TIL+ 5173

k

= g M+ Xy K1

2
= (p)+ik+5;

whereJ is the all onesk k matrix. Sincek="< =5< 1=5, it istrue that 2k="+ k?="2 <
=2. Therefore,

F) fuP<g P+ 5<9P+
forall 2 (0;1), yielding f (p) = g(p).

E: Concavity of f(p).

A function h is concave on an interval domain if, whenewer a and b are in the domain of
h,thenh(ta+ (1 t)b th(a)+ (1 t)h(b forallt 2 [O;1].
For the function f , the in m um of linear functions,

f(ta+ (1 t)b inf ffc(ta+ (1 tbhg= inf ftic(@+ (@ Ofx(bg
) K 2K (H)

K 2K (H

t KZIQIEH)ffK(a)g +(1 1) KZIQIEH)ffK(b)g
tf (@) + (1 t)f (b):

This concludesthe proof of Theorem 11.

5 The computation of p and d for specic families

Let t(n; k) denotethe number of edgesin the Turan graph on n verticeswith no clique of
order k + 1. The following is a result of elememary computation:

2

k 1n?2 Kk k 1n2 non
k k k

k2 8 MOTT

n
k k 2
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5.1 General approach

To prove upper boundson d , we use (1) and choose CRGs whose curves intersect at
(p ;d) or acurve that achievesits maximum at (p ;d ).

To prove lower boundson d , we needto usea weighted Turan approad which seems
to be quite di cult in general. To seea simple application of the weighted Turan method,
we provide a very short proof of the lower bound in Theorem 3 below:

Let H be a graph with binary chromatic number g andlet K be any CRG for which
H 67! K. This immediately implies that K corntains no clique of order g + 1 whose
edgesare all gray.

In particular, this impliesthat EG(K) t(k; g). Setting p= 1=2, we seethat

1 1. o 1 o .
f@=2) = 15 5 (VW(K)j+ ZEW(K)) + 5 GVB(K)] + 2EB(K)))

1 k. o .

= i §+(JEW(K)J+JEB(K)J)

1 k K

12 §+ 5 t(k; )

1 1

> pt(k; B)

1 5 1_ 1,

2 28 253’

and this provesthe lower bound of Theorem 3.

5.2 Edit distance of K5+ Ep
5.2.1 Upp er bound

Here, we chooseK °to have jVW(K9j = a 1, jVB(K9j = 0 and all edgesgray. Fur-
thermore, we chooseK °to have VW (K%j = 0, jVB(K%j = b and all edgesgray. It
is easyto seethat both K, + Ep 67 K%and K, + E, 67 K% An easycomputation
givesthat gk o(p) = a—pl and gg op) = l—bp The intersection of the two functions is at the
point (p;d) = :2.%; 45 . Moreover, the fact that minf g« o(p); gk «{p)g is strictly
unimodal, meansthat our proof below that g(p) d meansthat p is the unique value
at which g(p) achievesits maximum.

5.2.2 Weighted Turan lemma

The following lemma can be consideredto be a generalizationof Turan's theorem. That
is, if from Lemma 18 we only apply condition (1) but not condition (2), then the answer
is a basicconsequencef Turan.

Lemma 18 Leta 2andlet K be a CRG with the property that any setA of a vertices
has at least one of the following conditions:
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(1) A contains at least one white edge,
(2) A contains a spanning sulgraph of black edges.

Then I m
(a 1EW(K)+ EB(K) E(n a+1) :

Pro of. We x anintegera 2 and proceedvia induction on n. The basecase,n ais
trivial.
Now, we assumethat any CRG, K° on s < n verticesthat satis es the conditions of
the lemmahas(a 1)EW(K9+ EB(K9 d(s=2)(s a)e
Let K bea CRG on n vertices. If it consistsof only white edges then
n In m
(a 1EW(K)+ EB(K)=(a 1EW(K)=(a 1) 5 E(n a+1) :

Let V(K) S be amaximal set of verticesthat doesnot spana white edge. We may
assumethat S 6 ; becauseotherwisethe minimum black degreeis at leastn a+ 1,
proving the claim of the theorem. By the maximality of V(K) S, for any s 2 S there
existsat 2 V(K) S sud that st 2 EW(K). Moreover, sincethere is no white edge
in V(K) S, vertex s hasat mosta 2 gray neighborsin V(K) S. Otherwise, s and
a 1gray neighborsin V(K) S will violate both conditions.

The total weight of K is asfollows:

In the CRG induced by the vertex subset V(K) S, the weigh is at least
dn jSj)(n S} a+ 1)=2e, by induction.

In the CRG induced by the pair (S;V(K) S), eath s2 S hasat least one white
neighbor and at mosta 2 gray neighbors, sothe weigh from sinto V(K) Sisat
least(a 1)+ (n S} (a 2) 1)=n |Sj. Sothe weight is at leastjSj(n |Sj).

In the CRG induced by S, the total weight is at least d(jSj=2)(jSj] a+ 1l)e, by
induction.

Adding thesetogether, the proof is complete.

Remark: Note that equality holdswhenS = ; (i.e, there is no white edge)and the gray
edgesform a graph that is either (a 2)-regularor hasn 1 verticesof degreea 2 and
onevertex of degreea 3, depending on divisibilit y.

5.2.3 Lower bound
Fix p = 2 11. Let K be any CRG for which K, + E, 674 K. To simplify notation,

de ne KWa+t(b) be the CRG induced by VW (K). First we will give a lower bound on
pJEW(K)j+ (1 p)EB(K);.
In the bipartite CRG inducedby (VW (K); VB(K)), all edgesmust be blad, other-
wiseK, + E, 7! K. Theseedgescortribute a weight of (1 p )jVW (K)jjVB(K)j.
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In the CRG inducedby VB(K), ead setof b+ 1 verticeshasat leastoneblack edge
in the CRG they induce, otherwiseK ;+ E, 7! . K. The a-clique mapsto onevertex
and the b-coclique mapsto the remaining b blackyertices. By Turan's thgorem,

theseedgescortribute a weigtt of at least(1 p) VBV t(jVB(K)j;b) .

In the CRG induced by VW (K), considera set of a vertices. If there is neither a
white edgenor a spanningsubgraphof black edgesthen the verticescan be labeled

inducesa CRG with all edgeseither gray or black.
In this case,map the b-coclique to v; and the a verticesof the clique to vy;:::;Va.
This exhibits the fact that K, + E, 7! K. We will apply Lemmal8to Ky . As a
result, theseedgescortribute a weight of at least

PIEW(Kw) + (1 p )EB(Kw)]
= 1 @ DEW(Kw)j+ BEB(Kw)]

a+b 1

a+tb 1 [(a L)JEW(Kw)j+ JEB(Kw)]]
1 jVW(K)j,. . _

2 b 1 > (GVW(K)} a+1) :

The remaining edgesof the CRG cortribute the following to the weigh:

@ pivwiveri+ @ p) P gvoi
e ivweoivei+ b VRN gveaan
1 . . . jJVB(K)j?2 BVB(K)j
2+ b 1 BVW (K)jjVB(K)j + > >

Computing fk (p ) gives, by de nition,

fk(P) = k—lz(p (VW(K)j+ ZEW(K)j)) + (1 p) (GVB(K)j+ ZEB(K)j))

a5 e (@ DIVWOK) + BVB(K)j + 265VW (K)jjVB(K)
+HIVBOR  BVB(K)] + VW (K)IGVW(K)]  a+ 1)
= b mie HVWIK)IVB(K)]+ IVB(K)I? + VW (K)P?
= m K2+ 2(b  LjVW (K)jVB(K)j
1 .
atb 1
Therefore,d (Forb(K + Ep)) = £ and p (Forb(Ka + Ep)) = 2-5.
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5.3 Edit distance of K33
5.3.1 Upp er bound

The Young tableau in Figure 2 diagramsthe valuesof (a;c) for which K33 67} K (a;c)
and Figure 3 givesthe graph of K (1; 2) with the regionit de nes shaded.

d
0.20
0.15 /
0.10
¢ 005 /.
012
0
a ’ P
1 02 04 06 08 10
Figure 2. The Young Figure 3: The graph of gk 1.2)(p).

tableau of (a;c) for
which K3;3 67/ K (a;C).

Here, we chooseK ° to have jVW(K9j = 1, jVB(K9j = 2 and all edgesare gray.
That is, K= K(1;2) and it is easyto seethat K33 674 K°. We can use Lemma 10

to compute that geo(p) = PP, The maximum of this function on [0; 1] occurs at

(p;d)= 2 1,3 2 2.

5.3.2 Lower bound

Fix p = p§ 1. Let K be any CRG for which K33 674 K. For simplicity of notation,
de ne Kg to be the CRG induced by VB(K). First we will give a lower bound on
PJEW(K)j+ (1 p)EB(K)j.
In the CRG induced by VW (K ), all edgesmust be white, otherwiseK 3.3 7! K.
Theseedgescortribute a weight of p VW) |
In the bipartite CRG inducedby (VW (K);VB(K)), if thereis a triangle fby; b»; g
in VB(K) that hasall edgeswhite or gray then, for every w 2 VW (K), fh;wg is
white for at leastonei 2 f1;2; 3g. Otherwise, K33 7! K.
Sincethere must be a white edgebetweenewery white/gray triangle in VB(K) and
ewery vertexin VW (K), let C  VB(K) beaminimum-sizedvertex setthat cortains
a vertex from ewery triangle with no black edgesin Kg. Theseedgescortribute a
weight of at leastp jVW (K)jjCj.
Let Kgc denotethe CRG inducedby VB(K) C. In Kg, there canbe no triangle
with all edgesgray, otherwiseK 3.3 7! K. By the de nition of C, in Kg,c there can
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be no triangle with all edgeswhite or gray. Theseedgescortribute a weight of at

least
minfp:1 pg JVBéK)J t(VB(K )j: 2)
+1 2minfp;1 pg) JVB(KZ) <l t(GjVB(K) Cj;2)

Sincep < 0:5,p JEW(K)j+ (1 p)JEB(K)j is at least

JYW(K)j
2

jVB(K)j?  2)VB(K)]

+p VW (K)iC + p ;

iVB(K) Cj2 2jVB(K) Cj

+(1 2p) 7]

A lower boundon fy (p ) gives

fk(p)k? = p (GVW(K)j+ 2EW(K)j)+ (1 p)(VB(K)j+ 2EB(K)j)
JVW (K)j
2
jVB(K)j?  2jVB(K)j
4
jVB(K) Cj2 2jVB(K) Cj
4
(1 2p)iCj+ pjVW(K)j*+ 2p jVW (K)jiCj

pPIVW(K)j+ (1 p)iVB(K)j+ 2p

+2p VW (K)jiCj + 2p

+2(1 2p)

1 p. . . 1 2

+ 2p JVB(K)j? (1 2p)jVB(K)jiCj+ P ic?

. L, 1 p. .

pIVW ()2 + =2 VB (K))?

1 2. .. . . : . p . .
*——IC G VB(K)i+ 4 2 JVW(K)j 3)

All that remainsis to verify that the expressionsn (3) is at most & pp k2, We need

to divide this into two cases.First, assumegVB(K)j 122.0 JVW (K)j. In this case,the
value of jCj that minimizes (3) isjCj = 0,

P

| L1 p. |
f(p)k®  pVW(K)}* + ———jVB(K)j* |
1 p*,1p 2 7,
P Top 2 1+p
- PP o
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becausethe minimum occurs at jVB(K)j = ffp k. Second, assumejVB(K)j
12pzp VW (K)j, i.e, JVB(K)j  2p k. In this case,the value of jCj that minimizes (3)

isjCj = jVB(K)] -22—jVW (K);:

1 2p
. , 1 p. . »n . . 0 ?
f(PIKE pIVWK)Z+ = PVB(K)PZ == JVB(K)] VW (K)]
p
B 2(p )% . L P . 5 : , :
= P 3 2 JVW(K)j= + §JVB(K)J + 2p VW (K)jjVB(K)j
2(p )? . L P _
— 2 2 P 2.
= pk 1 2|OJVW(K)J 2JVB(K)J-

This expressionis minimized at the endpoints obthe domain of jVB(K)j. For
jVB(K)j = k, we have & 0:207> BE-P) =3 272 0:172. For the other end-
point, jVB(K)j = 2p k, we have

ik pke 20X apyue Bepyi= poo2p)i+ 2p) K

1 2p
This givesfk (p) 157 21 0213> Péip“ -3 2’2 o172 )
To summarizeldf (p) BEPL=3 22 Therefore,d (Forb(Kss) =3 2 2and

p (Forb(Ks3)) = 2 1.

5.4 Edit distance of Hg
5.4.1 Upp er bound

The Youngtableau in Figure 4 diagramsthe valuesof (a;c) for which Hg 67¢ K (a;c). To
seethis, we can exhibit the following partitions of V (G):

3 cliques: ff0;1;2g;f3;4;5g;f6;7;839

1 coclique, 2 cliques: ff 2;79;f8;0; 1g;f 3;4;5; 699
2 cocliques, 1 clique: ff 1;4;7g;f2;5;8g;f0;3; 699
4 cocliques: ff1;4;7g;f0;5q;f3;8g;f2; 690

Moreover, it is easyto seethat the largestclique of Hg is 4 and the largest coclique is 3.
So0,Hg 67¢ K(0; 2); K (1;1). Sincethere are only two cocliquesof size3, Hg 674 K (3;0).

Figure 5 givesthe graphsof g (0:2)(P), Gk (3:0)(p) aswell as gg o(p) for the K ®°de ned
in the theorem. The regionthey de ne is shaded.

Recall that K ©satis es jVW (K %j = 4, jVB(K%j = 0, one black edgeand 5 gray
edges. SeeFigure 6. The graph Hg has only two cocliquesof order three: f 1;4; 79 and
f2;5;8g. The vertices that remain, f0; 3;6g, form a clique. So, any partition of the
verticesof Hg into cocliquesthat usesboth of these 3-cacliques, requires5 piecesto the
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0.20
0.15 _
. - )
012
0 | 0.05
al : N
2| |
3| 02 04 06 08 1.0
Figure 4. The Young Figure 5: The graphsof the gk (p) relevant to Hyg.

tableau of (a;c) for
which Hg 67 K (a;0).

(=)
()

Figure 6: The coloredregularity graph K ®©

partition. As a result, if there were a colored-homomorphisnfrom Hg into K %9 it would
partition the verticesinto one coclique of order 3 and three cocliquesof order 2.

Assumingsud a colored-homomorphismnexists, we assumewithout lossof generality,
that one of the cocliquesis f 1;4; 79. The vertex 0 is only nonadjacemn to 5. The vertex
3 is only nonadjacen to 8. The vertex 6 is only nonadjacen to 2. Therefore, the only
partition that can witnessthe colored-homomorphismis ff 1;4; 7g;f 0; 5g; f 2; 6g; f 3; 8gg
Betweenevery pair of thesecocliquesis a nonedge.So, no pair of them could be mapped
to endpoints of the black edgeof K ° Therefore,Hq 674 K ®

We can use Lemma 10 to concludethat ggo(p) = 1—2p and gk odp) = z(l—ﬁp) The
intersectionis at the point (p;d) = %; 3%)5 .

Thus, the upper bound obtainedby d pry[% (a;c):Kr(g;lQZK " Ok (a:c)(P) would be 1=5 =

0:2, achieved by the intersectionpof Ok (0:2(P) = 1—2"’ and gk s;0(p) = §. But, aswe can

seeby Figure 5, the valued = % 0:191 provides a better upper bound.

5.5 New pro of of the edit distance of P3+ K,

Alon and Stav [2] computed(p ; d ) for hereditary propertiesde ned by graphson at most
4 vertices. This paper has alsodoneso, as a corollary of our results, with the exception
of Forb P3;+ K; . Weinclude a computation of the value of (p ;d ) asan application of
our technique and to demonstratethe versatility of Lemma18.
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5.5.1 Upp er bound

Here, we chooseK °= K (0;1) and K = K (2;0). Recallthat P; + K is a triangle with
a pendart edge.lt is easyto seethat both Pz + K, 67 K°%and Pz + K, 67§ K% We can
useLemma10to concludethat gco(p) = 1 pandgkep) = 5. The intersectionis at the
point (p ;d )= 2;1 . Clearly, this p is unique becauseg(p) < 1=3 for all p6 2=3.

313

5.5.2 Lower bound

Fixp = % Let K beany CRG for which P; + K, 674 K. For simplicity of notation, de ne
Kw to be the CRG induced by VW (K). We will give a lower bound on p JEW(K)j +
(1 p)IEB(K);.
In the bipartite CRG inducedby (VW (K); VB(K)), no edgescanbe gray, otherwise
Ps+ K1 7!'. K. This cortributes minfp ;1 p gjVW (K)jjVB(K)j.
In the CRG induced by VB(K), no edgescan be gray, otherwise P3;+ K
7'¢ K. This cortributes minfp ;1 p g V<) .
In K, considerany subsetof 3 vertices. If there is neither a white edgenor a pair
of black edges,then it is possibleto map the vertices of P; + K, into those three
verticesso that ead vertex of the triangle is mapped to a di erent vertex and the
pendart vertex is in the vertex incident to the two gray edges. This cortributes

pEW(Kw)+ (1 p)EB(Kw).

To summarize,usingp = 2=3 and Lemma 18, we have

PIEW(K)i+ (1 p)IEB(K)]
JVB(K)j 1

3 VW (K)jiVB(K)j + 5 +§(21EW(KW)J+JEB(KW)J)

1 . . . jVB(K)j 1 jVW(K)j .. _
> vwejvegj+ B 2 N G o)

- - - .2 - -

_ % VW (K )ji VB(K )j + JVBéK)J +JVW(K)J 2ZJVW(K)J

Now we give a lower bound on f¢ (p ):
f (p)k? p (GVW(K)j+ ZEW(K)j) + (1 p)(VB(K)j+ 2EB(K)j)
2, .1 .2, N :
3 VW(K)I+ ZIVB(K)I + 5 (VW(K)JVB(K)]
. IVB(K)IZ jVB(K)j , JVW(K)j* VW (K)]
2 2
_ 1 - .2 - e . . 2 _ 1 2.
= 3 JVW (K)j= + 2)VW (K)jjVB(K)j + jVB(K)jc = §k :
So, comparing with the upper bound, d (Forb(P; + K;)) = 1=3 and since g(p)
minf gk o(p); gk (p)g < 1=3 for all p & 2=3, it is alsothe casethat p (Forb(Ps; + K;)) =
2=3.
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6 Conclusions

6.1 Observations on functions f and g

The function f ¢ (p) is invariant under equipartitions of V(K ). To seethis, let K beformed
by partitioning ead vertex of K into c pieceswith the colors of vertices and edgesbe
the natural coloring inherited from K. As a result, jJVW (K)j = ¢VW (K)j, jVB(K)j =
¢VB(K)j, JEW(K)j = GJEW(K)j+ 3 j[VW(K)jandEB(K)j = GEB(K)j+ ;3 jVB(K)j.
Thus,
L [
fe(P) = 5z PAVB(K)j+ ZEW(K)) + (1 p)(VW(K)j + ZEB(K)) = T (P):

The sameis true for g« (p) and g.(p). Any feasible solution, u of the quadratic
program that de nes g« (p) can be made into a feasible solution, & of the quadratic
program that de nes g, (p) by arbitrarily distributing the weight of one vertex in K to
the verticesin K to which it correspnds. It can be seenthat, if M (p) is the matrix
correspnding to K and M (p) is the matrix correspnding to K, then u™M (p)u =
"M (Pt

The function g is more exible, howewer. It is not only invariant under equipartitions
but it isinvariant under arbitrary partitions. To seethis, construct an equivalencerelation
on the verticesof a CRG, K, in which verticesu and v are equivalert if u, v and f u;vg
are all the samecolor and, for all w 2 V(K) fu;vg, fu;wg and fv;wg are the same
color as eath other.

If K isa CRG and Ky is the CRG induced by the equivalencerelation on K, then
ok (P) = gk,(p). Therefore,in the computation of g(p), onemay ignore CRGs which have
nontrivial equivalenceclasses.

6.2 Open questions

Investigating Proposition 17, is there a more corveniernt expressionfor the upper
bound basedonly on the Young diagram (seeFigures 2 and 4) of the set of CRGs
fK(a;c):H 670K (a;c);8H 2 F(H)g?

To compute the edit distanceis hard. We do not ewen have a sharp result for
Forb(K n:n), whereK ., is an arbitrary completebipartite graph.

The precisevalue for d (Hg), where Hg is de ned in Theorem 14, is unknown,
but we conjecturﬁt_hat the upper bound is correct and we further conjecture that
p (Forb(Hg)) = ( 5 1)=2. T

Every hereditary property H canbe expresseds |, ,¢ 4y Forb(H) for somefamily
of graphs F (H). In computing edit distance, it may be that some menbers of
H 2 F(H) are unnecessaryewen if they are necessaryto de ne the family. I.e,
for hereditary property H, what are the maximal properties H® H sud that
d(HY=d(H)?

For example,the StroRg perfect graph theorem [11] statesthat perfect graphsare
characterizedby P = |, , Forb(Cuu1)\ Forb(Ca+1) . But, it is not dicult to
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useTheorem16to show that d (P) = d (Forb(Cs)) = 1=4, asobsened by Alon and
Stav [1].

Our proofs of the lower boundsfor d (Forb(H)) forH = K, + E,or H = K33 are
cumbersomeand cannot assumethat the total number of verticesin ead of the
forbidden CRGs is boundedby any function of H. Is there a better way to compute
the lower bound? Is there a function of H sothat we needonly to considergk (p)
for K whoseorder is boundedby said function?

Finally, the edit distanceis unknown for most hereditary properties. So-calledunit
disk graphs (UDGs), see[17], de ne a hereditary property but the family F is not
known. It is easyto seethat K ;.; cannot occur as an induced subgraphin a UDG.
(For somede nitions of the unit disk graph, K 1.¢ is forbidden also.) We beliewe that
a small family of sudh forbidden induced subgraphswill be enoughto determinethe
edit distancefrom the family of UDGs.

For any graph H, both p (Forb(H)) and d (Forb(H)) can be consideredinvariants
of graph H. Being ableto computetheseinvariants even for somegiven xed graph
seemdo be quite di cult in general.
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