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Abstract

Isogonal polyhedra are those polyhedra having the property of being vertex-
transitive. By this we meanthat ewery vertex can be mapped to any other vertex
via a symmetry of the whole polyhedron; in a senseevery vertex looks exactly like
any other. The Platonic solids are examples,but theseare bounded polyhedra and
our focus hereis on in nite polyhedra. When the polygons of an in nite isogonal
polyhedron are all planar and regular, the polyhedra are also known as sponges,
pseudomlyhedra, or in nite skew polyhedra. These have been studied over the
years, but many have been missedby previous researtiers. We rst introduce a
notation for labeling three-dimensionalisogonal polyhedra and then show how this
notation can be combinatorially usedto nd all of the isogonal polyhedra that can
be created given a speci ¢ vertex star con guration. As an example, we apply our
methods to the f 4; 5g vertex star of v e squaresaligned along the planesof a cubic
lattice and prove that there are exactly 15 such unlabeled spongesand 35 labeled
ones. Previous e orts had found only 8 of the 15 shapes.

1 Intro duction

Convex polyhedra with regular polygons as facesand with all vertices alike have been
known and studied since antiquity. The oneswith all facescongruent are called reg-
ular or Platonic, while allowing di erent kinds of polygons as facesleads to uniform
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or Archimedean polyhedra. The aim of the presem note is to study the analoguesof
these classical polyhedra obtained by replacing \convex" with \aooptic" (that is, self-
intersection free) as well as admitting in nite numbers of faces. Sut polyhedra have
beenstudied in the past. The best known examplesare the three regular Coxeter-Petrie
polyhedra [7], in which six squares four regular hexagonsor six regular hexagonameetat
eah vertex. Howeer, even though thesetypesof polyhedra have a long history of study,
a consistem notation and descriptive terminology remains lacking. We hope to provide
sud a framework here. After having doneso, it will then be possibleto give a coheret
review of the previousreseart, which we do in Section5. (We note, however, that our
methods apply equally well to non-acopticpolyhedra; our decisionto limit ourseheshere
to acoptic polyhedrais doneprimarily for reasonsof visual clarity: in nite polyhedrathat
are non-acopticwrap around themsehesin hopelesslyconfusingshapes. We de nitely do
not intend to imply that non-acopticisogonalpolyhedraare lessmathematically valid for
study. Indeed, one of us has reported on non-acoptic isogonal prismatoids in previous
work [16]).

The meaning of \v erticesthat are all alike" can reasonablybe interpreted in seweral
ways. On the one hand, it can be taken as saing that the star of eat vertex (that is,
the family of facesthat cortain the vertex) is congruen to the star of every other vertex.
Another possibleinterpretation is that the polyhedron hassu ciently many symmetries
(geometricisometries)to make sure that ewvery vertex star can be mapped to any other
vertex star by a symmetry of the whole polyhedron. This is the de nition of an isogonal
polyhedron. One can hazardto guessthat the ancients had the former meaningin mind,
while the isogonality condition is frequerily imposedin more recen discussions.(There
are other interpretations as well, but they are not relevant to our presen inquiry.) Al-
though the two conceptsof \alik " are logically distinct, they lead to the samefamily
of v e regular (Platonic) polyhedra. (We note that here, and throughout the sequel,we
considertwo polyhedra as being the sameif one can be obtained from the other by a
similarity transformation.) But for polyhedra often called \Arc himedean" or \uniform"
the situation is di erent. Requiring that the vertices form one orbit under symmetries
(uniform polyhedra) yields one polyhedron fewer than if only congruenceof stars is re-
quired (Archimedeanpolyhedra); the \additional* oneis the pseudorhombicuixtahedron,
also known as \Miller's mistake.”" (Many preseftations commit the error of con ating
the two meanings[17].) For in nite acoptic polyhedra with regular polygons as faces,
the di erence betweenthe two de nitions is analogousto that between nite uniform
and Archimedeanpolyhedra, but in the in nite casethe two notions entail even greater
di erencesthan in the nite case.

In order to make our exposition precisewe needto introduce se\eral conceptsand an
appropriate notation.

Platonic polyhadra are those with congruen regular corvex polygons as faces, and
congruen vertex stars. The family of all sud polyhedra having p-gonsas facesand q
facesin ead vertex star will be denotedby P (p;q). Here, and in the caseof the other
families we consider, if the speci c value of p or g is not relevant to the discussion,we
replaceit with ; for example,P(4; ) denotesthe family of all Platonic polyhedrawith
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squarefaces. Additional restrictions, sud as nite, in nite, or corvex, can be indicated
using the particular words. We shall be interestedherein a subsetof Platonic polyhedra,
the isogonal Platonic polyheadra. The family of all sud isogonalPlatonic polyhedra will
be denotedby Pf p;qg, and is a subfamily of P(p;q). In this notation, the three Coxeter-
Petrie polyhedraare in nite membersof Pf 4; 6g, Pf 6;4g, and Pf 6; 6g, respectively.
Similarly, Archimedean polyhedra have, as faces,convex regular polygonsof at least
two kinds, and congruen vertex stars. Assumingthe g facesin ead vertex star have,

polyhedrawith all vertex stars equivalert by symmetriesof the polyhedron. With these
de nitions the pseudorhonbicuboctahedronis seenas belongingto A(3;4; 4;4) but not
to Af 3;4;4;4g. Note that since Platonic polyhedra must have all polygons alike and
Archimedeanpolyhedra must have at least two di erent kinds, the two families are dis-
joint. This latter point simpli es the discussion.

To attain somefamiliarity with thesede nitions, let us considerthe particular case
of four squaresincidert with ead vertex; that is, the family P(4;4). It is easyto verify
that the only possiblevertex stars consistof two pairs of coplanarsquares,nclined at the
commonedgesof the pairs at anangle to ead other, where < < (seeFigure 1a).
Moreover, the only vertex star possiblefor ead of the verticesat the endpoints (the distal
vertices) of the commonedgesjust mertioned is a straight cortinuation of that edge,so
that the polyhedron must cortain two-way in nite strips of squares(Figure 1b), meeting
at the angle . Hencethe whole polyhedronis characterized by its intersection with a
plane perpendicular to the commondirection of all the in nite strips. A few examples
with = =2= 90 are showvn in Figure 2. The polyhedrathat correspnd to (a) and
(b) arein Pf4,;4g, while the onesin (c) and (d) are in P(4;4), but not in Pf4;4g. In
fact, it is easyto prove that the three polyhedrain (a) and (b) of Figure 2 are the only
onesin Pf4;4g, but that in nite sequencesf zerosand ones(using sequencesf no more
than two consecutie zerosor ones,to maintain the acoptic property) may be represeted
by Platonic polyhedra of the typesin (d) { therefore P(4;4) cortains in nitely many
menbers.

The above short discussiondescrited all polyhedrain which ead vertex star cortains
four squareswith the angle = =2= 90. For other valuesof it is equally easyto nd
a similar characterization of the possibilities; in particular, for = 0 the only polyhedron
that arisesis the squaretiling of the plane.

For this article we restrict attention to the casein which v e squaresare incident
with ead vertex and the polyhedra are isogonal;in other words, polyhedrain Pf 4; 5g.
In addition, we also restrict our study to acoptic polyhedra; that is, thosethat have no
self-irtersections. Finally, the vertex stars with v e squaresthat comeinto consideration
are determined by the v e dihedral anglesat the edgeswhere adjacernt squaresmeet.
Theseanglescan be reducedto depend on only two parameters,but there seemgo be no
published accourt on the precisedependence by which we meanthe possiblequintuples
of resultart values,or the number of possibilitiesfor a given set of parameters. We shall
not considerthe generalsituation, although our methods could deal with any particular
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Figure 1: (a) A vertex star with four squares,and the characteristic angle . The angle

in (a) is courted positive if the situation is as shovn, and negatiwe if the two coplanar
squaresare directed upward. (b) The facesadjacen to the two-edgesegmen of the vertex
star form two in nite planar strips.
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(@) (b)

(©) (d)

Figure 2: Cross-sectionf uniform (in (a) and (b)) and Archimedeanbut not uniform
(in (c) and (d)) polyhedrawith four squarefacesin eat vertex star, and with adjacen
pairs of coplanar squaresperpendicular to eat other.

the electr onic journal of combinatorics 16 (2009), #R22 5



3
et —
04 4
y o4 7 = A 2
y 2 ) 7 74
1 1
() (b)

Figure 3: The angle in (a) is courted positive if the situation is asshavn, and negative
if the two coplanar squaresare directed upward. In (b), we have = 0.

case. By restricting one of the anglesto 180, the vertex star remainsdependernt on an
angle , with =2 < < , asillustrated in Figure 3. We shall assumethat = O
in other words, that any two adjacert squaresare either coplanar or enclosean angle of
=2 = 90 . This constitutes our third and nal restriction on the vertex star we consider
here. Equivalertly, the vertices of the polyhedra we considerare at the points of the
cubic (integer) lattice in 3-space,the facesare someof the squaresof that lattice, and
the edgeshave length 1; this explains the title of the article. It is easyto verify that
the polyhedra we considerhere must be periodic (repeatable by translations) in at least
two independent directions. This is in cortrast to the examplein Figure 2(a), which is
periodic in onedirection only. The only reasonthe polyhedraare not all periodic in three
dimensionsis becausesomeof them extend in nitely in only two dimensions.

In order to deal with the seeminglystraightforward question of nding the di erent
polyhedrapossibleunder the rather strict limitations we impose,we must dewelop consid-
erablemadinery. Thusit seemgusti ed to provide herea short explanationfor the need
of sud elaborate tools. Our goalsinclude nding how many di erent isogonalpolyhedral
shapesare possibleunder the restrictions that ead vertex star cortains v e squares,ad-
jacert squaresbeing either coplanar or perpendicular. As we prove, there are precisely
fteen. Howewer, we know of no direct way of nding them all, or of proving directly that
there are no others. The di cult y of the task is bestillustrated by the fact that neither
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of the two previousattempts (by Wadiman et al. [25]in 1974and by Wells [27]in 1977)
cameewen closeto this goal. It seemshat { in closeanalogyto the situation concerning
isogonalplanetilings { onehasto proceedby a two-stepapproad. First, investigating a
more general(essetially combinatorial) variant of the problem leadsto an enumeration
of possible\candidates" for the polyhedrawe seek. Then ead one of thesecombinatorial
\candidate polyhedra" can be investigated as to its realizability by an actual geometric
polyhedron. Thesestepsare discussedn detail below.

2 Notation

We rst descrike how we encale by synbols the various polyhedra that we wish to con-
sider. The notation explainedhereis appropriate for all typesof isogonalpolyhedra, asis
the method for nding them that we will descrike in the next section. In particular, even
though our focus here (as well as almost all of the previously published researd) is on
spongesmade up only of regular polygons, our notation and methods work equally well
on isogonalpolyhedrathat cortain non-regular polygons. As examplesof the notation,
though, we repeat that we are restricting attention to in nite acoptic isogonal polyhe-
dra, having squae faces,with ve squaresin ead vertex star and with adjacern faces
either perpendicular or coplanar (aligned with the cubic lattice). That is, that = 0
in the notation of Figure 3. For brevity, extending the terminology of [8] beyond purely
regular polyhedra, we refer to in nite isogonalpolyhedrawith regular polygonsfor faces
as sppnges Furthermore, simplifying the generalnotation of Section 1, if all facesare
n-gonsand k meet at eat vertex, we shall denote them by the genericsymbol f n; kg.
Throughout this paper only, if n = 4 we shall alsoassumethat the notation f 4; kg implies
that the vertices are at points of the integer lattice. We note that not all menbers of
Pf 4; 59 satisfy this condition.

In the caseof isogonal(and other) tilings of the plane (see[18], [20] section 6.3), it
is conveniert to introduce the conceptsof marked tilings, and their incidence symlols.
Analogously it is useful to deal with marked (or lakeled) spngesand their incidence
symbols. This enablesone to use conmbinatorial approadiesto ernumerate all marked
sponges;then geometricconsiderationsdeterminethe enumeration of unmarked sponges,
which constitute the polyhedral shapes. The notation hereis an expansionof that usedfor
planar tilings, which cannotcover the wealth of possibilitiesthat arisein three dimensions.

We are concernedwith acoptic polyhedra, and theseare orientable This meansthat
eat facehastwo sides(as doesthe ertire sponge);we shall descrike one of the sidesas
red, the other asblack The assumedsogonality of the spongesrequiresusto considerthe
isometriesthat may map onevertex star to another (or to itself). While there are multiple
sud isometries,someof which depend on the characteristics of the vertex star, three of
them can be consideredfundamertal, with any others being constructible from the three
basicones.The rst oneis a re ection acrossa plane (not necessarilyof symmetry); the
secondis a rotation around an axis through the certral vertex (a turn); and the third is
a rotation around an axis perpendicular to the axis through the certral vertex (a ip).
An exampleof a dependert (constructible) isometry, that could be called an \in version”
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(turning inside out), would be where opposing pairs of edgesemanating from the certral
vertex changeplaceswith ead other. This isometry can only exist when the vertex star
hasan even number of edgesand canbe constructedby conbining a re ection and a ip.
Of the three isometries,the turn and the ip are orientation-preserving (rigid motions),
while the re ection is orientation-reversing (mirror isometry). On the other hand, the
re ection and the turn are color-preserving,while the ip is color-rewversing.

An incidence symtwl for a spongeconsistsof two parts. The rst part is the vertex
symiml. This is a labeling of the edgesof a chosenvertex star V that can be usedto
similarly label, in a consisteh manner, the edgesof all the vertex stars becauseof their
equivalencedue to isogonality. The labeling of the vertex star V can depend on whether
or not there are symmetriesof the spongethat map the vertex star V onto itself in a non-
trivial way. It should be noted that there exist strategiesother than the one descriked
here for assigningvertex synmbols to vertex stars that may produce di erent symbols.
Someof thesesymbols may or may not be more intuitiv ely represetational of the vertex
structure, and we make no claim that the method descriked hereis superior. Howeer, the
method here can always be guararteed to work. It should also be noted that the choice
of starting edgeand other arbitrary choicesdescrited belov may also produce di erent
symbols; howewer, thesecan always be shovn to be mere equivalernts of ead other.

To begin the creation of a vertex symbol, we (arbitrarily) choosethe red sidesof the
facesforming a vertex star V as the side of the vertex star to label. Next, again by
corvertion, we choosethe courterclockwise orientation around V on its red side as the
direction of \p ositively increasing" edges. Then we (arbitrarily) selectone edgeof V as
the rst andlabelit a*. In the caseof the f 4; 5g spongesconsideredhere, we assumethat
the chosenedgeis the onethat correspndsto the edge04 in Figure 4(a), and that we
have chosenasthe red side of the vertex star the sidevisible in that diagram. (When the
vertex star exhibits symmetries, someof the arbitrary choicesabove may produce just
sudh \natural” choices.) Proceedingcourterclockwise around V we label the remaining
edgesb’, ¢, d", and soon until all of the edgesare labeled. Thus, the vertex symbol
of the f4;5g vertex V would be a"b"c*d"e". If V admits non-trivial symmetries, the
labeling is modi ed sothat all edgesof V in the sameorbit get the samelabel. In the
caseof the f 4; 5g star (Figure 4(a)) only onenon-trivial symmetry is possible,a re ection
of the vertex star acrossthe plane cortaining the edge04 and bisectingthe anglebetween
the edgesOl1 and 02. This is incorporated into the vertex symbol as follows. If an
edgelabeled x* is mapped onto a dierent edgeby a re ection, that edgeis labeled
X . If an edgelabeled x™ is mapped onto itself by a re ection, it is labeled x without
any superscripts. Hence,in the caseunder consideration,the only other possiblevertex
synmbol, besidesa*b"c"d*e",isab"c"c b (ignoring equivalerts dueto di erent choices
of starting edge).

Other symmetriesof V (that are possiblein somesponges)may require additional
handling. In the caseof a simple turn, the edgelabelsjust begin again. For example,in
the regular f 4; 6g Coxeter-Petrie spongethe vertex star can be rotated two edgesforward
asan isometry, giving it two orbits, sothe vertex symbol would be a* b"a*b"a"b". If an
edgex” =x =x can be mapped into a di erent onevia a ip, the ipp ed edgeis labeled
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Figure 4: The f 4; 59 vertex star and the \ attened” diagram of its neighbors.

x"*=x" =x". Thus, the same(highly symmetric) f 4; 6g vertex star above can ultimately

be labeleda a"a a"a a", which indicates all of its di erent kinds of symmetries. When
two polygonsin a vertex star have a 180 dihedral angle (they are coplanar), special
situations are possible. As with re ection, wherean edgex™ mapped onto itself is labeled
X, in the caseof a ip that mapsan edgeonto itself x* =x =xandx"*=x" =x" are merged
to createx *=x =x . Finally, becausenow two degreeof freedomare presen (re ection

state and ip state), it is possiblethat a coplanaredgemight be simultaneously both x*

and x” but neither x nor x"*. In this case,the symbol ‘&' is usedto represen this

combination, sothat x*=x" together is represeted as x4 . Similarly, x* represeis

the combination of x and x"*. Note that an edgecan neer have both re ective and
non-re ective symmetry, but it can have both re ected and ipp ed symmetry; in sud a
caseit would be labeledx .

The secondpart of the incidencesymbol is the adjacency symiol. This expressesand
recordshow the two labelsthat ead edgereceives(from the two vertex starsthat cortain
it) arerelated. The adjacencysynbol cortains asmany ertries asare requiredto specify
the adjacencyfor eat distinct edgelabel in the vertex symbol. For example,if the vertex
symbol werea” b" c"d* €', then v e symbols would be required in the adjacencysymbol;
if the vertex symbol werea b c*c b , then only three symbols would be required. Each
label in the adjacencysynbol represets the label givento its paired vertex synbol edge
by the other vertex star incident with it. Given the de nitions of the various vertex
symbol edge notations, certain restrictions apply on which adjacencysymbols may be
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legitimate for a speci ¢ vertex symbol. For example,in the caseof the f 4; 5g spongeswe
are considering,if the vertex synmbol is a" b" c"d*e* this (along with a consideration of
the dihedral anglesinvolved) impliesthat a* must be paired with oneofa*,a ,b ",
e'*,ore" ,which becomeshe rst ertry in the adjacencysynbol. Similarly, the second
erntry of the adjacencysymbol that correspndsto b* must beoneofa™*,a" ,b", b , e,
or e . In eat casethe pairing must be consistem by isogonality, must be mutual, and
must be sign and color (side) consistet. Thus, if an edgeis labeleda* at oneend and
' at the other end, then an edgewith labela or a"* at oneendmust haveb * or b
at the other, and similarly for the other cases.The third enry correspndsto the edge
labeledc* ; it must beoneofc*,c ,c'*, ¢ ,d",d ,d*,ord . The samepossibilities
arerequiredfor the fourth ertry, which correspndsto the edgelabeledd*, while the fth
e" ertry's possibilities must match those of the b" ertry. The mutuality of the ertries
in the two parts of the incidencesymbol implies that the letters in the adjacencysymbol
form a permutation of a;b;c;d;e.

On the other hand, if the vertex synbol is a b*c"c b , then the rst ertry in the
adjacencysymbol canonly be a, while the other two ertries must be amongb* orb , and
c¢,c,cd*,orc ,respectively. The mutuality connectsthe secondand third ertries to
the fourth and fth ertries, thus the last two ertries are optional in the written symbol.

This completesthe discussionof the notation used to specify isogonal polyhedra.
Two major points derive from using this notation in a seart for sponges. The rst is
that it allows an \identi er" to be assignedto a polyhedron that clearly distinguishes
it from another polyhedron. One no longer needsto study photographsor diagramsto
know whether two cited spongesare the sameor not. The second,and more powerful,
advantageis that every spongecanbe assignedan incidencesynbol, and there canonly be
a nite number of them for any particular vertex star. Thus by conbinatorially compiling
a list of all possiblesymbols, then chedking eat oneto seeif it correspndsto an actual
sponge, a list of spongescan be producedthat will then be known to be complete. As
we discussin our historical review, attempts made without using sud a conbinatorially
labeled approat have often failed to nd a completeset of sponges.

Therefore, as just stated, a list of all conbinatorially possiblesymbols becomesthe
starting list of candidatesfor geometricrealizability. Howewer, the above conditions still
permit a very large number of potertial incidencesymbols. This number can be drasti-
cally reducedby the obsenation illustrated in Figure 4(b) for the f4;5g vertex star of
Figure 4(a). It expresseghe fact that the vertex stars adjacen to a certral vertex star
are also adjacen to ead other in a circuit. This obsenation will be usedbelov in a
technique that screensand eliminates possiblecombinatorial candidateswithout having
to fully considertheir geometricconstructability.

3 Metho ds

Our determination of the possiblef 4; 5g spongeswas actually carried out in two di erent
ways. In the rst, usinglots of sheetsof paper with diagramslike the onein Figure 4(b),
the di erent combinatorial candidate incidencesynbols were determined by hand. The
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possibility of geometricrealization was then explored by making cardboard models. The
alternative determination was carried out using computersto investigatethe possibleinci-
dencesymbols and their geometricrealizationsin 3-dimensionalspace.Somereadersmay
consideronly the manual results descrited here as a proper proof, though the computer
method was considerablyfaster and much easier. We rst discussthe manual method,
then the computer one. We repeat that the methods below, while descriked speci cally
for the f 4; 59 sponges,are applicableto other typesof isogonalpolyhedra aswell.

In order to explain the method of nding candidatesfor incidencesynbols of f 4; 59
sponges,we start by looking at the neighbors of a given vertex. \Flattening out" sud a
neighborhood asin Figure 4(b), we label the edgesissuingfrom that vertex accordingto
the vertex symbol a* b* c* d" e" nearthe vertex, and then rst considerthe possiblelabels
at the vertex situated at the other (distal) end of the edgelabeleda®. (The choicefor the
order of consideringthe edgeadjacencieds arbitrary; the order descrited hereis simply
the one we chose.) As mertioned earlier, this can be any label from amonga*, a , ' ",
b ,e*, ore . Wetreat them oneby one. In Figure 5(a) we have selecteda®, and
this then determinesthe labels at all edgesincidert with that vertex; in order to avoid
clutter, we show only the two labels(b" and €") that arerelewant to the discussion.Next
we needto selectthe labels for the distal endsof the two edgesmarked by a . Again
there are se\eral possibilities, and we chooseto pursueherein detail only two. Selecting
b" for the position on the left, the knowledge of the vertex symbol and of the mutuality
of adjacencysymbols determinesall of the labels shovn in Figure 5(b), with the labels
at placesindicated by a again opento di erent choices. We shall pursue these other
possibilitiesin Figure 6, but rst we deal with the alternative choiceof b on the left in
Figure 5(a). As indicated in Figure 5(c), this choiceimmediately forcesall of the other
labels and we arrive at the adjacencysynbol a*e d*c*b , asa candidate for a sponge.

Returning to the original selectionof b" in Figure 5(b), the edgesmarkedby a remain
to be chosen. Excluding ipp ed verticesfor the momert, there are four possiblechoices:
c',c,d",andd . Theseare speci ed in the four parts of Figure 6. In eah casewe
are left with a single conclusion. The choicesin (a) and (d) do not leadto any adjacency
symbols sincethere is no allowable way of selectinglabels at positions marked by a
On the other hand, the choicesin (b) and (c) lead to the adjacencysymbol candidates
a'e'cdb anda'e"dc'b.

Naturally, there are often additional multiple choices,but the number is newer too
large for a complete manual determination.

The above examplesdid not demonstrate ipping any of the vertex stars. To illus-
trate how this works, let us instead selectb’ asthe rst ertry of the adjacencysynbol.
In Figure 7(a) we seethat this forcesse\eral additional labels, until we read the edges
markedby a . Two of the possiblechoicesare indicated in Figures7(b) and (c), but both
still leave undecidedthe edgesmarked by a . Further investigation shaws that, using
the rst choiceof Figure 7(b), the only possiblecompletionsare the candidate adjacency
synbols b a" c¢'d" e andb a' ¢ d‘e". On the other hand, the choicein Fig-
ure 7(c) can be completedin four ways: b a" c d'e,b a" cde,b a cd'e,
andb’ a" ¢ d" e . Including ipp ed verticesfor the choicesfollowing from Figure 5(b)
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Figure 5: The rst two stepsof the elimination method. After the rst choicein (a) of the
edgeadijacer to a*, the choiceof €" for the adjacent edgeof b leadsto further choices
in (b) while the choiceof e immediately leadsto a successfutonclusionin (c). Note the
reversedorder of labelsfor re ected (minus) verticescomparedto unre ected vertices.

the electr onic journal of combinatorics 16 (2009), #R22 12



Figure 6: The four results of the choicesstarting from Figure 5(b). Figures (b) and (c)
can be completed successfullywhile (a) and (d) cannot: in both of the latter cases,at
leasttwo di erent edgesof the samevertex must be adjacert to d*.
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leadsto the candidatesynbolsa*e*c’*d"*b" anda*e'd” ¢ b".

Se\eral remarksneedto be madeat this time.

First, to the counterclockwise orientation we assumedfor the vertex symbol starting
with the red side of the vertex star, there correspnds the clockwise orientation of the
black side of the vertex star. This explainsthe labelsin Figure 7. (This is similar to the
reversal of orientation alsorequired for re ected vertex stars.)

Next, we notethat se\eralincidencesymbolsmay di er only inessentialy. Sincemirror
imagesof any spongeare consideredasessetially the same,the directional orientation of
the edgeson the red side of the vertex star may be reversed;in general,this may result
in a di erent adjacencysynbol. Also, the side of the vertex star designatedas red was
chosenarbitrarily; henceanother two synmbols may be found for the samesponge. For
example,if the adjacencyedgechoiceabove for the a* edgehad beene” insteadofb |,
then six candidate adjacencysymbols would also have beenfound, but starting with €"
insteadof b' . However, thesewould all be duplicates of the six found above, sincethey
di er simply by the original choice of which edgeto call b* (which direction to proceed
around the certral vertex) after starting from the samea* edge.

After all possibilities for symbols have been exhaustedaccordingto the processde-
scribed above and all sud inessetial duplicates have beeneliminated, a list of 36 can-
didate incidence symbols remain. These must next be tested via the use of cardboard
models (or the computer program) to verify that ead symbol represets a constructible
polyhedron. It turns out that four of these36 cannot be constructed(thosewith incidence
symbolsa*bc'd e ,a'bc*de,a'bc de,andb a c"d e"). Asthe latter
symbol was one of the examplesfrom above, we will cortinue with it to shov how this
test rejectsthe synbol.

We will considerthe edgessurrounding the squarein spacede ned by the a* and
c" edgesemanating from the certral vertex. (We state again that we know of no way
to know in advance which edge(s)will causea failure: all edgesmust be tested. For
brevity, we have omitted the successfutests.) Starting with the c* edge,its adjacen
vertex must also label that sameedgeas ¢", accordingto the adjacencysymbol. The
edgeof that vertex parallel to the a* edgeof the original vertex will alsobe a®. A third
vertex adjacen to this seconda* edgemust label its edgeb’ , also accordingto the
adjacencysymbol. Finally, the edgeof that third vertex that is parallel to the c* edge
of the original vertex will be e . Next, starting around the squarein spacewith the a*
edgeof the original vertex, its adjacert vertex must label that sameedgeasb’ , and
the edgeof that secondvertex that is parallel to the ¢ edgeof the original vertex will
alsobe e . Howewer, even though this nal edgeis simultaneously found to be e by
following the path around the squarefrom both directions, the two vertices that meet
along this edgeare not properly aligned: the two facesof ead vertex star adjacert to
this edgeare not coincidern. Instead, one vertex has beenrotated 180 from the other
and the polyhedron cannot be constructed. The \ attened" test is guararteed to work
becauseit follows a path around a known polygon that is part of the speci ed vertex
star and links two consecutie edgesemanating from the certral vertex. Howewer, in an
instance sud as the above wherethe two edgesare not consecutie, it is rst of all not
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Figure 7: Demonstration of the method when choosing a ipp ed vertex adjacency In

(@), b hasbeenchosento be adjacer to a* leaving choicesto be made for the edges
adjacert to €". In (b), e was chosenasthe adjacert edgewhile in (c), e was chosen.
Both of the latter choicesstill leave undeterminedadjacencies.Note the reversal of order
of the edgelabelsfor ipp ed verticesascomparedto un ipp ed vertices.
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guararteed that there will even be edgesthat meet when traveling around a particular
polygonal path through space,but becauseall dihedral angle information has beenlost
during the attening processthe test cannot predict whether the verticeswill or will not
properly align when they meet. For this reason,the \ attened” test is only a necessary
condition for polyhedron existenceand acts as a simple, preliminary lter for the only
known true test, which is to actually attempt to construct the polyhedron.

We now turn to a description of the computerized methods. In one sensethey are
essetially the sameasthe manual methods, exceptautomated, but there are somecom-
plications that arisefrom the computer'slack of human intelligenceto recognizéobvious"
opportunities and/or mistakes. We discusstheseissuesin more detail below.

The input data to the computer program consistsof the (x,y,z) coordinates for eat
vertex of ead polygon in the vertex star, along with a vertex symbol to be asswiated
with the edgesof the vertex star coordinates. The reasonthe vertex synbol is requiredis
that recognizingthe geometricalsymmetriesof an arbitrary vertex star is very di cult for
a computer program. We do have a supplemetal programthat tests an arbitrary vertex
star for re ections, turns, and ips to help point out existing symmetriesbut, still, the
primary judge of a valid vertex symbol remainsthe responsibility of the human user of
the program. (Analyzing the symmetry group of the vertex star is a very usefultechnique
when compiling the list of all possiblevertex synbols.) Also, making the vertex synbol
a program input allows the userto make the (arbitrary) choicesof which are the red and
black sides,which edgeis a, and which direction represets the "+' orientation, for which
there may be aestheticallypleasing\natural" choicesthat a computer programwould not
be able to recognize.Therefore,the end result is that vertex stars with symmetriesthat
support multiple vertex symbols must eat be run through the program separately

It is alsoimportant to note that running all possiblevertex symbols separatelyis a
requiremen, rather than an option. That is, it is not enoughto try using only what
may appear to be the most generalvertex symbol. As an example, the dodecahedron,
whosevertex star comprisesthree pentagons,cannot be constructedusingthe completely
asymmetric vertex synmbol a* b" ¢': somesymmetry is required within the vertex symbol.
On the other hand, aswill be seen,the f4; 59 vertex star analyzedherein its asymmetric
form can construct many more spongesthan can be constructed when using just its
asseiated symmetric vertex synbol.

Another advantage relevant to the manual but not the computer method can be seen
above by the pre-elimination of certain edgeadjacencie®n examiningthe geometricvertex
stars. For example,it is immediately apparen that the c edgescannot be adjacert to
the b edgesbecausetheir dihedral anglesare di erent. But it takes more consideration
to recognizethat only a* or a and not a'* or a° can match with an a* edge. A
computer program can similarly pre-chek the dihedral angles,and ours does so. But
while a programcandeterminewhethertwo vertex stars, in speci ¢ positions,arearranged
properly sothat a speci ed pair of edgesmatch up correctly, it is quite a di erent thing
to supply two unalignedvertex stars and aska computer programto chek whetherthere
are any possiblealignmerts. Therefore, instead of trying to pre-eliminate impossible
adjacenciesthe computer program simply cheds all of them. Becauseof the speed of
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modern computersthis is not a problem at all and, moreover, it eliminatesany possibility
of a potential adjacencybeing overlooked, which could be possibleif a list of allowable
adjacencieswnere provided to the program asinput.

Thus, the basic algorithm of the program can be descriked quite simply as follows.
Givena prescribed vertex star and its vertex symbol, generateall combinatorially possible
adjacencysynbols and then chedk them, oneat a time, to seeif any valid polyhedracan
be created. (In practice, eah adjacencysynbol is chedked asit is produced,sothat large
lists of candidatesdo not needto be storedin internal computer memory)

The rst testssimply ched the incidencesymbol for consistencyaccordingto the rules
for pair-wise symmetry (if a is adjacen to b, then b must be adjacern to a), re ective
symmetry (if the a-b adjacencyis re ective, then so must the b-a adjacencybe), and
so on. Then, given a consistem incidence synmbol, the next test is to chedk that the
dihedral anglesof the vertex star match for all of the proposededgeadjacencies. The
third ched is to apply the \ attened" test, as descrited above, in exactly the same
manner as for the manual method. Finally, the last test is to attempt to geometrically
construct the polyhedron, also following the sameideasas in the manual method, but
now donevia computational geometry calculationsrather than using cardboard models.
A nal parametersuppliedto the programis a speci ed rectangular prism volume; if the
programcan Il this volumewith the polyhedronwithout any errorsthen the polyhedron
is consideredvalid and is recorded. A very valuable advantage of the computer program
over the manual methaod is that, becauseall of the (x,y,z) coordinates of the points are
known at this time, the program can produce a three-dimensionalVRML97 (Virtual
Reality Modeling Language,1997) model of the polyhedronfor viewing by web browsers
or stand-aloneVRML97 viewing software. VRML97 is the current name for what used
to be called VRML 2.0. The new standard now for displaying 3-D objects on the Web
is X3D, but X3D hasbeendesignedto alsoread VRML97 les, sotheseimagesshould
still be viewable for sometime. Web browser plug-ins to display and manipulate the
VRML97 objectsin 3-D canbefound onthe Webusingany of the commonseard engines.
Onceinstalled on a computer, the software enablesa personto rotate and examinethe
polyhedron on the computer screenas if they were holding a physical model in their
hands, without any of the cardboard, tape, or patiencerequired by the manual method.

A summary descriptionof the computer algorithm is shown in Figure 8 in pseuda@ode.

We mertioned earlier the possibility of duplicate incidencesynbols. Thesecan occur
when using either the manual or computer method, though they can often be avoided in
the manual method by recognizingthat certain vertex symbols are merely duplicatesand
eliminating them early in the process.Howeer, theseare always a concernwhenusingthe
computer method becausehe programreports in its nal output ewvery possibleincidence
symbol, andthesewill includeall duplicates. But they canberemovedin a straightforward
manner. Consider a situation where a vertex star has a symmetry, but it has been
marked soasto remove that symmetry. Using the f 4; 5g vertex star analyzedhereasan
example,the a*" b c"d* e" vertex symbol overridesthe re ective symmetry cortained in
the geometricvertex star, asrecognizedby its symmetric symbol ab"c*c b . We shoved
above, starting in Figure 7, that the incidencesymbol [a*b'c'd"e*; B &' ¢ d'e']
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Createthe initial certral vertex at the origin
Add it to a rst-in- rst-out aligned candidate vertex queue
Loop
Get the next candidate vertex from the queue
If an accretedvertex already exists at its position then
If the two verticesare equalthen
Discard the candidate vertex
Else
The polyhedronis invalid
End if
Else
Loop through all edgeverticesof the candidate vertex
If an accretedvertex already existsat that position then
If the accretedvertex doesnot align with the candidate vertex then
The polyhedronis invalid
End if
End if
End loop

If the polyhedronis still valid then
Accrete the candidate vertex to the polyhedron
Loop through all vacart edgeverticesof the candidate vertex
If the position is within the speci ed volume then
Create a new aligned vertex at that position
Add the new candidate vertex to the queue
End if
End loop
End if
End if
End loop when no more candidate vertices exist or if the polyhedronis invalid

If the polyhedronis valid then
Recordthe polyhedron
End if

Figure 8. The computer vertex accretion algorithm to generateisogonalpolyhedra.
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passedall tests and therefore represets a f 4;5g sponge. If we had instead labeled the
b edgein the reverse orientation, so that the edgenow labeled e would be b, and
so on, our vertex synmbol would becomea® e"d" c"b" (temporarily keepingthe edgesin
the samesymbol position). Using this new labeling of the edges,our adjacencysymbol
would changeto ' a" d" c¢'b", sincewe only changel the namesof the edgesnot their
adjacencyrelationships. When we then rearrangethe edges(equally in both vertex and
adjacencysymnbols), we arrive at the vertex symbol [a* b ¢t d*e*; €' b'c'd" a" ], which
is di erent from our original one. Yet it is the samesponge. On the other hand, if we
apply this samerelabeling to this new incidencesynbol, we arrive badk at our original
one. (This is becausethe symmetry is a two-way re ection.) In other casesthe synbols
will not changeand will map back onto themseles, and in somevertex stars with more
than two-way symmetriesthere will be a chain of connections.Therefore,becauseof this
relabeling technique, it is always possibleto eliminate the duplicate incidence synmbols
produced by the program. (In fact, we also have a short utilit y program that doesthis
for us.) While eliminating the duplicatesis somewhatof an incorvenience,oneadvantage
is that, for every vertex synbol that mapsinto a di erent symbol, there must be another
one that maps bad into the original. This fact helps serne as a self-\alidation of the
program results, shaving that no vertex symbols were left out.

As for validation of the program, we rst performednormal software testing procedures
using simple, well-known vertex stars sud as the Platonic solids. Another test was to
submit the vertex stars for the planar isogonaltilings results reported by Grenbaum and
Shephard[18]. In this case,only adjacencysynbols without x" edgeswere considered
in order to correspnd to the two-dimensionalsituation. The program correctly found
exactly the same91 tilings originally reported, up to symbol isomorphism. A third test
was to replicate the results found by HughesJones[21] using vertex stars constructed
from equilateral triangles arranged accordingto the possible paths when traversing a
cuboctahedron. Again, the programfound exactly the sameshapes,but additionally listed
the possiblelabelingsfor thoseshapesthat possessed symmetry. Finally, asregardsthe
f 4, 5g vertex star speci cally beinganalyzedhere,the resultsfrom the computer program
and the manual results described above matched exactly.

4 Results

After all of the screeningtests have been performed and the non-constructible and du-
plicate vertex symbols eliminated, what remainsis a list of 32 incidence symbols with
the asymmetric vertex symbol a* b" c¢" d" e" (N1 through N32), and three additional ones
usingthe symmetric vertex symbolab"c'c b (S1,S2,S3). Obsene that after substitut-
ingafora® anda ,c ford",andb for € in ead of the asymmetric vertex synbols,
someof them reduceto one of the three symmetric sponge symbols but somebecome
inconsistert. The inconsisteh onestherefore represem truly asymmetric sponges,while
the others represen labeled versionsof the three symmetric sponges. We showv the nal
resultsin Table 1.
Thereforewe have proven the following result:

the electr onic journal of combinatorics 16 (2009), #R22 19



Synmbol # Shape# Vertex symbol Adjacencysymbol

N1 1 a'b'cde abcde
N2 2 abcde
N3 3 abcdte
N4 4 abcd e
N5 5 abcde
N6 6 abcdte
N7 7 abcd e
N8 8 B a cde
N9 9 B’ a" cde
N10 10 B’ a" cd'e
N11 11 B'a cd e
N12 12 B a ¢ de
S1 13 ab'c'chb ab‘cchb
N13 atb'ctd e’ abcde'
N14 atb'd'cte
N15 aecdb
N16 ate d'c'b
S2 14 ab'c'chb abccb
N17 atb'ctd e’ atbcde
N18 abcde
N19 atb dfcte
N20 abdce
N21 ate'cdb
N22 aecdb
N23 ate"dfctb
N24 a edc'b
S3 15 ab'ccb abc*c b
N25 a'bctde atb c*d'*e
N26 abc*d*e
N27 atbd ¢ e
N28 abd c e
N29 aterctd b
N30 aectdtp
N31 aterd ¢ b
N32 aed ¢ b

Table 1: The 35di erent incidencesymbols and 15 di erent geometricsponges.
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Theorem 1 If squaesare restricted to lie only along the planesof a cubic lattice, then
there are 35 di er ent incidence symiwls for labeled f 4; 59 sppngesthat lead to exactly 15
di er ent geometric f 4; 5g sponges.

The 15 unlabeled geometricf 4; 5g spongesare shovn in Figures9, 10 and 11. While
someof the spongesmay at rst glanceappear identical, N10 and N11 in particular, a
careful examination shows that they are all di erent. Files for displaying the di erent
f 4, 5g spongesin VRML97 format can be retrieved at:

< http://hdl.handle.net/1773/4603 >

Note that the imagesin Figures 9-11 are not shovn using the red/black color shemein
order to try to make the 2-dimensionalimagesmore represetativ e of the appearancesof
the 3-dimensionalobjects. Howewer, the VRML97 imagesare displayed with the red/black
vertex star colorsas descriked above.

5 Historical and other remarks

Perhapsthe most noticeable aspect of the history of spongesis the nearly total absence
of continuity and connection between the works of various authors, and none of them
appear to have consideredthe possibility that it might be possibleto isogonally connect
their congruen vertex starsin di erent ways to createthe samepolyhedron(i.e., labeled
sponges). About the only referencefound in most (but not all) papersand books on the
topic is the 1937 paper by Coxeter [7]. In it Coxeter descrikesthe three regular f 4; 6g,
f 6; 49, and f 6; 6g sponges,and provesthat there are no other regular sponges.The term
‘sponge’, attributed to Andreas,was rst described by Coxeter only later, in 1939]8].

In 1950,ApSimon [1] described two triangle-facedin nite polyhedra, onein Pf3;12g
and another in Pf3;9g. He also descriked an in nite polyhedronin P(3;8) but not in
Pf3;8g, aswell as(in [2] and [3]) seeral other in nite polyhedrahaving certain kinds of
symmetries.

In 1967, Gott [12] descriked nine sponges: the three regular sponges,as well as (in
words but without diagrams)two spongesbasedon a bending of the regular f 4; 6g vertex
star, and one ead in Pf3;8g, Pf3;109, Pf4;5g, and Pf5;59. The last one is most
remarkable, and had not been previously reported by any other researbers. The two
triangle-facedpolyhedraare distinct from the onesfound by ApSimon. The f 4; 5g sponge
is the one denotedhereas S2and shown in Figure 11.

Oneof the papers[26]in a seriespublishedby Wellsin Acta Crystallographic, starting
in 1954 and ending in 1976, dealswith sponges. In this paper (published in 1969) are
stereopair photographsof modelsof seweral f 3; g and f 4; 5g sponges.Most of the results
of the seriesare collectedin his later book [27], but someof the reproductions there are
of poorer quality than theseoriginal ones.

In his note [23] from 1970, which is dewted to a study of in nite periodic minimal
surfaces,Scdoen mertions in nite uniform polyhedra, and provides someillustrations.
The main topic is quite old, going badk at leastto an 1865paper of Schwarz [24]. The
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N1 a b'cde N3 abcd*e

Shape 4 Shape 5 Shape 6

N4 abcd e

Figure 9: The rst six (N1-N6) of the twelve f 4; 5g spongesof type N.
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Shape 7 Shape 8 Shape 9

N7 abcd e N8 b a cde N9 b a cde
Shape 10 Shape 11 Shape 12
N10 b a" c d'*e N11 b & cd e N12 b a ¢ dfe'

Figure 10: The secondsix (N7-N12) of the twelve f 4; 59 spongesof type N.
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Shape 13 Shape 14 Shape 15

S1 ab'ccb S2 abccb S3 abcd*c b

Figure 11: The three f 4; 5g spongesof type S.

connection between minimal surfacesand uniform polyhedra appearsin various other
writings as well (besides[23] see,for example, Goodman-Straussand Sullivan [11] and
the referencegiven in thesepapers). For a splendid catalog of minimal surfaces(without
mertion of polyhedra) and a long list of referencesseelLord and Mackay [22].

Quoting Coxeter [7] and papersby Wells (later summarizedin his book [27]), Williams
briey considersin nite uniform polyhedra[28].

A collection of more than one hundred in nite uniform polyhedra is the 1974 work
of Wachman, Burt, and Kleinmann [25]. It cortains sewen of our f 4;5g sponges,three
othersin Pf4;5g with pairs of dihedral anglesother than 90 or 180, and onein P(4;5)
only. It alsoincludes v e f 4; 6g sponges,including one of the two descriked by Gott with
somefacesat 60 dihedral angles,and thirteen Pf3; g sponges,aswell asa large number
of in nite polyhedrawith more than onekind of regular polygon as faces. Of the sewen
matching ours here, their numbers 1, 2, 3, 4, 5, 8, and 10 correspnd to our S2, N5,
S3,N7, N11, N6, and S1sponges,respectively. (The missingnumbers are the non- 4; 59
spongesdescrited above.) No other sourcehas anything approading the richnessof this
collection. It is regrettable that none of the mathematical reviewing journals took any
note of this publication.

In 1977there appearedtwo works relevant to the topic consideredhere. One is the
paper by Grunbaum [14] where se\eral new kinds of regular polyhedra are considered,
and which givesa number of referencego in nite uniform polyhedra. The other is the
book by Wells [27] which, as mertioned above, collectsand extendsthe results of seweral
of his papers; it has a chapter on what we de ne as Platonic sponges. Wells presets
nine triangle-faced and six square-facedsponges, plus the three regular Coxeter-Petrie
sponges.In the two adjoining chapters he alsodescribesseweral with more than onekind
of regular polygon asfaces.

In the 1979paper by Granbaum and Shephard[19], the beginningsof the application of
incidencesynbols to in nite collectionsof polygonsin periodic surfacesin 3-dimensional
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spacewere descriked. This was one of the ingredierts that led to the erumeration ap-
proachesof the presen paper.

None of the works discussedso far makes any claim on completenesgexcept that
Coxeter [7] provesthat there are no other regular spongesbesidesthe three he found).

In 1993, Grunbaum [15] descriked a new f 4; 5g sponge, the one listed here as N2.
It was the discovery of this previously unknown sponge, after so many previous reports
appearedto have exhaustedthe f 4; 5g possibilities, that wasa prime motivator for nding
a systematicmethod to seart for all isogonalpolyhedrabasedon a given vertex star and
that ultimately led to the work we descrite here. At that time Grunbaum also proposed
VvV e conjecturesabout isogonal polyhedra composedof regular polygons. Conjecture 1,
that there were no more f 3; g spongesthan those already discovered, was proven false
by HughesJonesin 1995. The f 4; 59 results presetted in this paper shov Conjecture 5,
that there are no further exible uniform polyhedrathan those discovered at that time,
to also have beenfalse. The remaining three conjecturesstill appear to be holding up,
though: (2) there are no uniform polyhedrawith more than 12 facesat a vertex; (3) if a
uniform polyhedronhasmorethan eight facesat a vertex then they must all be triangles;
and (4) there are no uniform polyhedrawith all facepolygonshaving more than six sides.

The rst paper to report a complete erumeration of a specic type of sponge is
HughesJones[21] in 1995. HughesJonesconsidersin nite isogonal polyhedra formed
by triangles that lie in the planesof a tiling of 3-spaceby regular tetrahedra and octa-
hedra, which meetsour de nition of f3; g sponges. In these spongesewery vertex star
consistsof triangles, the free edgesof which form a Hamiltonian path on the edgesof
a (uniform) cuboctahedron, which is usually denoted as (3:4:3:4). By a conbinatorial
analysis analogousto the one preserned above for the f4;5g sponges,and subsequen
veri cation of their geometricrealizability, HughesJonesprovesthat there are precisely
26 spongesof this classof f3; g. More speci cally, there is a singlef 3; 7g sponge,three
f 3; 8g sponges,thirteen f 3;9g sponges,and nine f 3; 129 sponges. Without giving any
details, HughesJonesclaims to know of eleven other polyhedrain Pf3; g but not in the
cuboctahedronclassunder consideration,and that six of them canbe found in Wells' [27]
book. Usingour methods, and starting with the samesetof vertex stars, we alsofound the
samelist of spongesreported by HughesJones. Howewer, we alsofound that someof these
vertex stars (speci cally, a few of the non-re ectively symmetric ones)form chiral pairs
whenthe vertex star is re ected. That is, the starting set of vertex stars must alsoinclude
their re ected versionsin order to obtain a truly completeset of f3; g cuboctahedron-
basedsponges. We hope to discussthis topic of chiral pair spongesin more detail in a
future publication.

The only other publishedwork with a completeerumeration of all spongesof a speci c
kind is the recen paper by Goodman-Straussand Sullivan [11]. Using an approad
completelydi erent from the onefollowed here,the authors show that there are precisely
six f4;6g cubic lattice sponges. (We obtained the sameresult during the early stages
of our work on this paper. Also, we and other researbers ([12], [25], [27]) have found
additional f 4; 6g spongesnot restricted to a cubic lattice alignmert. We hope to discuss
these further in the future as well.) They also investigate more general polyhedra in
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P (4;6), and connectionsto periodic minimal surfaces. Sadly enough,the review of [11]
in Mathematical Reviews (2004k:52020)does not mertion the description within this
paper of the v e non-regularf 4; 6g cubic lattice sponges. Even worse, sinceit is totally
misleading,is the reviewin the Zertralblatt (1048.52008).

The recen book [6] by Corway, Burgiel, and Goodman-Straussconsidersse\eral
spongesunder a di erent point of view; all those shovn can be found in [25 and [27].

* * * * *

Other than our own Web pages[10], there is still very little other material on sponges
and related objects on the Web as of this date. Most of what appearsseemgo originate
from the book by Wells[27]. Two pagesby Dutch [9] dealwith in nite isogonalpolyhedra.
The rst showsthe three regular Coxeter-Petrie polyhedraand two from Gott's [12] paper,
his f 3; 8g and f 3; 10g sponges.The secondpageshaws the two spongedabeledby Wellsas
(4,5)-4tb and (4,5)-8ti, which are actually two viewsof the samesponge,onebeing seenas
the complemen of the other. He alsoincludessix examplesin Pf3; g descriked by Wells.
They are shavn in very attractiv e color graphics,and accompaniedoy an explanation of
their construction.

A larger collection that attempts to include all of the onesdescrited by Wells aswell
as someothers including Gott's, is by Green[13]. She also provides someexplanations
and somesimple VRML models. Bulatov [5] shavs somein nite isogonalpolyhedrataken
from Green's pages,but also descrikes someinteresting in nite classesof very complex
but nite, non-acopticisogonalpolyhedra. Finally, a good starting point for references
and links to in nite isogonal polyhedra is the ertry in Wikip edia under “In nite skew
polyhedron’, though its page as of this writing has only a few pictures of sponges,all
of which are from sourcesdiscussechere already (primarily those descrited by Coxeter-
Petrie, Gott, and Wells).

* * * * *

It is worth mertioning that seeral of the f4; g spongesare not rigid. By this we
mean that if the spongesare consideredas constructed of rigid squaresconnectedby
hingesalong their edges,a physical model of the spongecan move as a medanism. The
only mertion of this possibility we found in the literature is a commert by Coxeter (in [4],
p. 153)concerningthe regularspongef 4; 6g: \. ..to makef 4; 6g, userings of four squares.
This last model, however, is not rigid; it cangradually collapse the squareholesbecoming
rhombic. (In fact, J. C. P. Miller once made an extensive model and mailed it, at in
an ervelope)." The other f 4; 6g spongesare rigid. Many of the f 4; 5g spongesdescrited
hereare movable, though not always while remainingisogonalor acoptic. Consideringthe
asymmetricones,all can beisogonallyconstructedwith a di erent angle(seeFigure 3)
exceptN12, but shapesN1, N2, ... N5 are no longer acoptic, leaving only shapes N6,
N7, ... N1l asboth exible andisogonal. (Setting 6 O violatesthe symmetry of the
vertex star sothat none of the symmetric spongescan be constructed.) As an example,
the versionof N7 for = =4, having tunnels with regular octagonal cross-section,is
shovn on page20 of Wadhman et al. [25].
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