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Abstract

Isogonal polyhedra are those polyhedra having the property of being vertex-
transitiv e. By this we mean that every vertex can be mapped to any other vertex
via a symmetry of the whole polyhedron; in a sense,every vertex looks exactly like
any other. The Platonic solids are examples,but theseare boundedpolyhedra and
our focus here is on in�nite polyhedra. When the polygons of an in�nite isogonal
polyhedron are all planar and regular, the polyhedra are also known as sponges,
pseudopolyhedra, or in�nite skew polyhedra. These have been studied over the
years, but many have been missed by previous researchers. We �rst introduce a
notation for labeling three-dimensionalisogonalpolyhedra and then show how this
notation can be combinatorially usedto �nd all of the isogonalpolyhedra that can
be created given a speci�c vertex star con�guration. As an example, we apply our
methods to the f 4; 5g vertex star of �v e squaresaligned along the planesof a cubic
lattice and prove that there are exactly 15 such unlabeled spongesand 35 labeled
ones. Previous e�orts had found only 8 of the 15 shapes.

1 In tro duction

Convex polyhedra with regular polygons as facesand with all vertices alike have been
known and studied since antiquit y. The oneswith all facescongruent are called reg-
ular or Platonic, while allowing di�erent kinds of polygons as faces leads to uniform
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or Archimedeanpolyhedra. The aim of the present note is to study the analoguesof
these classicalpolyhedra obtained by replacing \convex" with \ acoptic" (that is, self-
intersection free) as well as admitting in�nite numbers of faces. Such polyhedra have
beenstudied in the past. The best known examplesare the three regular Coxeter-Petrie
polyhedra [7], in which six squares,four regular hexagons,or six regular hexagonsmeetat
each vertex. However, even though thesetypesof polyhedrahave a long history of study,
a consistent notation and descriptive terminology remains lacking. We hope to provide
such a framework here. After having doneso, it will then be possibleto give a coherent
review of the previous research, which we do in Section5. (We note, however, that our
methods apply equally well to non-acopticpolyhedra; our decisionto limit ourselveshere
to acoptic polyhedrais doneprimarily for reasonsof visual clarity: in�nite polyhedrathat
are non-acopticwrap around themselvesin hopelesslyconfusingshapes. We de�nitely do
not intend to imply that non-acopticisogonalpolyhedraare lessmathematically valid for
study. Indeed, one of us has reported on non-acoptic isogonalprismatoids in previous
work [16]).

The meaningof \v ertices that are all alike" can reasonablybe interpreted in several
ways. On the one hand, it can be taken as saying that the star of each vertex (that is,
the family of facesthat contain the vertex) is congruent to the star of every other vertex.
Another possibleinterpretation is that the polyhedron has su�cien tly many symmetries
(geometric isometries) to make sure that every vertex star can be mapped to any other
vertex star by a symmetry of the whole polyhedron. This is the de�nition of an isogonal
polyhedron. One can hazard to guessthat the ancients had the former meaningin mind,
while the isogonality condition is frequently imposedin more recent discussions.(There
are other interpretations as well, but they are not relevant to our present inquiry.) Al-
though the two conceptsof \alik e" are logically distinct, they lead to the samefamily
of �v e regular (Platonic) polyhedra. (We note that here,and throughout the sequel,we
consider two polyhedra as being the sameif one can be obtained from the other by a
similarity transformation.) But for polyhedra often called \Arc himedean" or \uniform"
the situation is di�erent. Requiring that the vertices form one orbit under symmetries
(uniform polyhedra) yields one polyhedron fewer than if only congruenceof stars is re-
quired (Archimedeanpolyhedra); the \additional" oneis the pseudorhombicuboctahedron,
also known as \Miller's mistake." (Many presentations commit the error of con
ating
the two meanings[17].) For in�nite acoptic polyhedra with regular polygons as faces,
the di�erence between the two de�nitions is analogousto that between �nite uniform
and Archimedeanpolyhedra, but in the in�nite casethe two notions entail even greater
di�erences than in the �nite case.

In order to make our exposition precisewe needto introduceseveral conceptsand an
appropriate notation.

Platonic polyhedra are those with congruent regular convex polygons as faces,and
congruent vertex stars. The family of all such polyhedra having p-gonsas facesand q
facesin each vertex star will be denotedby P(p;q). Here, and in the caseof the other
families we consider, if the speci�c value of p or q is not relevant to the discussion,we
replaceit with � ; for example,P(4; � ) denotesthe family of all Platonic polyhedra with
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squarefaces. Additional restrictions, such as �nite, in�nite, or convex, can be indicated
using the particular words. We shall be interestedherein a subsetof Platonic polyhedra,
the isogonal Platonic polyhedra. The family of all such isogonalPlatonic polyhedra will
be denotedby Pf p;qg, and is a subfamily of P(p;q). In this notation, the three Coxeter-
Petrie polyhedra are in�nite members of Pf 4; 6g, Pf 6; 4g, and Pf 6; 6g, respectively.

Similarly, Archimedean polyhedra have, as faces,convex regular polygonsof at least
two kinds, and congruent vertex stars. Assuming the q facesin each vertex star have,
in cyclic order, p1; p2; : : : ; pq sides, the family is denoted by A(p1; p2; : : : ; pq). Uniform
polyhedra form the subfamily Af p1; p2; : : : ; pqg of A (p1; p2; : : : ; pq), and consist of those
polyhedra with all vertex stars equivalent by symmetriesof the polyhedron. With these
de�nitions the pseudorhombicuboctahedron is seenas belonging to A (3; 4; 4; 4) but not
to Af 3; 4; 4; 4g. Note that since Platonic polyhedra must have all polygons alike and
Archimedeanpolyhedra must have at least two di�erent kinds, the two families are dis-
joint. This latter point simpli�es the discussion.

To attain somefamiliarit y with thesede�nitions, let us considerthe particular case
of four squaresincident with each vertex; that is, the family P(4; 4). It is easyto verify
that the only possiblevertex stars consistof two pairs of coplanarsquares,inclined at the
commonedgesof the pairs at an angle� to each other, where� � < � < � (seeFigure 1a).
Moreover, the only vertex star possiblefor each of the verticesat the endpoints (the distal
vertices) of the commonedgesjust mentioned is a straight continuation of that edge,so
that the polyhedron must contain two-way in�nite strips of squares(Figure 1b), meeting
at the angle � . Hencethe whole polyhedron is characterizedby its intersection with a
plane perpendicular to the common direction of all the in�nite strips. A few examples
with � = � =2 = 90� are shown in Figure 2. The polyhedra that correspond to (a) and
(b) are in Pf 4; 4g, while the onesin (c) and (d) are in P(4; 4), but not in Pf 4; 4g. In
fact, it is easyto prove that the three polyhedra in (a) and (b) of Figure 2 are the only
onesin Pf 4; 4g, but that in�nite sequencesof zerosand ones(using sequencesof no more
than two consecutive zerosor ones,to maintain the acoptic property) may be represented
by Platonic polyhedra of the types in (d) { therefore P(4; 4) contains in�nitely many
members.

The above short discussiondescribed all polyhedra in which each vertex star contains
four squares,with the angle� = � =2 = 90� . For other valuesof � it is equally easyto �nd
a similar characterizationof the possibilities; in particular, for � = 0� the only polyhedron
that arisesis the squaretiling of the plane.

For this article we restrict attention to the casein which �v e squaresare incident
with each vertex and the polyhedra are isogonal; in other words, polyhedra in Pf 4; 5g.
In addition, we also restrict our study to acoptic polyhedra; that is, those that have no
self-intersections.Finally, the vertex stars with �v e squaresthat comeinto consideration
are determined by the �v e dihedral anglesat the edgeswhere adjacent squaresmeet.
Theseanglescan be reducedto depend on only two parameters,but there seemsto be no
published account on the precisedependence,by which we meanthe possiblequintuples
of resultant values,or the number of possibilities for a given set of parameters.We shall
not considerthe generalsituation, although our methods could deal with any particular
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Figure 1: (a) A vertex star with four squares,and the characteristic angle � . The angle
� in (a) is counted positive if the situation is as shown, and negative if the two coplanar
squaresaredirectedupward. (b) The facesadjacent to the two-edgesegment of the vertex
star form two in�nite planar strips.
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Figure 2: Cross-sectionsof uniform (in (a) and (b)) and Archimedeanbut not uniform
(in (c) and (d)) polyhedra with four squarefacesin each vertex star, and with adjacent
pairs of coplanarsquaresperpendicular to each other.
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Figure 3: The angle� in (a) is counted positive if the situation is asshown, and negative
if the two coplanarsquaresare directed upward. In (b), we have � = 0.

case. By restricting one of the anglesto 180� , the vertex star remainsdependent on an
angle � , with � � =2 < � < � , as illustrated in Figure 3. We shall assumethat � = 0� ;
in other words, that any two adjacent squaresare either coplanar or enclosean angleof
� =2 = 90� . This constitutes our third and �nal restriction on the vertex star we consider
here. Equivalently, the vertices of the polyhedra we considerare at the points of the
cubic (integer) lattice in 3-space,the facesare someof the squaresof that lattice, and
the edgeshave length 1; this explains the title of the article. It is easy to verify that
the polyhedra we considerhere must be periodic (repeatableby translations) in at least
two independent directions. This is in contrast to the examplein Figure 2(a), which is
periodic in onedirection only. The only reasonthe polyhedraare not all periodic in three
dimensionsis becausesomeof them extend in�nitely in only two dimensions.

In order to deal with the seeminglystraightforward question of �nding the di�erent
polyhedrapossibleunder the rather strict limitations we impose,we must developconsid-
erablemachinery. Thus it seemsjusti�ed to provide herea short explanation for the need
of such elaborate tools. Our goalsinclude �nding how many di�erent isogonalpolyhedral
shapesare possibleunder the restrictions that each vertex star contains �v e squares,ad-
jacent squaresbeing either coplanar or perpendicular. As we prove, there are precisely
�fteen. However, we know of no direct way of �nding them all, or of proving directly that
there are no others. The di�cult y of the task is best illustrated by the fact that neither
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of the two previousattempts (by Wachman et al. [25] in 1974and by Wells [27] in 1977)
cameeven closeto this goal. It seemsthat { in closeanalogyto the situation concerning
isogonalplane tilings { onehas to proceedby a two-stepapproach. First, investigating a
more general(essentially combinatorial) variant of the problem leadsto an enumeration
of possible\candidates" for the polyhedrawe seek.Then each oneof thesecombinatorial
\candidate polyhedra" can be investigatedas to its realizability by an actual geometric
polyhedron. Thesestepsare discussedin detail below.

2 Notation

We �rst describe how we encode by symbols the various polyhedra that we wish to con-
sider. The notation explainedhereis appropriate for all typesof isogonalpolyhedra,as is
the method for �nding them that we will describe in the next section. In particular, even
though our focus here (as well as almost all of the previously published research) is on
spongesmadeup only of regular polygons,our notation and methods work equally well
on isogonalpolyhedra that contain non-regular polygons. As examplesof the notation,
though, we repeat that we are restricting attention to in�nite acoptic isogonal polyhe-
dra, having square faces,with �ve squaresin each vertex star and with adjacent faces
either perpendicular or coplanar (aligned with the cubic lattice). That is, that � = 0�

in the notation of Figure 3. For brevity, extending the terminology of [8] beyond purely
regular polyhedra, we refer to in�nite isogonalpolyhedra with regular polygonsfor faces
as sponges. Furthermore, simplifying the generalnotation of Section 1, if all facesare
n-gonsand k meet at each vertex, we shall denote them by the genericsymbol f n; kg.
Throughout this paper only, if n = 4 we shall alsoassumethat the notation f 4; kg implies
that the vertices are at points of the integer lattice. We note that not all members of
Pf 4; 5g satisfy this condition.

In the caseof isogonal(and other) tilings of the plane (see[18], [20] section 6.3), it
is convenient to introduce the conceptsof marked tilings, and their incidence symbols.
Analogously, it is useful to deal with marked (or labeled) sponges and their incidence
symbols. This enablesone to use combinatorial approaches to enumerate all marked
sponges;then geometricconsiderationsdeterminethe enumeration of unmarked sponges,
which constitute the polyhedralshapes. The notation hereis an expansionof that usedfor
planar tilings, which cannotcover the wealth of possibilitiesthat arisein threedimensions.

We are concernedwith acoptic polyhedra, and theseare orientable. This meansthat
each facehas two sides(as doesthe entire sponge);we shall describe one of the sidesas
red, the other asblack. The assumedisogonality of the spongesrequiresus to considerthe
isometriesthat may map onevertex star to another (or to itself). While there aremultiple
such isometries,someof which depend on the characteristicsof the vertex star, three of
them can be consideredfundamental, with any others being constructible from the three
basicones.The �rst one is a re
ection acrossa plane (not necessarilyof symmetry); the
secondis a rotation around an axis through the central vertex (a turn); and the third is
a rotation around an axis perpendicular to the axis through the central vertex (a 
ip).
An exampleof a dependent (constructible) isometry, that could be called an \in version"
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(turning inside out), would be whereopposingpairs of edgesemanatingfrom the central
vertex changeplaceswith each other. This isometry can only exist when the vertex star
hasan even number of edges,and canbe constructedby combining a re
ection and a 
ip.
Of the three isometries,the turn and the 
ip are orientation-preserving (rigid motions),
while the re
ection is orientation-reversing (mirr or isometry). On the other hand, the
re
ection and the turn are color-preserving,while the 
ip is color-reversing.

An incidence symbol for a spongeconsistsof two parts. The �rst part is the vertex
symbol. This is a labeling of the edgesof a chosenvertex star V that can be used to
similarly label, in a consistent manner, the edgesof all the vertex stars becauseof their
equivalencedue to isogonality. The labeling of the vertex star V can depend on whether
or not there are symmetriesof the spongethat map the vertex star V onto itself in a non-
trivial way. It should be noted that there exist strategiesother than the one described
here for assigningvertex symbols to vertex stars that may produce di�erent symbols.
Someof thesesymbols may or may not be more intuitiv ely representational of the vertex
structure, and we makeno claim that the method describedhereis superior. However, the
method here can always be guaranteed to work. It should also be noted that the choice
of starting edgeand other arbitrary choicesdescribed below may also produce di�erent
symbols; however, thesecan always be shown to be mereequivalents of each other.

To begin the creation of a vertex symbol, we (arbitrarily) choosethe red sidesof the
facesforming a vertex star V as the side of the vertex star to label. Next, again by
convention, we choosethe counterclockwise orientation around V on its red side as the
direction of \p ositively increasing" edges.Then we (arbitrarily) selectone edgeof V as
the �rst and label it a+ . In the caseof the f 4; 5g spongesconsideredhere,we assumethat
the chosenedgeis the one that corresponds to the edge04 in Figure 4(a), and that we
have chosenasthe red sideof the vertex star the sidevisible in that diagram. (When the
vertex star exhibits symmetries,someof the arbitrary choicesabove may produce just
such \natural" choices.) Proceedingcounterclockwise around V we label the remaining
edgesb+ , c+ , d+ , and so on until all of the edgesare labeled. Thus, the vertex symbol
of the f 4; 5g vertex V would be a+ b+ c+ d+ e+ . If V admits non-trivial symmetries, the
labeling is modi�ed so that all edgesof V in the sameorbit get the samelabel. In the
caseof the f 4; 5g star (Figure 4(a)) only onenon-trivial symmetry is possible,a re
ection
of the vertex star acrossthe planecontaining the edge04 and bisectingthe anglebetween
the edges01 and 02. This is incorporated into the vertex symbol as follows. If an
edge labeled x+ is mapped onto a di�erent edgeby a re
ection, that edge is labeled
x � . If an edgelabeled x+ is mapped onto itself by a re
ection, it is labeled x without
any superscripts. Hence,in the caseunder consideration,the only other possiblevertex
symbol, besidesa+ b+ c+ d+ e+ , is a b+ c+ c� b� (ignoring equivalents due to di�erent choices
of starting edge).

Other symmetriesof V (that are possiblein somesponges)may require additional
handling. In the caseof a simple turn, the edgelabels just begin again. For example,in
the regular f 4; 6g Coxeter-Petrie spongethe vertex star can be rotated two edgesforward
asan isometry, giving it two orbits, so the vertex symbol would be a+ b+ a+ b+ a+ b+ . If an
edgex+ =x� =x can be mapped into a di�erent one via a 
ip, the 
ipp ed edgeis labeled
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Figure 4: The f 4; 5g vertex star and the \
attened" diagram of its neighbors.

x^ + =x^� =x^ . Thus, the same(highly symmetric) f 4; 6g vertex star above can ultimately
be labeled a a^ a a^ a a^ , which indicates all of its di�erent kinds of symmetries. When
two polygons in a vertex star have a 180� dihedral angle (they are coplanar), special
situations are possible.As with re
ection, wherean edgex+ mapped onto itself is labeled
x, in the caseof a 
ip that mapsan edgeonto itself x+ =x� =x and x^ + =x^� =x^ aremerged
to createx � + =x�� =x� . Finally, becausenow two degreesof freedomare present (re
ection
state and 
ip state), it is possiblethat a coplanaredgemight be simultaneouslyboth x+

and x^� but neither x � nor x^ + . In this case,the symbol `&' is used to represent this
combination, so that x+ =x^� together is represented as x&+ . Similarly, x& � represents
the combination of x � and x^ + . Note that an edgecan never have both re
ectiv e and
non-re
ective symmetry, but it can have both re
ected and 
ipp ed symmetry; in such a
caseit would be labeledx � .

The secondpart of the incidencesymbol is the adjacency symbol. This expressesand
recordshow the two labelsthat each edgereceives(from the two vertex stars that contain
it) are related. The adjacencysymbol contains asmany entries asare required to specify
the adjacencyfor each distinct edgelabel in the vertex symbol. For example,if the vertex
symbol were a+ b+ c+ d+ e+ , then �v e symbols would be required in the adjacencysymbol;
if the vertex symbol were a b+ c+ c� b� , then only three symbols would be required. Each
label in the adjacencysymbol represents the label given to its paired vertex symbol edge
by the other vertex star incident with it. Given the de�nitions of the various vertex
symbol edgenotations, certain restrictions apply on which adjacencysymbols may be
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legitimate for a speci�c vertex symbol. For example,in the caseof the f 4; 5g spongeswe
are considering,if the vertex symbol is a+ b+ c+ d+ e+ this (along with a considerationof
the dihedral anglesinvolved) implies that a+ must be paired with oneof a+ , a� , b̂ + , b̂ � ,
ê + , or ê � , which becomesthe �rst entry in the adjacencysymbol. Similarly, the second
entry of the adjacencysymbol that correspondsto b+ must be oneof a^ + , a^� , b+ , b� , e+ ,
or e� . In each casethe pairing must be consistent by isogonality, must be mutual, and
must be sign and color (side) consistent. Thus, if an edgeis labeled a+ at one end and
b̂ � at the other end, then an edgewith label a� or a^ + at oneend must have b̂ + or b�

at the other, and similarly for the other cases.The third entry corresponds to the edge
labeledc+ ; it must be oneof c+ , c� , ĉ + , ĉ � , d+ , d� , d^ + , or d^� . The samepossibilities
are requiredfor the fourth entry, which correspondsto the edgelabeledd+ , while the �fth
e+ entry's possibilities must match those of the b+ entry. The mutualit y of the entries
in the two parts of the incidencesymbol implies that the letters in the adjacencysymbol
form a permutation of a;b;c;d;e.

On the other hand, if the vertex symbol is a b+ c+ c� b� , then the �rst entry in the
adjacencysymbol canonly be a, while the other two entries must be amongb+ or b� , and
c+ , c� , ĉ + , or ĉ � , respectively. The mutualit y connectsthe secondand third entries to
the fourth and �fth entries, thus the last two entries are optional in the written symbol.

This completes the discussionof the notation used to specify isogonal polyhedra.
Two major points derive from using this notation in a search for sponges. The �rst is
that it allows an \identi�er" to be assignedto a polyhedron that clearly distinguishes
it from another polyhedron. One no longer needsto study photographsor diagrams to
know whether two cited spongesare the sameor not. The second,and more powerful,
advantageis that every spongecanbeassignedan incidencesymbol, and therecanonly be
a �nite number of them for any particular vertex star. Thus by combinatorially compiling
a list of all possiblesymbols, then checking each oneto seeif it corresponds to an actual
sponge,a list of spongescan be produced that will then be known to be complete. As
we discussin our historical review, attempts madewithout using such a combinatorially
labeledapproach have often failed to �nd a completeset of sponges.

Therefore, as just stated, a list of all combinatorially possiblesymbols becomesthe
starting list of candidatesfor geometricrealizability. However, the above conditions still
permit a very large number of potential incidencesymbols. This number can be drasti-
cally reducedby the observation illustrated in Figure 4(b) for the f 4; 5g vertex star of
Figure 4(a). It expressesthe fact that the vertex stars adjacent to a central vertex star
are also adjacent to each other in a circuit. This observation will be used below in a
technique that screensand eliminates possiblecombinatorial candidateswithout having
to fully considertheir geometricconstructability.

3 Metho ds

Our determination of the possiblef 4; 5g spongeswasactually carried out in two di�erent
ways. In the �rst, using lots of sheetsof paper with diagramslike the onein Figure 4(b),
the di�erent combinatorial candidate incidencesymbols were determined by hand. The
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possibility of geometricrealization was then exploredby making cardboard models. The
alternative determination wascarriedout usingcomputersto investigatethe possibleinci-
dencesymbols and their geometricrealizationsin 3-dimensionalspace.Somereadersmay
consideronly the manual results described hereas a proper proof, though the computer
method was considerablyfaster and much easier. We �rst discussthe manual method,
then the computer one. We repeat that the methods below, while described speci�cally
for the f 4; 5g sponges,are applicable to other typesof isogonalpolyhedra as well.

In order to explain the method of �nding candidatesfor incidencesymbols of f 4; 5g
sponges,we start by looking at the neighbors of a given vertex. \Flattening out" such a
neighborhood as in Figure 4(b), we label the edgesissuingfrom that vertex accordingto
the vertex symbol a+ b+ c+ d+ e+ near the vertex, and then �rst considerthe possiblelabels
at the vertex situated at the other (distal) endof the edgelabeleda+ . (The choicefor the
order of consideringthe edgeadjacenciesis arbitrary; the order described here is simply
the onewe chose.) As mentioned earlier, this can be any label from amonga+ , a� , b̂ + ,
b̂ � , ê + , or ê � . We treat them one by one. In Figure 5(a) we have selecteda+ , and
this then determinesthe labels at all edgesincident with that vertex; in order to avoid
clutter, we show only the two labels(b+ and e+ ) that are relevant to the discussion.Next
we needto select the labels for the distal endsof the two edgesmarked by a � . Again
there are several possibilities,and we chooseto pursuehere in detail only two. Selecting
b+ for the position on the left, the knowledgeof the vertex symbol and of the mutualit y
of adjacencysymbols determinesall of the labels shown in Figure 5(b), with the labels
at placesindicated by a � again open to di�erent choices. We shall pursue theseother
possibilities in Figure 6, but �rst we deal with the alternative choiceof b� on the left in
Figure 5(a). As indicated in Figure 5(c), this choice immediately forcesall of the other
labelsand we arrive at the adjacencysymbol a+ e� d+ c+ b� , as a candidate for a sponge.

Returning to the original selectionof b+ in Figure 5(b), the edgesmarkedby a � remain
to be chosen. Excluding 
ipp ed vertices for the moment, there are four possiblechoices:
c+ , c� , d+ , and d� . Theseare speci�ed in the four parts of Figure 6. In each casewe
are left with a singleconclusion.The choicesin (a) and (d) do not lead to any adjacency
symbols since there is no allowable way of selectinglabels at positions marked by a � .
On the other hand, the choicesin (b) and (c) lead to the adjacencysymbol candidates
a+ e+ c� d� b+ and a+ e+ d+ c+ b+ .

Naturally, there are often additional multiple choices,but the number is never too
large for a completemanual determination.

The above examplesdid not demonstrate 
ipping any of the vertex stars. To illus-
trate how this works, let us instead selectb̂ � as the �rst entry of the adjacencysymbol.
In Figure 7(a) we seethat this forcesseveral additional labels, until we reach the edges
marked by a � . Two of the possiblechoicesare indicated in Figures7(b) and (c), but both
still leave undecidedthe edgesmarked by a � . Further investigation shows that, using
the �rst choiceof Figure 7(b), the only possiblecompletionsare the candidateadjacency
symbols b̂ � a^� c+ d^� e+ and b̂ � a^� ĉ � d+ e+ . On the other hand, the choice in Fig-
ure 7(c) can be completedin four ways: b̂ � a^� c� d+ e� , b̂ � a^� c� d� e� , b̂ � a^� c� d^ + e� ,
and b̂ � a^� c� d^� e� . Including 
ipp ed verticesfor the choicesfollowing from Figure 5(b)
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Figure 5: The �rst two stepsof the elimination method. After the �rst choicein (a) of the
edgeadjacent to a+ , the choiceof e+ for the adjacent edgeof b+ leadsto further choices
in (b) while the choiceof e� immediately leadsto a successfulconclusionin (c). Note the
reversedorder of labels for re
ected (minus) verticescomparedto unre
ected vertices.
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d+
c+ c-
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e+

d+

d-

c-

d-
c-

d+
d+

e-
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Figure 6: The four results of the choicesstarting from Figure 5(b). Figures (b) and (c)
can be completedsuccessfullywhile (a) and (d) cannot: in both of the latter cases,at
least two di�erent edgesof the samevertex must be adjacent to d+ .
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leadsto the candidatesymbols a+ e+ ĉ + d^ + b+ and a+ e+ d^� ĉ � b+ .
Several remarksneedto be madeat this time.
First, to the counterclockwiseorientation we assumedfor the vertex symbol starting

with the red side of the vertex star, there corresponds the clockwise orientation of the
black sideof the vertex star. This explains the labels in Figure 7. (This is similar to the
reversalof orientation also required for re
ected vertex stars.)

Next, wenote that several incidencesymbolsmay di�er only inessentially. Sincemirror
imagesof any spongeare consideredasessentially the same,the directional orientation of
the edgeson the red side of the vertex star may be reversed;in general,this may result
in a di�erent adjacencysymbol. Also, the side of the vertex star designatedas red was
chosenarbitrarily; henceanother two symbols may be found for the samesponge. For
example,if the adjacencyedgechoiceabove for the a+ edgehad beenê � insteadof b̂ � ,
then six candidateadjacencysymbols would alsohave beenfound, but starting with e^�

instead of b̂ � . However, thesewould all be duplicatesof the six found above, sincethey
di�er simply by the original choice of which edgeto call b+ (which direction to proceed
around the central vertex) after starting from the samea+ edge.

After all possibilities for symbols have been exhaustedaccording to the processde-
scribed above and all such inessential duplicates have beeneliminated, a list of 36 can-
didate incidencesymbols remain. Thesemust next be tested via the use of cardboard
models (or the computer program) to verify that each symbol represents a constructible
polyhedron. It turns out that four of these36cannotbeconstructed(thosewith incidence
symbols a+ b� c+ d� e� , a+ b� ĉ + d� e� , a+ b� ĉ � d� e� , and b̂ � a^� c+ d^� e+ ). As the latter
symbol was one of the examplesfrom above, we will continue with it to show how this
test rejects the symbol.

We will consider the edgessurrounding the square in spacede�ned by the a+ and
c+ edgesemanating from the central vertex. (We state again that we know of no way
to know in advance which edge(s)will causea failure: all edgesmust be tested. For
brevity, we have omitted the successfultests.) Starting with the c+ edge, its adjacent
vertex must also label that sameedgeas c+ , according to the adjacencysymbol. The
edgeof that vertex parallel to the a+ edgeof the original vertex will alsobe a+ . A third
vertex adjacent to this seconda+ edgemust label its edgeb̂ � , also according to the
adjacencysymbol. Finally, the edgeof that third vertex that is parallel to the c+ edge
of the original vertex will be e� . Next, starting around the squarein spacewith the a+

edgeof the original vertex, its adjacent vertex must label that sameedgeas b̂ � , and
the edgeof that secondvertex that is parallel to the c+ edgeof the original vertex will
also be e� . However, even though this �nal edgeis simultaneously found to be e� by
following the path around the squarefrom both directions, the two vertices that meet
along this edgeare not properly aligned: the two facesof each vertex star adjacent to
this edgeare not coincident. Instead, one vertex has beenrotated 180� from the other
and the polyhedron cannot be constructed. The \
attened" test is guaranteed to work
becauseit follows a path around a known polygon that is part of the speci�ed vertex
star and links two consecutive edgesemanating from the central vertex. However, in an
instancesuch as the above where the two edgesare not consecutive, it is �rst of all not
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Figure 7: Demonstration of the method when choosing a 
ipp ed vertex adjacency. In
(a), b̂ � has beenchosento be adjacent to a+ leaving choicesto be made for the edges
adjacent to e+ . In (b), e+ was chosenas the adjacent edgewhile in (c), e� was chosen.
Both of the latter choicesstill leave undeterminedadjacencies.Note the reversalof order
of the edgelabels for 
ipp ed verticesas comparedto un
ipp ed vertices.
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guaranteed that there will even be edgesthat meet when traveling around a particular
polygonal path through space,but becauseall dihedral angle information has been lost
during the 
attening processthe test cannot predict whether the verticeswill or will not
properly align when they meet. For this reason,the \
attened" test is only a necessary
condition for polyhedron existenceand acts as a simple, preliminary �lter for the only
known true test, which is to actually attempt to construct the polyhedron.

We now turn to a description of the computerizedmethods. In one sensethey are
essentially the sameas the manual methods, exceptautomated, but there are somecom-
plications that arisefrom the computer'slack of human intelligenceto recognize\obvious"
opportunities and/or mistakes. We discusstheseissuesin more detail below.

The input data to the computer program consistsof the (x,y,z) coordinates for each
vertex of each polygon in the vertex star, along with a vertex symbol to be associated
with the edgesof the vertex star coordinates. The reasonthe vertex symbol is required is
that recognizingthe geometricalsymmetriesof an arbitrary vertex star is very di�cult for
a computer program. We do have a supplemental program that tests an arbitrary vertex
star for re
ections, turns, and 
ips to help point out existing symmetriesbut, still, the
primary judge of a valid vertex symbol remains the responsibility of the human user of
the program. (Analyzing the symmetry group of the vertex star is a very usefultechnique
when compiling the list of all possiblevertex symbols.) Also, making the vertex symbol
a program input allows the user to make the (arbitrary) choicesof which are the red and
black sides,which edgeis a, and which direction represents the `+' orientation, for which
there may be aestheticallypleasing\natural" choicesthat a computerprogramwould not
be able to recognize.Therefore, the end result is that vertex stars with symmetriesthat
support multiple vertex symbols must each be run through the program separately.

It is also important to note that running all possiblevertex symbols separately is a
requirement, rather than an option. That is, it is not enough to try using only what
may appear to be the most generalvertex symbol. As an example, the dodecahedron,
whosevertex star comprisesthree pentagons,cannot be constructedusing the completely
asymmetricvertex symbol a+ b+ c+ : somesymmetry is requiredwithin the vertex symbol.
On the other hand, aswill be seen,the f 4; 5g vertex star analyzedherein its asymmetric
form can construct many more spongesthan can be constructed when using just its
associated symmetric vertex symbol.

Another advantage relevant to the manual but not the computer method can be seen
aboveby the pre-eliminationof certain edgeadjacencieson examiningthe geometricvertex
stars. For example, it is immediately apparent that the c edgescannot be adjacent to
the b edgesbecausetheir dihedral anglesare di�erent. But it takes more consideration
to recognizethat only a+ or a� and not a^ + or a^� can match with an a+ edge. A
computer program can similarly pre-check the dihedral angles,and ours does so. But
while a programcandeterminewhethertwo vertex stars, in speci�c positions,arearranged
properly so that a speci�ed pair of edgesmatch up correctly, it is quite a di�erent thing
to supply two unalignedvertex stars and aska computer program to check whether there
are any possiblealignments. Therefore, instead of trying to pre-eliminate impossible
adjacencies,the computer program simply checks all of them. Becauseof the speedof
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modern computersthis is not a problem at all and, moreover, it eliminatesany possibility
of a potential adjacencybeing overlooked, which could be possibleif a list of allowable
adjacencieswere provided to the program as input.

Thus, the basic algorithm of the program can be described quite simply as follows.
Givena prescribed vertex star and its vertex symbol, generateall combinatorially possible
adjacencysymbols and then check them, oneat a time, to seeif any valid polyhedra can
be created. (In practice, each adjacencysymbol is checked as it is produced,sothat large
lists of candidatesdo not needto be stored in internal computer memory.)

The �rst testssimply check the incidencesymbol for consistencyaccordingto the rules
for pair-wise symmetry (if a is adjacent to b, then b must be adjacent to a), re
ectiv e
symmetry (if the a-b adjacency is re
ectiv e, then so must the b-a adjacencybe), and
so on. Then, given a consistent incidence symbol, the next test is to check that the
dihedral anglesof the vertex star match for all of the proposededgeadjacencies. The
third check is to apply the \
attened" test, as described above, in exactly the same
manner as for the manual method. Finally, the last test is to attempt to geometrically
construct the polyhedron, also following the sameideas as in the manual method, but
now donevia computational geometrycalculations rather than using cardboard models.
A �nal parametersupplied to the program is a speci�ed rectangular prism volume; if the
program can �ll this volumewith the polyhedronwithout any errors then the polyhedron
is consideredvalid and is recorded. A very valuable advantage of the computer program
over the manual method is that, becauseall of the (x,y,z) coordinates of the points are
known at this time, the program can produce a three-dimensionalVRML97 (Virtual
Reality Modeling Language,1997)model of the polyhedron for viewing by web browsers
or stand-aloneVRML97 viewing software. VRML97 is the current name for what used
to be called VRML 2.0. The new standard now for displaying 3-D objects on the Web
is X3D, but X3D has beendesignedto also read VRML97 �les, so theseimagesshould
still be viewable for sometime. Web browser plug-ins to display and manipulate the
VRML97 objects in 3-D canbe found on the Webusingany of the commonsearch engines.
Once installed on a computer, the software enablesa personto rotate and examinethe
polyhedron on the computer screenas if they were holding a physical model in their
hands,without any of the cardboard, tape, or patiencerequired by the manual method.

A summarydescriptionof the computeralgorithm is shown in Figure 8 in pseudocode.
We mentioned earlier the possibility of duplicate incidencesymbols. Thesecan occur

when using either the manual or computer method, though they can often be avoided in
the manual method by recognizingthat certain vertex symbols are merely duplicatesand
eliminating them early in the process.However, thesearealways a concernwhenusingthe
computermethod becausethe programreports in its �nal output every possibleincidence
symbol, and thesewill includeall duplicates. But they canberemovedin a straightforward
manner. Consider a situation where a vertex star has a symmetry, but it has been
marked so as to remove that symmetry. Using the f 4; 5g vertex star analyzedhereas an
example, the a+ b+ c+ d+ e+ vertex symbol overrides the re
ectiv e symmetry contained in
the geometricvertex star, asrecognizedby its symmetric symbol a b+ c+ c� b� . We showed
above, starting in Figure 7, that the incidence symbol [a+ b+ c+ d+ e+ ; b̂ � a^� ĉ � d+ e+ ]
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Create the initial central vertex at the origin
Add it to a �rst-in-�rst-out aligned candidatevertex queue
Loop

Get the next candidatevertex from the queue
If an accretedvertex already exists at its position then

If the two verticesare equal then
Discard the candidatevertex

Else
The polyhedron is invalid

End if
Else

Loop through all edgeverticesof the candidatevertex
If an accretedvertex already exists at that position then

If the accretedvertex doesnot align with the candidatevertex then
The polyhedron is invalid

End if
End if

End loop

If the polyhedron is still valid then
Accrete the candidatevertex to the polyhedron
Loop through all vacant edgeverticesof the candidatevertex

If the position is within the speci�ed volume then
Create a new aligned vertex at that position
Add the new candidatevertex to the queue

End if
End loop

End if
End if

End loop when no more candidateverticesexist or if the polyhedron is invalid

If the polyhedron is valid then
Recordthe polyhedron

End if

Figure 8: The computer vertex accretionalgorithm to generateisogonalpolyhedra.
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passedall tests and therefore represents a f 4; 5g sponge. If we had instead labeled the
b edge in the reverse orientation, so that the edge now labeled e+ would be b+ , and
so on, our vertex symbol would becomea+ e+ d+ c+ b+ (temporarily keepingthe edgesin
the samesymbol position). Using this new labeling of the edges,our adjacencysymbol
would changeto ê � a^� d^� c+ b+ , sincewe only changed the namesof the edges,not their
adjacencyrelationships. When we then rearrangethe edges(equally in both vertex and
adjacencysymbols), we arrive at the vertex symbol [a+ b+ c+ d+ e+ ; ê � b+ c+ d^� a^� ], which
is di�erent from our original one. Yet it is the samesponge. On the other hand, if we
apply this samerelabeling to this new incidencesymbol, we arrive back at our original
one. (This is becausethe symmetry is a two-way re
ection.) In other casesthe symbols
will not changeand will map back onto themselves, and in somevertex stars with more
than two-way symmetriesthere will be a chain of connections.Therefore,becauseof this
relabeling technique, it is always possibleto eliminate the duplicate incidencesymbols
produced by the program. (In fact, we also have a short utilit y program that does this
for us.) While eliminating the duplicatesis somewhatof an inconvenience,oneadvantage
is that, for every vertex symbol that mapsinto a di�erent symbol, there must be another
one that maps back into the original. This fact helps serve as a self-validation of the
program results, showing that no vertex symbols were left out.

As for validation of the program,we�rst performednormal softwaretesting procedures
using simple, well-known vertex stars such as the Platonic solids. Another test was to
submit the vertex stars for the planar isogonaltilings results reported by Gr•unbaum and
Shephard[18]. In this case,only adjacencysymbols without x^ edgeswere considered
in order to correspond to the two-dimensionalsituation. The program correctly found
exactly the same91 tilings originally reported, up to symbol isomorphism. A third test
was to replicate the results found by HughesJones[21] using vertex stars constructed
from equilateral triangles arranged according to the possiblepaths when traversing a
cuboctahedron. Again, the programfound exactly the sameshapes,but additionally listed
the possiblelabelingsfor thoseshapesthat possesseda symmetry. Finally, asregardsthe
f 4; 5g vertex star speci�cally beinganalyzedhere,the results from the computerprogram
and the manual results described above matched exactly.

4 Results

After all of the screeningtests have beenperformed and the non-constructible and du-
plicate vertex symbols eliminated, what remains is a list of 32 incidencesymbols with
the asymmetricvertex symbol a+ b+ c+ d+ e+ (N1 through N32), and three additional ones
usingthe symmetric vertex symbol a b+ c+ c� b� (S1,S2,S3). Observe that after substitut-
ing a for a+ and a� , c� for d+ , and b� for e+ in each of the asymmetric vertex symbols,
someof them reduce to one of the three symmetric sponge symbols but somebecome
inconsistent. The inconsistent onestherefore represent truly asymmetric sponges,while
the others represent labeledversionsof the three symmetric sponges.We show the �nal
results in Table 1.

Thereforewe have proven the following result:
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Symbol # Shape # Vertex symbol Adjacency symbol

N1 1 a+ b+ c+ d+ e+ a� b+ c� d+ e�

N2 2 a� b+ c� d� e�

N3 3 a� b+ c� d^ + e�

N4 4 a� b+ c� d^� e�

N5 5 a� b� c+ d� e�

N6 6 a� b� c� d^ + e�

N7 7 a� b� c� d^� e�

N8 8 b̂ � a^� c� d+ e�

N9 9 b̂ � a^� c� d� e�

N10 10 b̂ � a^� c� d^ + e�

N11 11 b̂ � a^� c� d^� e�

N12 12 b̂ � a^� ĉ � d+ e+

S1 13 a b+ c+ c� b� a b+ c� c+ b�

N13 a+ b+ c+ d+ e+ a� b+ c� d� e+

N14 a+ b+ d+ c+ e+

N15 a� e� c� d� b�

N16 a+ e� d+ c+ b�

S2 14 a b+ c+ c� b� a b� c� c+ b+

N17 a+ b+ c+ d+ e+ a+ b� c� d� e�

N18 a� b� c� d� e�

N19 a+ b� d+ c+ e�

N20 a� b� d+ c+ e�

N21 a+ e+ c� d� b+

N22 a� e+ c� d� b+

N23 a+ e+ d+ c+ b+

N24 a� e+ d+ c+ b+

S3 15 a b+ c+ c� b� a b� ĉ + ĉ � b+

N25 a+ b+ c+ d+ e+ a+ b� ĉ + d^ + e�

N26 a� b� ĉ + d^ + e�

N27 a+ b� d^� ĉ � e�

N28 a� b� d^� ĉ � e�

N29 a+ e+ ĉ + d^ + b+

N30 a� e+ ĉ + d^ + b+

N31 a+ e+ d^� ĉ � b+

N32 a� e+ d^� ĉ � b+

Table 1: The 35 di�erent incidencesymbols and 15 di�erent geometricsponges.
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Theorem 1 If squares are restricted to lie only along the planesof a cubic lattice, then
there are 35 di�er ent incidence symbols for labeled f 4; 5g spongesthat lead to exactly 15
di�er ent geometric f 4; 5g sponges.

The 15 unlabeledgeometricf 4; 5g spongesare shown in Figures 9, 10 and 11. While
someof the spongesmay at �rst glanceappear identical, N10 and N11 in particular, a
careful examination shows that they are all di�erent. Files for displaying the di�erent
f 4; 5g spongesin VRML97 format can be retrieved at:

< http://hdl.handle.net/1773/4603 >

Note that the imagesin Figures 9-11 are not shown using the red/black color schemein
order to try to make the 2-dimensionalimagesmore representativ e of the appearancesof
the 3-dimensionalobjects. However, the VRML97 imagesaredisplayedwith the red/black
vertex star colorsas described above.

5 Historical and other remarks

Perhapsthe most noticeableaspect of the history of spongesis the nearly total absence
of continuity and connection between the works of various authors, and none of them
appear to have consideredthe possibility that it might be possibleto isogonallyconnect
their congruent vertex stars in di�erent ways to createthe samepolyhedron(i.e., labeled
sponges).About the only referencefound in most (but not all) papers and books on the
topic is the 1937paper by Coxeter [7]. In it Coxeter describes the three regular f 4; 6g,
f 6; 4g, and f 6; 6g sponges,and provesthat there are no other regular sponges.The term
`sponge', attributed to Andreas,was �rst described by Coxeter only later, in 1939[8].

In 1950,ApSimon [1] described two triangle-facedin�nite polyhedra, one in Pf 3; 12g
and another in Pf 3; 9g. He also described an in�nite polyhedron in P(3; 8) but not in
Pf 3; 8g, aswell as (in [2] and [3]) several other in�nite polyhedra having certain kinds of
symmetries.

In 1967,Gott [12] described nine sponges: the three regular sponges,as well as (in
words but without diagrams)two spongesbasedon a bendingof the regular f 4; 6g vertex
star, and one each in Pf 3; 8g, Pf 3; 10g, Pf 4; 5g, and Pf 5; 5g. The last one is most
remarkable, and had not been previously reported by any other researchers. The two
triangle-facedpolyhedraare distinct from the onesfound by ApSimon. The f 4; 5g sponge
is the onedenotedhereas S2and shown in Figure 11.

Oneof the papers[26] in a seriespublishedby Wells in Acta Crystallographica, starting
in 1954and ending in 1976, dealswith sponges. In this paper (published in 1969) are
stereopair photographsof modelsof several f 3; �g and f 4; 5g sponges.Most of the results
of the seriesare collectedin his later book [27], but someof the reproductions there are
of poorer quality than theseoriginal ones.

In his note [23] from 1970,which is devoted to a study of in�nite periodic minimal
surfaces,Schoen mentions in�nite uniform polyhedra, and provides someillustrations.
The main topic is quite old, going back at least to an 1865paper of Schwarz [24]. The
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Shape 1 Shape 2 Shape 3

   
N1 a� b+ c� d+ e� N2 a� b+ c� d� e� N3 a� b+ c� d^ + e�

Shape 4 Shape 5 Shape 6

   
N4 a� b+ c� d^� e� N5 a� b� c+ d� e� N6 a� b� c� d^ + e�

Figure 9: The �rst six (N1-N6) of the twelve f 4; 5g spongesof type N.
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Shape 7 Shape 8 Shape 9

   
N7 a� b� c� d^� e� N8 b̂ � a^� c� d+ e� N9 b̂ � a^� c� d� e�

Shape 10 Shape 11 Shape 12

   
N10 b̂ � a^� c� d^ + e� N11 b̂ � a^� c� d^� e� N12 b̂ � a^� ĉ � d+ e+

Figure 10: The secondsix (N7-N12) of the twelve f 4; 5g spongesof type N.
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Shape 13 Shape 14 Shape 15

 
S1 a b+ c� c+ b� S2 a b� c� c+ b+ S3 a b� ĉ + ĉ � b+

Figure 11: The three f 4; 5g spongesof type S.

connection between minimal surfacesand uniform polyhedra appears in various other
writings as well (besides[23] see,for example, Goodman-Straussand Sullivan [11] and
the referencesgiven in thesepapers). For a splendidcatalogof minimal surfaces(without
mention of polyhedra) and a long list of references,seeLord and Mackay [22].

Quoting Coxeter [7] and papersby Wells (later summarizedin his book [27]), Williams
brie
y considersin�nite uniform polyhedra [28].

A collection of more than one hundred in�nite uniform polyhedra is the 1974work
of Wachman, Burt, and Kleinmann [25]. It contains seven of our f 4; 5g sponges,three
others in Pf 4; 5g with pairs of dihedral anglesother than 90� or 180� , and one in P(4; 5)
only. It alsoincludes�v e f 4; 6g sponges,including oneof the two described by Gott with
somefacesat 60� dihedral angles,and thirteen Pf 3; �g sponges,aswell asa largenumber
of in�nite polyhedra with more than one kind of regular polygon as faces. Of the seven
matching ours here, their numbers 1, 2, 3, 4, 5, 8, and 10 correspond to our S2, N5,
S3,N7, N11, N6, and S1sponges,respectively. (The missingnumbers are the non-f 4; 5g
spongesdescribed above.) No other sourcehasanything approaching the richnessof this
collection. It is regrettable that none of the mathematical reviewing journals took any
note of this publication.

In 1977there appearedtwo works relevant to the topic consideredhere. One is the
paper by Gr•unbaum [14] where several new kinds of regular polyhedra are considered,
and which gives a number of referencesto in�nite uniform polyhedra. The other is the
book by Wells [27] which, as mentioned above, collectsand extendsthe results of several
of his papers; it has a chapter on what we de�ne as Platonic sponges. Wells presents
nine triangle-faced and six square-facedsponges,plus the three regular Coxeter-Petrie
sponges.In the two adjoining chaptershe alsodescribesseveral with more than onekind
of regular polygon as faces.

In the 1979paper by Gr•unbaumandShephard[19], the beginningsof the application of
incidencesymbols to in�nite collectionsof polygonsin periodic surfacesin 3-dimensional
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spacewere described. This was one of the ingredients that led to the enumeration ap-
proachesof the present paper.

None of the works discussedso far makes any claim on completeness(except that
Coxeter [7] provesthat there are no other regular spongesbesidesthe three he found).

In 1993, Gr•unbaum [15] described a new f 4; 5g sponge, the one listed here as N2.
It was the discovery of this previously unknown sponge,after so many previous reports
appearedto have exhaustedthe f 4; 5g possibilities,that wasa prime motivator for �nding
a systematicmethod to search for all isogonalpolyhedrabasedon a given vertex star and
that ultimately led to the work we describe here. At that time Gr•unbaum alsoproposed
�v e conjecturesabout isogonalpolyhedra composedof regular polygons. Conjecture 1,
that there were no more f 3; �g spongesthan those already discovered, was proven false
by HughesJonesin 1995. The f 4; 5g results presented in this paper show Conjecture 5,
that there are no further 
exible uniform polyhedra than those discovered at that time,
to also have been false. The remaining three conjecturesstill appear to be holding up,
though: (2) there are no uniform polyhedra with more than 12 facesat a vertex; (3) if a
uniform polyhedronhasmore than eight facesat a vertex then they must all be triangles;
and (4) there are no uniform polyhedrawith all facepolygonshaving more than six sides.

The �rst paper to report a complete enumeration of a speci�c type of sponge is
HughesJones[21] in 1995. HughesJonesconsidersin�nite isogonalpolyhedra formed
by triangles that lie in the planesof a tiling of 3-spaceby regular tetrahedra and octa-
hedra, which meetsour de�nition of f 3; �g sponges. In thesespongesevery vertex star
consistsof triangles, the free edgesof which form a Hamiltonian path on the edgesof
a (uniform) cuboctahedron, which is usually denoted as (3:4:3:4). By a combinatorial
analysis analogousto the one presented above for the f 4; 5g sponges,and subsequent
veri�cation of their geometricrealizability, HughesJonesproves that there are precisely
26 spongesof this classof f 3; �g . More speci�cally, there is a single f 3; 7g sponge,three
f 3; 8g sponges,thirteen f 3; 9g sponges,and nine f 3; 12g sponges. Without giving any
details, HughesJonesclaims to know of eleven other polyhedra in Pf 3; �g but not in the
cuboctahedronclassunder consideration,and that six of them can be found in Wells' [27]
book. Usingour methods,and starting with the samesetof vertex stars,wealsofound the
samelist of spongesreported by HughesJones.However, we alsofound that someof these
vertex stars (speci�cally, a few of the non-re
ectively symmetric ones)form chiral pairs
whenthe vertex star is re
ected. That is, the starting setof vertex starsmust alsoinclude
their re
ected versionsin order to obtain a truly completeset of f 3; �g cuboctahedron-
basedsponges. We hope to discussthis topic of chiral pair spongesin more detail in a
future publication.

The only other publishedwork with a completeenumeration of all spongesof a speci�c
kind is the recent paper by Goodman-Straussand Sullivan [11]. Using an approach
completelydi�erent from the onefollowed here,the authors show that there are precisely
six f 4; 6g cubic lattice sponges. (We obtained the sameresult during the early stages
of our work on this paper. Also, we and other researchers ([12], [25], [27]) have found
additional f 4; 6g spongesnot restricted to a cubic lattice alignment. We hope to discuss
these further in the future as well.) They also investigate more general polyhedra in
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P(4; 6), and connectionsto periodic minimal surfaces.Sadly enough,the review of [11]
in Mathematical Reviews (2004k:52020)does not mention the description within this
paper of the �v e non-regular f 4; 6g cubic lattice sponges.Even worse,sinceit is totally
misleading,is the review in the Zentralblatt (1048.52008).

The recent book [6] by Conway, Burgiel, and Goodman-Straussconsidersseveral
spongesunder a di�erent point of view; all thoseshown can be found in [25] and [27].

* * * * *

Other than our own Web pages[10], there is still very little other material on sponges
and related objects on the Web asof this date. Most of what appearsseemsto originate
from the book by Wells [27]. Two pagesby Dutch [9] dealwith in�nite isogonalpolyhedra.
The �rst showsthe three regularCoxeter-Petrie polyhedraand two from Gott's [12]paper,
his f 3; 8g and f 3; 10g sponges.The secondpageshows the two spongeslabeledby Wellsas
(4,5)-4tb and (4,5)-8ti, which areactually two viewsof the samesponge,onebeingseenas
the complement of the other. He alsoincludessix examplesin Pf 3; �g described by Wells.
They are shown in very attractiv e color graphics,and accompaniedby an explanation of
their construction.

A larger collection that attempts to include all of the onesdescribed by Wells as well
as someothers including Gott's, is by Green [13]. Shealso provides someexplanations
and somesimpleVRML models. Bulatov [5] shows somein�nite isogonalpolyhedrataken
from Green's pages,but also describes someinteresting in�nite classesof very complex
but �nite, non-acoptic isogonalpolyhedra. Finally, a good starting point for references
and links to in�nite isogonalpolyhedra is the entry in Wikip edia under `In�nite skew
polyhedron', though its page as of this writing has only a few pictures of sponges,all
of which are from sourcesdiscussedhere already (primarily those described by Coxeter-
Petrie, Gott, and Wells).

* * * * *

It is worth mentioning that several of the f 4; �g spongesare not rigid. By this we
mean that if the spongesare consideredas constructed of rigid squaresconnectedby
hingesalong their edges,a physical model of the spongecan move as a mechanism. The
only mention of this possibility we found in the literature is a comment by Coxeter (in [4],
p. 153)concerningthe regularspongef 4; 6g: \. . . to make f 4; 6g, userings of four squares.
This last model, however, is not rigid; it cangradually collapse,the squareholesbecoming
rhombic. (In fact, J. C. P. Miller oncemade an extensive model and mailed it, 
at in
an envelope)." The other f 4; 6g spongesare rigid. Many of the f 4; 5g spongesdescribed
herearemovable, though not always while remaining isogonalor acoptic. Consideringthe
asymmetricones,all can be isogonallyconstructedwith a di�erent � angle(seeFigure 3)
except N12, but shapes N1, N2, . . . N5 are no longer acoptic, leaving only shapes N6,
N7, . . . N11 as both 
exible and isogonal. (Setting � 6= 0 violates the symmetry of the
vertex star so that none of the symmetric spongescan be constructed.) As an example,
the version of N7 for � = � =4, having tunnels with regular octagonal cross-section,is
shown on page20 of Wachman et al. [25].
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