Number Systems

L&L Ch 1. page 8 and App B, Riley App A. page 590.

e Humans, in general, use a ten digit based (i.e. decimal) number system. Each digit
has a value of 0 to 9, an artifact of our physiology rather than any deeper rationale.

e Computers use a two digit based (i.e. binary) number system. Each digit having a
value of 0 or 1 (on or off). There are several reasons for this choice:

= A binary digit (or bit for short) can represent exactly two values and thus a
one-to-one and onto mapping of the possible values of a bit and the logical
values true and false can be readily be defined.

® The electronics used to store and manipulate single bits of information is
simpler and more reliable than those used to encode more than two values.
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Base 2 and Base 10

L&L page 682.

A binary number, like a decimal number, is composed of a sequence of digits. A number
represented by a sequence of binary digits can be translated into our familiar decimal
representation of integers in the following way:

Base 2 (binary) | Base 10 (decimal)
0 0

1 1

10 2

11 3

100 4

Understanding how the decimal system of numbers work also allows you to understand
number systems with different bases.
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Binary to Decimal

The key with any number system is to add up the contributions of each digit. For a
decimal number the contributions are in powers of ten and for binary numbers the
contributions are in powers of two. For example:

26 25 24 28 22 2t 20

1 0 1 1 0 0 1

1x2%  0x2% 1x2* 1x2® o0x2®2 ox2' 1x2°

64 0 16 8 0 0 1
Thus,
1011001, = 6419+1670+810+110
= 8910

we see that number represented by the binary encoding 1011001 is equivalent to the
decimal encoding of 89.
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Decimal to Binary
L&L page 684.

To convert a number, v, represented in a larger base, n, to a smaller base, k, the
contributions of each of the digits in the smaller base must be calculated. This is done
by calculating the contribution of the least significant digit (ko) first, then the next least
significant digit (kl) and so on until the original base n representation is converted to
base k. The contribution of the least significant digit is the remainder of the division of v
by k. For example converting 891 to base two is achieved by:

89+-2 = 44 remainder 1LSB

44+-2 = 22 remainder 0
22+2 = 11 remainder O
11+-2 = 5 remainder 1
5+-2 = 2 remainder 1
2+2 = 1 remainder 0
1+-2 = 0 remainder 1MSB
Thus,
8910 =1011001>
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Addition and Subtraction

The addition or subtraction of numbers in any base is carried out using the same
approach as that for decimal numbers. For example, the addition of 8919 and 719 using
a binary representation yields:

8910 1011001, +
710 111,
carry 1010 0111110,
9619 1100000,

The subtraction of 71 from 891 yields:

8910 1011001, —
710 111,
carry 0019 00011002
8210 10100102
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Multiplication and Division

The multiplication and division of base two numbers can be performed in the same

way as that of decimal numbers, unlike decimal you do not need to know you times tables.

The evaluation of v x U can be performed by calculating

the impact each digit of u has on the result. Each digit 102132 x
of U is multiplied by v and the result shifted left by the 2
o ) ) 100110, +
power of that digit. For example (in decimal) 2 x 23 = 1001100,
2 x 2 x 101 +2 x 3 x 10°. Multiplication follows the same 0011000, carry
pattern in any base, including binary. 1110010,
Long division is easier in binary than decimal, since for
each power the dividend will only divide into the quotient 10011,
. L . 110, | 1110011,
zero or one times. The process of long division is identical, 1100000
starting with the largest power (left most position) dividing 100112
the quotient by the dividend and calculating the remainder. 1100,
The remainder becomes the new quotient and the process 111,
repeated. 110,
remainder 1,
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Finite Representation

A computer may interpret and manipulate a set of bits as a numerical value. The
representation of a number in a computer uses a fixed number of bits, even though there
are usually a few hardware dependent sized representations used in a computer. In any
finite representation the range of values that can be represented is limited.

If we consider the representation of non-negative (i.e. unsigned) number using n bits,
then the minimum value is represented by n zeroes (0 x 214 vox2l+0x20= 0)
and the maximum value is represented by n ones

(Ax2" 14 +1x2l41x20=2"—1).

Bits Min Max
4 0 15

8 0 255
16 0 65535
32 0 4294967295
64 0 18446744073709551615
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Representation of Signed Numbers

In order to represent signed numbers the computer must also encode the sign of the
number in the available bits. At first glance a simple method would be to use a bit to
indicate whether the number was positive or negative. If the representation of a number
used 4 bits, then the numbers 519 and —21¢ could be represented by:

+510 = 0101,

—210 = 1010,
Adding 0101, and 1010, using standard binary addition would yield 1111, (—719)
where as the correct answer would be 0011,. As such this encoding requires the
computer to known that the numbers are signed and alter its behaviour according to the
signs of the numbers.
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Two's Complement Representation

The two’s complement representation of signed numbers enables values to be added
(or subtracted) using common add and subtract mechanisms, reducing hardware
complexity.

The two’'s complement representation of signed positive numbers remains the same,
e.g. a four bit representation of +51¢ is 01015.

A negative number, —V, is represented using the two’s complement encoding by
complementing the bits for the encoding of v and adding 1. Thus, the two’s complement
representation of the value —2,¢ using 4 bits is:

v = 0010,
v = 1101,
v+l = 1110,

So the addition of —21¢9 = 11105 to +519 = 0101, using standard addition yields the
correct result of 00115.

Key to the two’s complement number representation is the equivalence of addition. This
can be seen by the wrap around effect of addition the value 1 to —1.
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Two’s Complement Range

Each two’s complement number may represent a range of values. The minimum value
that can be represented is a one bhit (negative sign) followed by all zeros. While the
maximum value is a zero bit (positive sign) followed by all ones. Thus,

Bits | Miny Max, | Minjg Maxig
2 10 01 -2 1
3 100 011 —4 3
4 1000 0111 —8 7
8 10000000 01111111 | —128 127

The range of a two's complement number represented using n bits is from —(2"~1)
to2"1 1.
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Java Primitive Integer Types

The Java specification defines several primitive types. Five of those primitive types are
variants of a fixed size representation of integer values:

Type Category Bits Minimum Maximum
byte  signed 8 —128 127
char  unsigned 16 0 65535
short signed 16 —32768 32767
i nt signed 32 —2147483648 2147483647
[ong  signed 64 —9223372036854775808 9223372036854775807
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