Department of Computer Science, Australian National Univesity
COMP2600 — Formal Methods for Software Engineering
Semester 2, 2011

— Assignment 4 —
Program Verification
Sample Solution

The Program Totient

t:=1;

x:=1;

while (n # 1) do
x:=x+1;

if (x | n) then
t:=t*x(x-1);

n:=n/x;

while (x | n) do
t:i=t*x;
n:=n/x

We will use the abbreviationsoopl for the main loop,Body1 for the body of the main loop,
Condit for the if statement andoop2 for the smaller loop nested inside.

1 Hoare Logic

Abbreviations for this section:

Invl = (¢(N)

pn)t ANVy.(1<y<z—y fn))

p(nz)t

Inv2
nv 1

ANVy.(I1<y<z—y fn) A xisprime)

1

5

2
!

(i) {Inv2} Loop2 {Invl}

Our strategy is to start with the invariafibv2 as our postcondition, find the precondition of the
body of Loop2 (steps 1-3), use precondition stengthening to get it in the correct fdoné#te
while rule (4-5), apply the while rule (6), and then use postcondition weageto derive our
result (7-8).

1. {p(N) = i(f)lt AVy. (1 <y<z—y [ g) Az is prime} o := n/x {Inv2} (Asst.)
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t . .
2. {p(N) = n_leVy. <1<y<x—>y/|/g>/\xISpl‘Ime}t::t*x

t . .
{o(N) = #(n) A Yy. (1 <y<z—y/ ﬁ) A x is prime} (Asst.)
z—1 z

3. {p(N) = go(n_)tlx A Yy. (1 <y<z—y )(%) Azisprime t:=tx*x;n:=n/x

{Inv2} (Seq. 1,2)
4o (Tnv2 Az | n) — (p(N) = *0;”_)’51“’” Ny (1< y <a—y [ 2) nais prime

(Facts 1,6)

5. {Inv2 Az |n}t:=t=*x;n:=n/x {Inv2} (Pre. Str. 3,4)
6. {Inv2} Loop2 {Inv2 ANz ) n} (While 5)
7.(Inv2 ANz fn)— Invl (Facts 3,5,7)
8. {Inv2} Loop2 {Invl} (Post. Weak. 6,7)

(i) {Invl} Bodyl {Invl}

Given postcondition/nvl, steps 9-12 find the precondition for the body of the if statement
Condit. Steps 13-15 put us in a position to use the conditional rule, which is StepVe6i-
nally push the argument through the first lineR¥dy1 to get our result (17-18).

9. {p(N) = fs(ﬁ)lt A Vy. (1 <y<z—y/f g) Az isprimel n:=n/x {Inv2}
(Asst.)

10. {o(N) = p(n)t A Vy. (1 <y<z—y X%) Azisprimel t:=tx*(x—1)

{p(N) = §<ﬁ>f A Vy. (1 <y<zT—oy )(g) A x is prime} (Asst.)
11. {o(N) = o(n) t A Vy. (1 <y<z—y X%) Az is prime}

t:=tx*(x—1);n:=n/x {Inv2} (Seq. 9,10)
12. {p(N) = p(n) t A Vy. (1 <y<zoy ﬂ) Az is prime}

t:=tx*(x—1);n:=n/x; Loop2 {Invl} (Seq. 11,8)
13. (¢(N) =p(n)tA\Vy.I1<y<z—y fn)ANx#1Az|n)—

(p(N) = p(n)t A Vy. (1 <y<zr—oy X%) A x is prime) (Facts 1,2)
4 Ap(N)=pn)tAVy.(l1<y<z—y [n)Ax#1Ax|n}

t:=tx*(x—1);n:=n/x; Loop2 {Invl} (Pre. Str. 12,13)

5.(p(N)=pn)tAVy.l<y<z—y [fn)Axz#1Azx fn) — Invl (Std. Math.)
) =

16. {o(N) =p(n)t \Vy.1<y<zxz—y fn) Az #1} Condit {Invl} (Cond. 14,15)
17. {Invl} x:==x+1

{e(N) =pn)tA\Vy.(l<y<z—y fn)Ax#1} (Asst. + Simplifying)
18. {Invl} Bodyl {Invl} (Seq. 16,17)
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If you are confused about + 1 # 1 being simplified away during step 17, recall that all our

variables are typed as positive non-zero integers.

(iii)y {n = N} Totient {t = p(N)}

First we find the Hoare triple fof.oopl (19-21). We then weaken the postcondition to get our
desired result (22-23), and finally push the precondition through @iitdo lines of code, weak-

ening appropriately to get the desired postcondition (24-29).

19. (Invl An#1) — Invl (Standard Logic)
20. {Invl An # 1} Bodyl {Invl} (Pre. Str. 18,19)

21. {Invl} Loopl {Invl Amn =1}
22. (InvlAn=1) — (t=p(N))

23. {Invl} Loopl {t = ¢(N)} (Post. Weak. 21,22)
24. {o(N) = ¢(n)t} x =1 {Invl} (Asst. + Simplifying)
25. {p(N) = p(n)} = 1 {p(N) = o(n) 1}

26. (n=N) — (¢(N) =¢(n)) (Standard Math.)
27.{n =N}t :=1{p(N) = p(n)t} (Pre. Str. 25.26)

28. {n=N}t:=1;x:=1{Invl}
29. {n = N} Totient {t = p(N)}

2 Weakest Precondition Calculus

(i) P, for wp(Loopl,t =1)

Py=(n=1At=1)

(il) P, for wp(Loopl,t =1)
First, we will tacklewp(Loop2, Py):

Qo =z fnAP
=z#1An=1Nt=1

Q1 =z |nAwp(t:=t*x;n:=1n/%,0Q0)
=z |nAwp(t:=t*xx,wp(n:=n/x,Qo))

EJ;|n/\wp(t::t*x,x#l/\ﬁzl/\tzl)
x
=z|nAzAlAS =1Atz=1
x

= False because xz = 1 impliesz = 1.

(While 20)

(Seq. 24,27)
(Seq. 23,28)

ThereforeQ), = Falsefor & > 1 because if a loop cannot terminate with a given postcondition

after 1 step then it cannot terminate after any larger number of stepseHenc
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wp(Loop2, Py) = 3k. (k> 0N Qy)

(x#1An=1At=1)VFalsev FalseV ---
=x#1An=1At=1)

Now we can approactyp(Bodyl, Fy). First we will look at the if statemer@ondit:

;n:=n/x,0Qp)) V Qo
,wp(n:=n/x,Q0))) V Qo

x—1),2£1A L =1At=1)V Qo
i

Il
8
3
>
S
S
ct
I
S o
*

)
:U|nAx7é1/\E:1/\t(x—1):1)\/Q0
=(x=2An=2ANt=1)V(@#1lAn=1At=1)
We then apply the first assignmentBbdy1:
wp(Bodyl, Py) = wp(x :=x+ 1, wp(Condit, Fy))
=(x=1An=2At=1)V(n=1At=1)
This allows us to definé”;
P, =n # 1 Nwp(Bodyl, Fy)
=r=1An=2At=1

(iii) P, for wp(Loopl,t =1)

Start withwp(Loop2, P ):
Ry =z fnAP
=z [nAhz=1An=2At=1
= False
ThereforeR, = Falsefor all kK because the loop can never terminate with postcondition
wp(Loop2, P) = Jk.(k > 0 A False
= False
Hence
wp(Condit, P1) = (z | nAwp(t:=t=*(x—1);n:=n/x,False) Vv (z [nA P)
= FalseV False (becauseup(S, False) = Falsealways)
= False

And therefore
wp(Bodyl, P1) = wp(x := x + 1, False)
= False
And finally:
P, =n #1AFalse
= False

Assignment 4 — Program Verification 4



(iv) Py for wp(Loopl,t =1)and k > 2

P, = Falsefor k > 2 because if a loop cannot terminate with a given postcondition after 2 steps
then it cannot terminate after any larger number of steps.

(V) wp(Totient,t = 1)
wp(Loopl,t =1) = 3k. (k> 0A By)

=n=1At=1)V(xr=1An=2At=1)V FalseV FalseV ---
=n=1At=1)V(xz=1An=2At=1)

And finally
wp(Totient,t =1) = wp(t := 1;x := 1, wp(Loopl,t = 1))
= wp(t := 1, wp(x := 1, wp(Loopl,t = 1))
=wpt:=1,(n=1At=1)V(l=1An=2At=1))
=(n=1A1=1)V(1=1An=2A1=1))
=n=1Vn=
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