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Introduction

Two integersx, y arecoprime if their greatest common divisor is1. The program below computes
what is calledEuler’s Totient function. The totientϕ(n) of a positive, non-zero integern is the
number of integersm in the range1 ≤ m ≤ n such thatm, n are coprime. The table below gives
some examples:

n coprimes in range ϕ(n)

1 {1} 1

2 {1} 1

3 {1, 2} 2

4 {1, 3} 2

5 {1, 2, 3, 4} 4

18 {1, 5, 7, 11, 13, 17} 6

The program Totient

t:=1;

x:=1;

while (n 6= 1) do

x:=x+1;

if (x | n) then

t:=t*(x-1);

n:=n/x;

while (x | n) do

t:=t*x;

n:=n/x
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A few remarks on this code:

• We may assume that all variables are typed as positive non-zero integers.

• Note that we are using tabbing to indicate nesting: the secondwhile loop is inside the body
of theif statement, which is in turn inside the firstwhile loop.

• We will use the abbreviationsLoop1 for the main loop,Body1 for the body of the main loop,
andLoop2 for the smaller loop nested inside. If you wish to use any other abbreviation in
your answers please make that clear when you introduce them.

• x | y (read asx divides y) is a boolean test that succeeds wheny
x

is an integer. We will write
its failure asx 6 | y.

• Theif..then.. statement is in a mildly different format from that given in lectures, as
there is noelse case. Hoare Logic and WP calculus rules for this construct are given inthe
appendix, and are easily derivable from the the rules you have seen for if..then..else...

1 Hoare Logic

We wish to show that the program computes the totient of the original value ofn. That is:

{n = N} Totient {t = ϕ(N)}

Here are some facts about number theory that may help you with this proof. Make sure you cite the
relevant fact by its number when using it for precondition strengthening,postcondition weakening,
or simplification:

Fact 1. If x 6 | y, thenx 6 | y
z
;

Fact 2. If x is the smallest positive divisor ofy not equal to1, thenx is prime;

Fact 3. If x is prime andx 6 | y, thenx, y are coprime;

Fact 4. ϕ(1) = 1;

Fact 5. If x is prime, thenϕ(x) = x − 1;

Fact 6. If x is prime andx | y, thenϕ(y x) = ϕ(y)x;

Fact 7. If x, y are coprime, thenϕ(x y) = ϕ(x)ϕ(y).

We have two loops,Loop1 andLoop2, and therefore will need two invariants. Let

Inv1 ≡ ( ϕ(N) = ϕ(n) t ∧ ∀y. (1 < y ≤ x → y 6 | n) )

Inv2 ≡ ( ϕ(N) =
ϕ(n x) t

x − 1
∧ ∀y. (1 < y < x → y 6 | n) ) ∧ x is prime)

Now use Hoare Logic to prove the following.Make sure that every step of your proof is justified
by citing the rule that you are using.

(i) Prove{Inv2} Loop2 {Inv1} using the invariantInv2.

(ii) Hence prove{Inv1} Body1 {Inv1}.

(iii) Hence prove{n = N} Totient {t = ϕ(N)}, using the invariantInv1 for Loop1.
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2 Weakest Precondition Calculus

In this section we wish to use the rules of the Weakest Precondition Calculus to find the weakest
precondition which ensures thatϕ(n) = 1. That is, we want to find

wp(Totient, t = 1)

Answer the following questions. Make sure you simplify your answers as far as possible, and
justify any simplifications that are not immediately obvious.

(i) We will need to findwp(Loop1, t = 1). First, stateP0 (the predicate expressing success
after zero loop iterations) for this weakest precondition.

(ii) Find wp(Body1, P0) and hence stateP1 for wp(Loop1, t = 1).

This will involve calculatingwp(Loop2, P0). Call the sequence of predicates for this
weakest preconditionQ0, Q1, Q2 . . . (so that you don’t get confused withP0, P1, P2, . . .).
Make sure you justify clearly each step of your argument when finding theweakest precon-
dition for Loop2.

(iii) Find wp(Body1, P1), and hence stateP2 for wp(Loop1, t = 1).

This will involve calculatingwp(Loop2, P1). Call the sequence of predicates for this
weakest preconditionR0, R1, R2 . . ..

(iv) Use these results to statePk for wp(Loop1, t = 1) for all k > 2. Remember to justify this
step.

(v) Findwp(Loop1, t = 1) and, using this result, findwp(Totient, t = 1).
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Appendix — Hoare Logic Rules

• Precondition Strengthening:

{Pw} S {Q} Ps → Pw

{Ps} S {Q}

• Postcondition Weakening:

{P} S {Qs} Qs → Qw

{P} S {Qw}

• Assignment:

{Q(e)} x := e {Q(x)}

• Sequence:

{P} S1 {Q} {Q} S2 {R}

{P} S1; S2 {R}

• Conditional:

{P ∧ b} S {Q} P ∧ ¬ b → Q

{P} if b then S {Q}

• While Loop:

{P ∧ b} S {P}

{P} while b do S {P ∧ ¬ b}

Appendix — Weakest Precondition Rules

wp(x := e, Q(x)) ≡ Q(e)

wp(S1; S2, Q) ≡ wp(S1, wp(S2, Q))

wp(if b then S, Q) ≡ (b → wp(S, Q)) ∧ (¬ b → Q)

≡ (b ∧ wp(S1, Q)) ∨ (¬ b ∧ Q)

Pk is the weakest predicate that must be true before whileb doS executes, in order for the loop
to terminate after exactlyk iterations in a state that satisfiesQ.

P0 ≡ ¬ b ∧ Q

Pk+1 ≡ b ∧ wp(S, Pk)

wp(while b do S, Q) ≡ ∃k.(k ≥ 0 ∧ Pk)
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