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QUESTION 1 [11 marks]

Natural Deduction

(a) Use truth tables to determine whether the following inference is (always) valid or not; if
not, give a counterexample (values ofp, q, r for which it is not valid).

(p → q) ∨ (q → r)
(p ∧ q) → r

QUESTION 1(a) [3 marks]

p q r p → q q → r
(p → q) ∨

(q → r)
p ∧ q (p ∧ q) → r

T T T T T T T T
T T F T F T T F
T F T F T T F T
T F F F T T F T
F T T T T T F T
F T F T F T F T
F F T T T T F T
F F F T T T F T

The inference is not valid, with the counterexamplep true,q true,r false.

(b) Give a natural deduction proof of
(p → r) ∨ (q → r)

(p ∧ q) → r

QUESTION 1(b) [4 marks]

1 (p → r) ∨ (q → r)

2 p ∧ q

3 p → r

4 p ∧-E, 2

5 r →-E, 3, 4
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QUESTION 1(b), continued

6 q → r

7 q ∧-E, 2

8 r →-E, 6, 7

9 r ∨-E, 1, 3–5, 6–8

10 (p ∧ q) → r →-I, 2–9

(c) Give a natural deduction proof of
(∃ x. P(x)) → Q
∀ x. P(x) → Q

, that is,
(∃ x. P(x)) → Q
∀ x. (P(x) → Q)

(wherex does not appear free inQ)

QUESTION 1(c) [4 marks]

1 (∃ x. P(x)) → Q

2 a P(a)

3 ∃ x. P(x) ∃-I, 2

4 Q →-E, 1, 3

5 P(a) → Q →-I, 2–4

6 ∀ x. P(x) → Q ∀-I, 5
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QUESTION 2 [10 marks]

Structural Induction

Given these function definitons:

sum [] = 0 -- (S1)

sum (x:xs) = x + sum xs -- (S2)

[] ++ ys = ys -- (A1)

(x:xs) ++ ys = x : (xs ++ ys) -- (A2)

We would like to prove the following property using structural induction.

sum (xs ++ ys) = sum xs + sum ys

You may need to include an explicit∀ in the goals and the inductive hypothesis. If so, in your
answers indicate where you need to make use of this.

(i) State and prove the base case goal.

QUESTION 2 [3 marks]

We need to prove this by induction on the listxs (notys, the definition clause
(A2) for ++ is the clue here).

Base case: xs = []
Show thatsum ([] ++ ys) = sum [] + sum ys

Proof:
sum ([] ++ ys) = sum ys -- by (A1)

= 0 + sum ys
= sum [] + sum ys -- by (S1)

(ii) State the induction hypothesis.

QUESTION 2 [2 marks]

For proving the step case forxs = a:as, the induction hypothesis is

sum (as ++ ys) = sum as + sum ys -- (IH)

We will see that we don’t need to quantify overys.
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(iii) State and prove the step case goal.

QUESTION 2 [5 marks]

Step case: xs = a:as

Show that if the inductive hypothesis (as above) holds, then
sum ((a:as) ++ ys) = sum (a:as) + sum ys

Proof:
sum ((a:as) ++ ys)

= sum (a : (as ++ ys)) -- by (A2)
= a + sum (as ++ ys) -- by (S2)
= a + (sum as + sum ys) -- by (IH)
= (a + sum as) + sum ys -- by arith
= sum (a:as) + sum ys -- by (S2)
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QUESTION 3 [11 marks]

Finite State Machines

(a) Give a Non-deterministic Finite State Automaton (NFA) on the alphabetΣ = {0, 1}
which accepts the languageL of even binary numerals written without superfluous leading
0, that is,L consists of non-empty strings which either

• consist of a single 0, or

• start with 1 and end with 0

If possible, find an NFA with only three states.

QUESTION 3(a) [3 marks]

S0 S1

S2

0,11

0
0

(b) Give a regular expression for the languageL.

QUESTION 3(b) [2 marks]

0 | 1(0 | 1)∗0
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(c) Find a Deterministic Finite State Automaton (DFA) forL. (Hint: this requires five states).

QUESTION 3(c) [3 marks]

S12

S0 S2 S−

S1

1 0

0,10 0,1

1

0
1

This DFA is obtained from the NFA using the algorithm described in lectures:
when both FSAs have read the same input string,
• the DFA is in stateSi when the NFA can only be in stateSi (i = 0, 1, 2)
• the DFA is in stateS12 when the NFA could be in statesS1 or S2

• the DFA is in stateS− when the NFA could not be in any state (ie it must
have got “stuck” tying to read that input)

(d) Explain why a Deterministic Finite State Automaton forL must have more than one final
state.
QUESTION 3(d) [3 marks]

WhereS0 is the start state, andF is the set of final states,N(S0, 0) is a final
state because0 ∈ L. But no other string starting with 0 is inL, that is, for
α 6= ǫ, N∗(S0, 0α) 6∈ F. That is, if you callN(S0, 0) S2 (as in the diagram in (c)
above), thenN∗(S2, α) 6∈ F for every non-emptyα.
On the other handN∗(S0, 10) ∈ F because10 ∈ L, and there are many strings
β for which N∗(S0, 10β) ∈ F (to be exact, whereβ ends in 0). That is, if you
call N∗(S0, 10) S1 (as in the diagram in (c) above), thenN∗(S1, β) ∈ F for some
non-emptyβ.
ThereforeS1 andS2 (defined asN∗(S0, 10) andN(S0, 0)) must be different.
Similarly you can show that there must be three non-final states. Showing it
more informally:

• N∗(S0, 00) 6∈ F, and from this state you cannever get to a final state.
• N∗(S0, 1) 6∈ F, and from this state you can get to a final state; moreover

wherever you can get to from this state you can get to a final state from
there (just by reading input 0) — so youcan’t get to a state likeS−

• S0 6∈ F, and neither of the above is true of this state
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QUESTION 4 [7 marks]

Context-free Languages and Parsing

Consider the following grammar with non-terminal (and startsymbol)S, and terminalsa, b.

S → a b S → a S b

(a) Describe the languageL generated by this grammar.

QUESTION 4(a) [2 marks]
L = {anbn | n ≥ 1}

that is, the language consisting of strings which contain, first, some number (at
least 1) of ‘a’s, then the same number of ‘b’s

(b) The PDA derived naturally from this grammar has the following transitions:
With q0 as start state, andq2 as final state:

δ(q0, ǫ, Z) 7→ q1/SZ

δ(q1, ǫ, Z) 7→ q2/ǫ

δ(q1, a, a) 7→ q1/ǫ

δ(q1, b, b) 7→ q1/ǫ

plus two more transitions omitted from the above. What are they?

QUESTION 4(b) [1 mark]

δ(q1, ǫ, S) 7→ q1/a b

δ(q1, ǫ, S) 7→ q1/a S b
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(c) We want to do top-down parsing of the language using this PDA.But allowing one symbol
lookahead in the input is not sufficient to make this parser deterministic. Explain why.

QUESTION 4(c) [2 marks]

When you have the non-terminalS on top of the stack, that is, you are trying to
match the next part of the input to theS, the next step is to choose a transition
which replacesS on the top of the stack by eitherab or aSb (that is, choosing
between the two transitions in the answer to (b)). But since the first symbol of
both these possibilities isa, looking at the next input symbol (which should be
a) does not tell you which of the two transitions to choose.

(d) We can change the grammar, to avoid this problem. Give a grammar such that

• it generates the same languageL, and

• looking ahead one symbol of the inputis sufficient to determine the next transition
of the corresponding PDA

Hint: one possible solution has, as one of its productions,S → a T .

QUESTION 4(d) [2 marks]

The hint suggests we have the non-terminalT generate all the strings of the
form {ambm+1 | m ≥ 0}.
This gives the folowing grammar.

S → a T

T → a T b (first terminal must bea)

T → b (first terminal must beb)

There are two productions forT, but they can only generate sentences which
begin witha andb respectively, so looking ahead to the next symbol of the
input is enough to decide which production (or transition ofthe corresponding
PDA) to use.
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QUESTION 5 [11 marks]

Specification using Z

A technical college has students; they enrol, take courses and, if their collection of completed
units satisfies certain rules, they graduate.

The bare bones of the system is captured in the following Z specification.

[Person]
[Unit]

Status ::= Incomplete | Graduated

preRequisites : Unit ↔ Unit
advancedUnits : P Unit

∀ u : Unit • u ∈ advancedUnits ⇒
∃ p : Unit • (p 7→ u) ∈ preRequisites

College
status : Person 7→ Status
courses : Person 7→ P Unit
unitsCompleted : Person ↔ Unit

dom unitsCompleted ⊆ dom courses
dom courses ⊆ dom status
∀ p : Person, u : Unit •

(p 7→ u) ∈ unitsCompleted ⇒
u ∈ courses(p)

StudentAdmissiono

∆College
p? : Person

p? 6∈ domstatus
status′ = status ∪ {p? 7→ Incomplete}
courses′ = courses ∪ {p? 7→ ∅}
unitsCompleted′ = unitsCompleted

UnitEnrolmento

∆College
p? : Person
u? : Unit

status(p?) = Incomplete
u? 6∈ courses(p?)
∀ c : Unit • ((c 7→ u?) ∈ preRequisites)

⇒ ((p? 7→ c) ∈ unitsCompleted)
status′ = status
courses′ = courses \ {p? 7→ courses(p?)}

∪ {p? 7→ (courses(p?) ∪ {u?})}
unitsCompleted′ = unitsCompleted

Graduationo

∆College
p? : Person

(p? 7→ Incomplete) ∈ status
#({p?} ⊳ unitsCompleted) ≥ 8
#(ran({p?} ⊳ unitsCompleted)

∩advancedUnits) ≥ 4
status′ = status \ (p? 7→ Incomplete)

∪(p? 7→ Graduated)
courses′ = courses
unitsCompleted′ = unitsCompleted
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(a) Give, in plain English, the constraint on the constant setadvancedUnits.
QUESTION 5(a) [2 marks]

Every advanced unit has at least one pre-requisite.

(b) Describe, in English the global variable (state variable)unitsCompleted. How is it differ-
ent from the state variablecourses?
QUESTION 5(b) [2 marks]

Each element of the relationunitsCompleted indicates that some particular
person has completed some particular subject.
The maplets of thecourses function indicate that a person has merely enrolled
in a subject, perhaps having completed it.

(c) Give (in English) the preconditions for the operationUnitEnrolmento.
QUESTION 5(c) [1 mark]
(1) The student must not have graduated.
(2) The student must not already be enrolled in the unit.
(3) The student must have completed all the pre-requisites.

(d) Give (in English) the postconditions for the operationUnitEnrolmento.
QUESTION 5(d) [2 marks]
(1) The state variablesstatus andunitsCompleted are unchanged.
(2) The set of courses thatp? is enrolled in has the courseu? added.
(3) The set of courses of other students is not changed.

(e) Give (in English) the three preconditions for the operationGraduationo.
QUESTION 5(e) [2 marks]
(1) The student must be enrolled but not graduated already.
(2) The student must have completed at least 8 courses overall.
(3) The student must have completed at least 4 advanced courses.

(f) Write a schema for a query calledGraduateso which has an output variablegraduates!
which will be the set of students who have graduated.
QUESTION 5(f) [2 marks]

Graduateso

ΞCollege
graduates! : P Person

graduates! = dom(status ⊲ {Graduated})
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Appendix 1 — Natural Deduction Rules

Propositional Calculus

(∧ I)
p q

p ∧ q
(∧ E)

p ∧ q

p

p ∧ q

q

(∨ I)
p

p ∨ q

p

q ∨ p
(∨ E)

[p] [q]

...
...

p ∨ q r r

r

(→I)

[p]

...

q

p → q
(→E)

p p → q

q

(¬I)

[p]

...

q ∧ ¬q

¬p
(¬E)

[¬p]

...

q ∧ ¬q

p

Predicate Calculus

(∀ I)
P(a) (a arbitrary)

∀ x. P(x)
(∀E)

∀ x. P(x)

P(a)

(∃ I)
P(a)

∃ x. P(x)
(∃E)

∃ x. P(x)

[P(a)]
...
q (a arbitrary)

q (a is not free inq)
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Appendix 2 — Truth Table Values

p q p ∨ q p ∧ q p → q ¬ p p ↔ q
T T T T T F T
T F T F F F F
F T T F T T F
F F F F T T T

COMP2600 (Formal Methods for Software Engineering) Page 13 of 13


