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Week 3 Tutorial

Natural Deduction
Solutions

1 Truth Tables
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2 Natural Deduction in Propositional Logic

Question 2.1.1

1 P
2 —q
L E
4 q—7p —-1, 2-3
5 | p—(a—p) —-1, 14
Question 2.1.2
1 pAq
2 T
3 q A-E, 1
4 qNAT A-L 3, 2
5 r—(qgAr) —-1, 24
6 | (pAg)—=(r—(gAr)) —-1, 15
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Question 2.1.3

1| (pvg)—q

2 p

3 ?q V-1, 2

4 q —-E, 1,3

) pAq A1, 2,4

6 p—(pAQq) —-1, 2-5
Question 2.2

1 pP—q

2 —q

3 p

4 q —-E, 1,3

) g\ —q AL 2,4

6 -p -1, 3-5

7 =g — —p —-1, 2-6

8 | (p—=a)—(=g—-p) —-1, 1-7

Question 2.3

L | pV(gAr)

2 p

3 ?q V-1, 2

4 gnT

) q A-E, 4

6 pVq V-1, 5

7 pVyq V-E, 1, 2-3, 46
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Question 2.4.1

1 pVya

2 —p

3 p

4 —ﬂq

) }Tﬁp A1, 2,3

6 q —-E, 4-5

7 q

8 T R, 7

9 q V-E, 1, 3-6, 7-8

10 -p—q —-1, 2-9

1| (pvVae)—(p—q —-1, 1-10
Question 2.4.2

L] (prg—r

2 p

3 —q

4 pPAq A1, 2,3

) r —-E, 1,4

6 q—rT —-1, 3-5

7 p—(qg—r) —-1, 2-6

1| p—=(g—r)

2 pPAg

3 P A-E, 2

4 q—r —-E, 1,3

) q AN-E, 2

6 r —-E, 4,5

7 (pAq)—r —-1, 2-6
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3 Natural Deduction for Predicate Calculus

Question 3.1

- W N

Question 3.2

V-E, 1
V-1, 2
—1,1-3

© 00 N O Ot s W N

[
o

Jo. Q()
(Jz. P(z)) v (3z. Q(z))
(Jz. P(z)) v (3z. Q(z))
(Jz. P(z)) v (3z. Q(z))

AE, 1
A-E, 2
V-E, 2
V-E, 3
—-E, 5, 4
VoL, 6

31, 3
V-1, 4

31, 6

VAR

V-E, 2, 3-5, 6-8
IE, 1,29
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Question 3.4

1 Vy. 3z. P(z,y)

2 | b| 3z P(z,b) V-E, 1

3 a| Pl(a,b)

4 P(a,b) R, 3

5 P(a,b) — WRONG - IE, 2,34
6 Yy. P(a,y) V-1, 5

7 Jdz. Vy. P(z,y) 31,6

e The guard variable a at line (3) prevents us from moving between steps (4) and (5).

e Line (5) violates the (a is not free in ¢) clause in the rule.

[P(a)]

Jz. P(x) q (a arbitrary)

q (a is not free in q)

Question 3.4 Another attempt:

1 Vy. 3z. P(z,y)

2 Jdz. P(x,b) V-E, 1

3 |al| Pla,b)

4 Vy. P(a,y) - WRONG - v-1, 3

5 Jz. Vy. P(x,y) 31,4

6 Jz. Vy. P(z,y) 3-E, 2, 3-5

e Here step (4) is wrong, as at this point, the variable b is not arbitrary: it appears in
the assumption P(a,b) at step (3).

e According to the other examples of V-1, we should have a vertical bar labelled b,
alongside lines preceding step (3), which would be indented (this must include all
the lines containing b). How could you do that in this case?
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Question 4 (some)

("p—q)

~(pVq)

p

'q

qNTq

PVyq

—V-E, 2
—V-E, 2
—-E, 1,3
AL 5, 4
~E, 2-6

o N O Ut = W N

AN-E, 1
AN-E, 2

V-E, 3

—-E, 5,4
31,6
3K, 2, 4-7
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