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QUESTION 1 [25 marks]

(a) Order the following complexity classes from slowest-growing to fastest growing. If any
of the classes are the same, indicate this fact and justify it.

Θ(n4.5), Θ(log2 n), Θ(3n), Θ(n2 log3/2 n), Θ(log2 n100), Θ(n4/(6n + 5))

QUESTION 1(a) (i) [3 marks]
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(b) Let f(n), g(n) and h(n) be three positive functions. Either prove that the following
statement is true, or provide a counterexample:

(i) max{f(n), g(n)} = O(f(n) + g(n)).

QUESTION 1(b)(i) [4 marks]
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(ii) f(n) = O(g(n)) implies2(f(n) = O(2g(n)).

QUESTION 1(b)(ii) [4 marks]
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(c) Using theΘ(.) notation, give asymptotic upper bounds forT (n) in the following recur-
rences. Note that you arenot allowed to use the Master theorem.

(i) T (n) = 5T (n/7) + n2, assume thatn is power of 7 andT (n) is constant forn ≤ 7.

QUESTION 1(c)(i) [5 marks]
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(ii) T (n) =
√

nT (
√

n)+n, assume thatn is power of 2 andT (n) is constant forn ≤ 4.

QUESTION 1(c)(ii) [4 marks]
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(d) Givenn elements in a setS andk with 1 ≤ k ≤ n, the following algorithmA similar to
the given linear algorithmSELECT in the textbook can be used to find the firstk largest
elements inS, which proceeds as follows.

Step 1. The elements inS are grouped with size 27 each, except the last group which
containsn − ⌊n/27⌋ ∗ 27.

Step 2, Find the median of each group. As a result, there will be a sequence of medians
consisting of the medians of the groups. Letx be the median of the median sequence.

Step 3. The setS is now partitioned into three disjoint setsR1, R2 andR3 which contain
elements less, equal to or greater thanx.

Step 4. Call algorithmA for finding the first(|R1| − (n − k + 1) + 1) largest elements
on R1 recursively if|R1| ≥ n − k + 1. Otherwise, if|R1 ∪ R2| ≥ n − k + 1, return
the elements inR3 andk − |R3| of xs; otherwise, call algorithmA for finding the firstk
largest elements on setR3 recursively.

Write a recurrence for the running time of algorithmA and show the algorithm works
within the linear time.

QUESTION 1(d) (more room on next page) [5 marks]

Answer box continued over page.
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QUESTION 1(d) continued. [5 marks]
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QUESTION 2 [20 marks]

(a) Describe three common probing methods for hash tables with open addressing. What is
the number of different probing sequences derived from eachof them? assume thatm is
the size of the hash table.
QUESTION 2(a) [6 marks]

COMP3600/COMP6466 (Algorithms) Page 9 of 28



(b) There are two types of data structures used to represent disjoint sets. What are they?
To speed-up theUNION operation on the disjoint sets, heuristics for them have been
introduced. Describe how to implement theUNION operation on the data structures,
using the heuristics briefly.

QUESTION 2(b) [4 marks]
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(c) Assume that there aren elements with keys, to build a dynamic directory for these ele-
ments, either a binary search tree or a red-black tree will beemployed for such a purpose,
can you detail the advantage of using the red-black tree rather than the binary search tree?

QUESTION 2(c) [4 marks]

(d) Given an integer sequence10, 4, 19, 23, 22, 15, 28, 27, 12, 9, 11, 16, which is stored in an
arrayA[1..12]. Construct a binary min-heap for the numbers in the sequence.

QUESTION 2(d) [6 marks]
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QUESTION 3 [12 marks]

(a) Perform a Depth-First Search on the directed acyclic graph (DAG) below, starting at ver-
tex 1 and exploring neighboring verticesin order of their labels. Give your results as a
diagram that shows the order of visited vertex and the start and finish times of each vertex.
Classify the edges in the DAG as tree edges, forward edges, back edges and cross edges
if they exist.
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QUESTION 3(a) [6 marks]
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(b) Using the results of the part (a), list the vertices in topological order.

QUESTION 3(b) [2 marks]

(c) Assume that each edge in the DAG is assigned a weight, there isan algorithm for finding
single-source shortest paths in the DAG. What is the runningtime of that algorithm if the
DAG containsm directed edges andn vertices?

QUESTION 3(c) [4 marks]
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QUESTION 4 [15 marks]

(a) Use Kruskal’s algorithm to find a minimum spanning tree on thefollowing graph. Indicate
the order in which the edges are chosen.
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QUESTION 4(a) (more room on next page) [10 marks]
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QUESTION 4(a) (continued)
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(b) Suppose you are given a connected graphG, with edge costs that are all distinct. Prove
thatG has a unique minimum spanning tree.

QUESTION 4(b) [5 marks]
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QUESTION 5 [12 marks]

(a) Consider the sequence alignment problem over a four-letteralphabet{z1, z2, z3, z4}, with
a given gap cost and given mismatch costs. Assume that each ofthese parameters is a
positive integer.

(i) Suppose you are given two stringsA = a1a2 . . . an andB = b1b2 . . . bm and a pro-
posed alignment between them. Give anO(mn) dynamic programming algorithm
to decide whether this alignment is theunique minimum-cost alignment between
A andB.
QUESTION 5(a)(i) (more space on next page) [8 marks]
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QUESTION 5(a)(i) (continued)
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(ii) Briefly indicate what extra needs to be done to find the unique alignment example
rather than just its cost.

QUESTION 5(a)(ii) [4 marks]
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QUESTION 6 [16 marks]

(a) Apply either the Dijkstra algorithm or the Bellman-Ford algorithm to find the distance
from vertexs to each of the other vertices in the following graph. Explainyour choice
of which of the two algorithms you are using. Give enough intermediate information to
demonstrate that you are applying the algorithm correctly (don’t just give the final result).
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QUESTION 6(a) (more room on next page) [12 marks]

Answer box continued over page.
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QUESTION 6(a) continued. [12 marks]

(b) How to modify the Floyd-Warshall algorithm to find the transitive closure of a directed
graphG(V, E)? What is the running time of the proposed algorithm? if|V | = n and
|E| = m.

QUESTION 6(b) [4 marks]
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QUESTION 7 [10 marks]
This question is only for COMP6466/PhD/Honours students.

Given a directed telecommunication networkG(V, E), associated with each linke ∈ E, there
are two weights: one is the communication costc(e), and another is the communication delay
d(e) on the linke which is an integer.

The question is: given a pair of nodesu andv and an integerD, to find a shortest path inG from
nodeu to nodev such that (i) the cost sum of links in the path is minimised; and (ii) the total
communication delay in the path from nodeu to nodev is no more than the given thresholdD.

Devise an algorithm for the problem and analyze its running time complexity. (Hint: You may
use Dijkstra’s algorithm and dynamic programming technique to solve this problem).

QUESTION 7 (more room on next page) [10 marks]

Answer box continued over page.
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QUESTION 7 continued. [10 marks]
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Additional answers. Clearly indicate the corresponding question and part.
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Additional answers. Clearly indicate the corresponding question and part.
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Additional answers. Clearly indicate the corresponding question and part.
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Additional answers. Clearly indicate the corresponding question and part.
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Additional answers. Clearly indicate the corresponding question and part.
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