4. Recurrences

When an algorithm contains a recursive call to itself, its running time can often be
described by a recurrence.

A recurrence is an equation or inequality that describes a function in terms of its
value on smaller inputs.

E.g., the running time T (N) of the merge-sort algorithm can be expressed in a
recurrence.

Q(1)1 |f n= 1,

T(n)= .
T(dn=2€) + T (bn=2c) + Q(n), otherwise
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Chapter 4. Recurrences (cont.)

Approaches to solving recurrences.

a Substitution method:
Guess a bound, and prove that the guess is correct by using mathematical
induction.

a lteration method:
Convert the recurrence into a summation and then use the techniques of
bounding summations to solve the recurrence.

a Apply a standard result:
Such as the Master Theorem.
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4.1 Substitution Method

The substitution method consists of two steps.
a Step 1. Guess the form of the solution.

a Step 2. Use mathematical induction to nd the constants (boundary ¢ onditions),
and show that the guess is correct.

Note that a good guess is vital when applying this method. If the initial guess is
wrong, the guess needs to be adjusted later.
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4.1 Substitution Method (continued)

Special consideration when applying substitution method.

1. Making a good guess:
T(n)=2T(bn=3c+105)+n

2. Subtleties:
T(n) = T(bn=2c) + T(bn=2C) +5

3. Avoiding pitfalls:
T(n)=2T(bn=2c)+n

4. Changing variables:
T(n) = 2T(bp nc) +logn
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4.2 lteration Method

The iteration method does not require guessing the answer, but it may require more
algebraic knowledge than the substitution method.

The idea is to expand (iterate) the recurrence and express it as a summation of
terms, depending only on n and the initial conditions.

For example, consider

T(n) = 3T (bn=4c) + crv.

A useful property:  For integers a,b 1, and any X,

bx=ac _Jik g xae _Iim
b ab b ab’

Example: blm=4c=4c = bn=16¢C
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4.2 Iteration Method (continued)

The recursion tree can be used to help nd the solution to a rec urrence.

T(n) = 3T (bn=4c) + crY

(Cormen, p69)
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(Cormen, p69)
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4.2 Iteration Method (continued)

T(N)=T(n=3)+T(2n=3)+cn
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4.3 Master theorem

Leta 1, b> 1 be constants, let f(n) be a constant, and let T (n) be de ned on the
nonnegative integers by the recurrence

T(n) =aT(n=b)+ f(n),

where we interpret N=b to mean either bn=bc or dn=be. Then:
a If f(n) = O(n° for some constant ¢ < log,a, then T(N) = Q(n'°%?),
a If f(n) = Q(n°) for ¢ = log,a, then T(n) = Q(n'°%2Ign).

a If f(n)=Wn°) for some constant ¢ > log,a, and if af(n=b) a f(n) for some
constant a and suf ciently large n, then T(n) = Q(f(Nn)).

Note: log,a=Ina=Inb.
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