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Problem solving and search

Chapter 3
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Outline

} Problem-solving agents

} Problem formulation

} Example problems

} Basic search algorithms
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Problem-solving agents

} Restricted form of general agent

} The problem to be solved is expressed as agoal

} The world is in one of a number ofstates

} (The goal is often just a distinguished state)

} In a particular state, an agent can select one of a number ofactions to
perform

} A solution is a sequence of actions that brings us to the goal

} We �nd a solution by searching through the space of states andactions
until we �nd the goal
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Example: Romania
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Problem-solving agents

Restricted form of general agent:

function Simple-Problem-Solving-Agent ( percept) returns an action
static : seq, an action sequence, initially empty

state, some description of the current world state
goal, a goal, initially null
problem, a problem formulation

state Update-State (state, percept)
if seqis emptythen

goal Formulate-Goal (state)
problem Formulate-Problem (state, goal)
seq Search ( problem)

action  First (seq)
seq Rest (seq)
return action

This iso�ine (or open-loop) problem solving; solution executed \eyes closed."
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Assumptions about the task environment

} static

} single agent

} deterministic

} observable

} discrete

Open-loop problem solving is suitable under those assumptions.
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Example: Romania

On holiday in Romania; currently in Arad.
Flight leaves tomorrow from Bucharest

Formulate goal:
be in Bucharest

Formulate problem:
states: various cities
actions: drive between cities

Search for a solution:
sequence of drive actions or equivalently
sequence of cities, e.g., Arad, Sibiu, Fagaras, Bucharest
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Example: Romania

On holiday in Romania; currently in Arad.
Flight leaves tomorrow from Bucharest

Formulate goal:
be in Bucharest

Formulate problem :
states: various cities
actions: drive between cities

Search for a solution :
sequence of drive actions or equivalently
sequence of cities, e.g., Arad, Sibiu, Fagaras, Bucharest
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Problem formulation

A problemis de�ned by four items:

initial state e.g., \at Arad"

successor functionS(x) = set of action{state pairs
e.g.,S(Arad) = fhArad ! Zerind; Zerind i ; : : :g

goal test, can be
explicit, e.g.,x = \at Bucharest"
implicit, e.g.,HasAirport (x)

path cost(additive)
e.g., sum of distances, number of actions executed, etc.
c(x; a; y) is thestep cost, assumed to be� 0

A solutionis a sequence of actions
leading from the initial state to a goal state
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Selecting a state space

Real world is absurdly complex
) state space must beabstracted for problem solving

(Abstract) state = set of real states

(Abstract) action = complex combination of real actions
e.g., \Arad! Zerind" represents a complex set

of possible routes, detours, rest stops, etc.
For guaranteed realizability,any real state \in Arad"

must get tosomereal state \in Zerind"

(Abstract) solution =
set of real paths that are solutions in the real world

Each abstraction should be \easier" than the original problem!
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Example: The 8-puzzle
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Example: The 8-puzzle
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2

Start State Goal State

51 3

4 6

7 8

5

1

2

3

4

6

7

8

5

states??: integer locations of tiles (ignore intermediate positions)
actions??: move blank left, right, up, down (ignore unjamming etc.)
goal test??
path cost??

Chapter 3 15

Example: The 8-puzzle
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path cost??
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Example: The 8-puzzle
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Start State Goal State
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states??: integer locations of tiles (ignore intermediate positions)
actions??: move blank left, right, up, down (ignore unjamming etc.)
goal test??: = goal state (given)
path cost??: 1 per move

[Note: optimal solution ofn-Puzzle family is NP-hard]
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Example: Satisfaction

Given a bunch of logical clauses of the form
a OR b OR c AND
x OR NOT y OR NOT z AND . . .

�nd an assignment of values to variables that satis�esf all , mostg of the
clauses.
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Example: Satisfaction

b_ e_ : d ^ d _ : b_ : a ^
: a _ b_ : c ^ : c _ : b_ e ^
: d _ a _ b ^ : a _ c_ : d ^
e_ b_ c ^ a _ : d _ c ^

b_ : d _ : e ^ b_ c _ d ^
: d _ : a _ : e ^ : e_ : c _ a ^
: d _ : b_ c ^ : e_ : d _ : a ^
: d _ b_ : e ^ c _ d _ a ^

: e_ : d _ : c ^ a _ c _ : e ^
d _ a _ c ^ : c _ : b_ d ^

: e_ d _ : c
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Example: Satisfaction

b_ e_ : d ^ d _ : b_ : a ^
: a _ b_ : c ^ : c _ : b_ e ^
: d _ a _ b ^ : a _ c_ : d ^
e_ b_ c ^ a _ : d _ c ^

b_ : d _ : e ^ b_ c _ d ^
: d _ : a _ : e ^ : e_ : c _ a ^
: d _ : b_ c ^ : e_ : d _ : a ^
: d _ b_ : e ^ c _ d _ a ^

: e_ : d _ : c ^ a _ c _ : e ^
d _ a _ c ^ : c _ : b_ d ^

: e_ d _ : c

Solution:: a; : b; c; : d; : e
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Example: Satisfaction

states??:
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Example: Satisfaction

states??: values assigned to variables
clauses satis�ed/unsatis�ed/cain't get no satisfaction
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Example: Satisfaction

states??: values assigned to variables
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actions??:
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Example: Satisfaction

states??: values assigned to variables
clauses satis�ed/unsatis�ed/cain't get no satisfaction

actions??: assign value to variable
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Example: Satisfaction
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goal test??:

Chapter 3 25

Example: Satisfaction

states??: values assigned to variables
clauses satis�ed/unsatis�ed/cain't get no satisfaction

actions??: assign value to variable

goal test??: all clauses satis�ed

Chapter 3 26

Example: Satisfaction

states??: values assigned to variables
clauses satis�ed/unsatis�ed/cain't get no satisfaction

actions??: assign value to variable

goal test??: all clauses satis�ed

path cost??:
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Example: Satisfaction

states??: values assigned to variables
clauses satis�ed/unsatis�ed/cain't get no satisfaction

actions??: assign value to variable

goal test??: all clauses satis�ed

path cost??: number of variables assigned

Chapter 3 28



Tree search algorithms

Basic idea:
o�ine, simulated exploration of state space
by generating successors of already-explored states

(a.k.a.expandingstates)

function Tree-Search ( problem, strategy) returns a solution, or failure
initialize the search tree using the initial state ofproblem
loop do

if there are no candidates for expansionthen return failure
choose a leaf node for expansion according tostrategy
if the node contains a goal statethen return the corresponding solution
else expand the node and add the resulting nodes to the search tree

end
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Tree search example

Rimnicu Vilcea Lugoj
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Arad
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Tree search example

Rimnicu Vilcea LugojArad Fagaras Oradea AradArad Oradea

Zerind
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Tree search example

Lugoj AradArad OradeaRimnicu Vilcea

Zerind

Arad

Sibiu

Arad Fagaras Oradea

Timisoara
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Implementation: states vs. nodes

A stateis a (representation of) a physical con�guration
A nodeis a data structure constituting part of a search tree

includesparent, children, depth, path costg(n)
States do not have parents, children, depth, or path cost!
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State Node depth = 6

g = 6

state

parent, action

The Expand function creates new nodes, �lling in the various �elds and
using theSuccessorFn of the problem to create the corresponding states.
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Implementation: general tree search

function Tree-Search ( problem, fringe) returns a solution, or failure
fringe  Insert (Make-Node (Initial-State [problem]), fringe)
loop do

if fringe is emptythen return failure
node Remove-Front (fringe)
if Goal-Test (problem,State (node)) then return node
fringe  InsertAll (Expand (node,problem), fringe)

function Expand ( node, problem) returns a set of nodes
successors the empty set
for each action, result in Successor-Fn (problem,State [node]) do

s a newNode
Parent-Node [s]  node; Action [s]  action; State [s]  result

Path-Cost [s]  Path-Cost [node] + Step-Cost (State [node],action,
result)

Depth [s]  Depth [node] + 1
adds to successors

return successors
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Search strategies

A strategy is de�ned by picking theorder of node expansion

Strategies are evaluated along the following dimensions:
completeness|does it always �nd a solution if one exists?
time complexity|number of nodes generated/expanded
space complexity|maximum number of nodes in memory
optimality|does it always �nd a least-cost solution?

Time and space complexity are measured in terms of
b|maximum branching factor of the search tree
d|depth of the shallowest solution
m|maximum depth of the state space (may be1 )
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Uninformed search strategies

Uninformedstrategies use only the information available
in the problem de�nition

Breadth-�rst search

Uniform-cost search

Depth-�rst search

Depth-limited search

Iterative deepening search
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Breadth-�rst search

Expand shallowest unexpanded node

Implementation :
fringe is a FIFO queue, i.e., new successors go at end
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H I L N O
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Breadth-�rst search

Expand shallowest unexpanded node

Implementation :
fringe is a FIFO queue, i.e., new successors go at end
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Breadth-�rst search

Expand shallowest unexpanded node

Implementation :
fringe is a FIFO queue, i.e., new successors go at end
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Breadth-�rst search
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Breadth-�rst search

Expand shallowest unexpanded node

Implementation :
fringe is a FIFO queue, i.e., new successors go at end
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Breadth-�rst search

Expand shallowest unexpanded node

Implementation :
fringe is a FIFO queue, i.e., new successors go at end
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Breadth-�rst search

Expand shallowest unexpanded node

Implementation :
fringe is a FIFO queue, i.e., new successors go at end
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Breadth-�rst search

Expand shallowest unexpanded node

Implementation :
fringe is a FIFO queue, i.e., new successors go at end
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Breadth-�rst search

Expand shallowest unexpanded node

Implementation :
fringe is a FIFO queue, i.e., new successors go at end
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Properties of breadth-�rst search

Complete??
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Properties of breadth-�rst search

Complete?? Yes (ifb is �nite)

Time??
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Properties of breadth-�rst search

Complete?? Yes (ifb is �nite)

Time?? 1 + b+ b2 + b3 + : : : + bd + ( bd+1 � b) = O(bd+1), i.e., exp. ind

Space??
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Properties of breadth-�rst search

Complete?? Yes (ifb is �nite)

Time?? 1 + b+ b2 + b3 + : : : + bd + ( bd+1 � b) = O(bd+1), i.e., exp. ind

Space?? O(bd+1) (keeps every node in memory)

Optimal??
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Properties of breadth-�rst search

Complete?? Yes (ifb is �nite)

Time?? 1 + b+ b2 + b3 + : : : + bd + ( bd+1 � b) = O(bd+1), i.e., exp. ind

Space?? O(bd+1) (keeps every node in memory)

Optimal?? Yes (if cost = 1 per step); not optimal in general

Space is the big problem; can easily generate nodes at 100MB/sec
so 24hrs = 8640GB.
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Uniform-cost search

Expand least-cost unexpanded node

Implementation :
fringe = queue ordered by path cost, lowest �rst

Equivalent to breadth-�rst if step costs all equal

Complete?? Yes, if step cost� �

Time?? # of nodes withg � cost of optimal solution,O(bdC� =�e)
whereC� is the cost of the optimal solution

Space?? # of nodes withg � cost of optimal solution,O(bdC� =�e)

Optimal?? Yes|nodes expanded in increasing order ofg(n)
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Summary

} Problem solving agents
formulate a problem, search for a solution, execute it

} Problem formulation
initial state, successor function, goal test, path cost

} Example problems
traveling around romania, 8-puzzle, satisfaction

} Tree search algorithms
build and explore a tree, strategy picks up the order of node expansion

} Implementation
select the �rst node on the fringe, test for goal, expand

} (Uninformed) strategies (breadth �rst, uniform cost, ...)
characterised by their completeness, optimality, complexity
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Breadth-�rst search

Expand shallowest unexpanded node

Implementation :
fringe is a FIFO queue, i.e., new successors go at end

Complete?? Yes (ifb is �nite)

Time?? O(bd+1)

Space?? O(bd+1) (keeps every node in memory)

Optimal?? Yes (if cost = 1 per step); not optimal in general

Space is the big problem; can easily generate nodes at 100MB/sec
so 24hrs = 8640GB.
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Depth-�rst search

Expand deepest unexpanded node

Implementation :
fringe = LIFO queue, i.e., put successors at front

A

B C

D E F G

H I L N O
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Depth-�rst search
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Depth-�rst search
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Depth-�rst search

Expand deepest unexpanded node

Implementation :
fringe = LIFO queue, i.e., put successors at front

A

B C

D E F G

H I L N O

Chapter 3 65

Depth-�rst search

Expand deepest unexpanded node

Implementation :
fringe = LIFO queue, i.e., put successors at front
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Properties of depth-�rst search

Complete??

Chapter 3 67

Properties of depth-�rst search

Complete?? No: fails in in�nite-depth spaces, spaces with loops
Modify to avoid repeated states along path

) complete in �nite spaces

Time??
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Properties of depth-�rst search

Complete?? No: fails in in�nite-depth spaces, spaces with loops
Modify to avoid repeated states along path

) complete in �nite spaces

Time?? O(bm): terrible ifm is much larger thand
but if solutions are dense, may be much faster than breadth-�rst

Space??

A

B C

D E F G

H I J K L M N O

. . . . . . . . . . . . . .

....
....
....
....
....
....

depth #nodes

1

2

0 b0

b1

2

3 3b

b

bm m

Chapter 3 69

Properties of depth-�rst search

Complete?? No: fails in in�nite-depth spaces, spaces with loops
Modify to avoid repeated states along path

) complete in �nite spaces

Time?? O(bm): terrible ifm is much larger thand
but if solutions are dense, may be much faster than breadth-�rst

Space?? O(bm), i.e., linear space!

Optimal??
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Properties of depth-�rst search

Complete?? No: fails in in�nite-depth spaces, spaces with loops
Modify to avoid repeated states along path

) complete in �nite spaces

Time?? O(bm): terrible ifm is much larger thand
but if solutions are dense, may be much faster than breadth-�rst

Space?? O(bm), i.e., linear space!

Optimal?? No
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Breadth-�rst versus depth-�rst search

Usebreadth-�rst search when there existsshort solutions.

Usedepth-�rst search when there existsmany solutions.
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....
....
....
....
....
....

bad for both

good for DFS, bad for BFS

good for BFS, bad for DFS

good for both
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Depth-limited search

= depth-�rst search with depth limitl ,
i.e., nodes at depthl have no successors

Recursive implementation :

function Depth-Limited-Search ( problem, limit ) returns soln/fail/cuto�
Recursive-DLS (Make-Node (Initial-State [problem]), problem, limit )

function Recursive-DLS (node,problem, limit ) returns soln/fail/cuto�
cuto�-occurred?  false
if Goal-Test (problem,State [node]) then return node
else if Depth [node] = limit then return cuto�
else for each successorin Expand (node,problem) do

result Recursive-DLS (successor,problem, limit )
if result = cuto� then cuto�-occurred?  true
else if result 6= failure then return result

if cuto�-occurred? then return cuto� else return failure

cuto�: no solution within the depth limit, failure: the problem has no solution
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Iterative deepening search

function Iterative-Deepening-Search ( problem) returns solution/failure
inputs : problem, a problem

for depth 0 to 1 do
result Depth-Limited-Search ( problem, depth)
if result 6= cuto� then return result

end
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Iterative deepening search l = 0

Limit = 0 A A
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Iterative deepening search l = 1

Limit = 1 A

B C
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Chapter 3 76



Iterative deepening search l = 2

Limit = 2 A

B C

D E F G

A

B C

D E F G

A

B C

D E F G

A

B C

D E F G

A

B C

D E F G

A

B C

D E F G

A

B C

D E F G

A

B C

D E F G

Chapter 3 77

Iterative deepening search l = 3

Limit = 3
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Properties of iterative deepening search

Complete??

Chapter 3 79

Properties of iterative deepening search

Complete?? Yes

Time??
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Properties of iterative deepening search

Complete?? Yes

Time?? (d + 1)b0 + db1 + ( d � 1)b2 + : : : + bd = O(bd)

Space??
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Properties of iterative deepening search

Complete?? Yes

Time?? (d + 1)b0 + db1 + ( d � 1)b2 + : : : + bd = O(bd)

Space?? O(bd)

Optimal??
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Properties of iterative deepening search

Complete?? Yes

Time?? (d + 1)b0 + db1 + ( d � 1)b2 + : : : + bd = O(bd)

Space?? O(bd)

Optimal?? Yes, if step cost = 1
Can be modi�ed to explore uniform-cost tree

Numerical comparison forb= 10 andd = 5, solution at far right leaf:

N (IDS) = 50 + 400 + 3; 000 + 20; 000 + 100; 000 = 123; 450
N (BFS) = 10 + 100 + 1; 000 + 10; 000 + 100; 000 + 999; 990 = 1; 111; 100

IDS does better because other nodes at depthd are not expanded

BFS can be modi�ed to apply goal test when a node isgenerated
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Summary of algorithms

Criterion Breadth- Uniform- Depth- Depth- Iterative
First Cost First Limited Deepening

Complete? Yes� Yes� No� Yes, ifl � d Yes
Time bd+1 bdC� =�e bm bl bd

Space bd+1 bdC� =�e bm bl bd
Optimal? Maybe� Yes No No Maybe�
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Repeated states

Failure to detect repeated states can turn a linear problem into an exponential
one!

A

B

C

D

A

BB

CCCC
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Graph search

function Graph-Search ( problem, fringe) returns a solution, or failure

closed an empty set
fringe  Insert (Make-Node (Initial-State [problem]), fringe)
loop do

if fringe is emptythen return failure
node Remove-Front (fringe)
if Goal-Test (problem,State [node]) then return node
if State [node] is not inclosedthen

addState [node] to closed
fringe  InsertAll (Expand (node,problem), fringe)

end

When seeking optimal solutions we may need to keep the betternode and
update the depths and path-costs of the descendants of the old one.

This is needed with breadth-�rst search if costs steps are not identical, and
with iterative deepening search.
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Graph search: Fringe with Path Cost

Giurgiu

Urziceni
Hirsova

Eforie

Neamt

Oradea

Zerind

Arad

Timisoara

Lugoj

Mehadia

Dobreta

Craiova

Sibiu Fagaras

Pitesti

Vaslui

Iasi

Rimnicu Vilcea

Bucharest

71

75

118

111

70

75
120

151

140

99

80

97

101

211

138

146 85

90

98

142

92

87

86
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Graph search: Fringe with Path Cost

Arad(0)
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Graph search: Fringe with Path Cost

Arad(0)
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Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
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Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
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Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
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Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
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Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
Sibiu(140) Oradea(146) Lugoj(229)
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Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
Sibiu(140) Oradea(146) Lugoj(229)
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Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
Sibiu(140) Oradea(146) Lugoj(229)
Oradea(146) Rimnicu Vilcea(220) Lugoj(229) Fagaras(239)
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Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
Sibiu(140) Oradea(146) Lugoj(229)
Oradea(146) Rimnicu Vilcea(220) Lugoj(229) Fagaras(239)
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Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
Sibiu(140) Oradea(146) Lugoj(229)
Oradea(146) Rimnicu Vilcea(220) Lugoj(229) Fagaras(239)

When we expand Oradea, we again generate the state Sibiu withpath cost
297 { but we have already \closed" Sibiu with cost 140.
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Graph search

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
Sibiu(140) Oradea(146) Lugoj(229)
Oradea(146) Rimnicu Vilcea(220) Lugoj(229) Fagaras(239)

When we expand Oradea, we again generate the state Sibiu withpath cost
297 { but we have already \closed" Sibiu with cost 140.

Uniform cost search (and breadth-�rst with step cost 1) is guaranteed to �nd
the shortest one �rst, so will never have to re-open a node
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Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
Sibiu(140) Oradea(146) Lugoj(229)
Oradea(146) Rimnicu Vilcea(220) Lugoj(229) Fagaras(239)

When we expand Oradea, we again generate the state Sibiu withpath cost
297 { but we have already \closed" Sibiu with cost 140.

Uniform cost search (and breadth-�rst with step cost 1) is guaranteed to �nd
the shortest one �rst, so will never have to re-open a node

Depth-�rst and iterative deepening may need to update descendants (usually
easiest to simply re-open the node).
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Graph Search

But...

} We must now keep all our states in memory

} Space required for DFS and Iterative Deepening is now bounded by num-
ber of states in the state-space graph

Chapter 3 101

Summary

Problem formulation usually requires abstracting away real-world details to
de�ne a state space that can feasibly be explored

Variety of uninformed search strategies

Iterative deepening search uses only linear space
and not much more time than other uninformed algorithms

Graph search can be exponentially more e�cient than tree search
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Informed search algorithms

Chapter 4, Sections 1{3

Chapter 4, Sections 1{3 103

Outline

} Best-�rst search

} Greedy search

} A� search

} Heuristics

} Local Search
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Review: Tree search

function Tree-Search ( problem, fringe) returns a solution, or failure
fringe  Insert (Make-Node (Initial-State [problem]), fringe)
loop do

if fringe is emptythen return failure
node Remove-Front (fringe)
if Goal-Test [problem] applied toState (node) succeedsreturn node
fringe  InsertAll (Expand (node,problem), fringe)

A strategy is de�ned by picking theorder of node expansion
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Best-�rst search

Idea: use anevaluation functionfor each node
{ estimate of \desirability"

) Expand most desirable unexpanded node

Implementation:
fringe is a queue sorted in decreasing order of desirability

Special cases:
uniform cost search (uninformed)
greedy search (informed)
A� search (informed)
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Evaluation function

Evaluation functionf (n) = g(n) + h(n)

g(n) = cost so far to reachn
h(n) = estimated cost fromn to the closest goal (heuristic)
f (n) = estimated total cost of path throughn to goal

The lowerf (n), the most desirablen is
Queue sorted in ascending value off (n) n

g(n)

h(n)

start node

 goal node

Special cases:
uniform cost search (uninformed):f (n) = g(n)
greedy search (informed)f (n) = h(n)
A� search (informed)f (n) = g(n) + h(n)
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Romania with step costs in km

Bucharest

Giurgiu

Urziceni

Hirsova

Eforie

Neamt
Oradea

Zerind

Arad

Timisoara

Lugoj
Mehadia

Dobreta
Craiova

Sibiu

Fagaras

Pitesti
Rimnicu Vilcea

Vaslui

Iasi

Straight-line distance
to Bucharest

 0
160
242
161

77
151

241

366

193

178

253
329
80

199

244

380

226

234

374

98

Giurgiu

Urziceni
Hirsova

Eforie

Neamt

Oradea

Zerind

Arad

Timisoara

Lugoj

Mehadia

Dobreta

Craiova

Sibiu Fagaras

Pitesti

Vaslui

Iasi

Rimnicu Vilcea

Bucharest

71

75

118

111

70

75
120

151

140

99

80

97

101

211

138

146 85

90

98

142

92

87

86
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Greedy search

Evaluation functionf (n) = h(n) (entirely heuristic)
= estimate of cost fromn to the closest goal

E.g.,hSLD(n) = straight-line distance fromn to Bucharest

Greedy search expands the node thatappears to be closest to goal
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Greedy search example

Arad

366
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Greedy search example

Zerind

Arad

Sibiu Timisoara

253 329 374
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Greedy search example

Rimnicu Vilcea

Zerind

Arad

Sibiu

Arad Fagaras Oradea

Timisoara

329 374

366 176 380 193
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Greedy search example

Rimnicu Vilcea

Zerind

Arad

Sibiu

Arad Fagaras Oradea

Timisoara

Sibiu Bucharest

329 374

366 380 193

253 0
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Properties of greedy search

Complete??
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Properties of greedy search

Complete?? No{can get stuck in loops, e.g., with going from Iasi to Fagaras,
Iasi! Neamt! Iasi! Neamt!

Complete in �nite space with repeated-state checking

Time??
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Properties of greedy search

Complete?? No{can get stuck in loops, e.g., with going from Iasi to Fagaras,
Iasi! Neamt! Iasi! Neamt!

Complete in �nite space with repeated-state checking

Time?? O(bm), but a good heuristic can give dramatic improvement

Space??
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Properties of greedy search

Complete?? No{can get stuck in loops, e.g., with going from Iasi to Fagaras,
Iasi! Neamt! Iasi! Neamt!

Complete in �nite space with repeated-state checking

Time?? O(bm), but a good heuristic can give dramatic improvement

Space?? O(bm)|keeps all nodes in memory

Optimal??
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Properties of greedy search

Complete?? No{can get stuck in loops, e.g., with going from Iasi to Fagaras,
Iasi! Neamt! Iasi! Neamt!

Complete in �nite space with repeated-state checking

Time?? O(bm), but a good heuristic can give dramatic improvement

Space?? O(bm)|keeps all nodes in memory

Optimal?? No
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A � search

Idea: avoid expanding paths that are already expensive

Evaluation functionf (n) = g(n) + h(n)

g(n) = cost so far to reachn
h(n) = estimated cost fromn to the closest goal
f (n) = estimated total cost of path throughn to goal n

g(n)

h(n)

start node

 goal node

A� search uses anadmissibleheuristic
i.e.,h(n) � h� (n) whereh� (n) is thetrue cost fromn.
(Also requireh(n) � 0, soh(G) = 0 for any goalG.)

E.g.,hSLD(n) never overestimates the actual road distance

Whenh(n) is admissible,f (n) never overestimates the total cost of the
shortest path throughn to the goal

Theorem: A� search is optimal
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A � search example

Arad

366=0+366
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A � search example

Zerind

Arad

Sibiu Timisoara

447=118+329 449=75+374393=140+253
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A � search example

Zerind

Arad

Sibiu

Arad

Timisoara

Rimnicu VilceaFagaras Oradea

447=118+329 449=75+374

646=280+366 413=220+193415=239+176 671=291+380
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A � search example

Zerind

Arad

Sibiu

Arad

Timisoara

Fagaras Oradea

447=118+329 449=75+374

646=280+366 415=239+176

Rimnicu Vilcea

Craiova Pitesti Sibiu

526=366+160 553=300+253417=317+100

671=291+380
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A � search example

Zerind

Arad

Sibiu

Arad

Timisoara

Sibiu Bucharest

Rimnicu VilceaFagaras Oradea

Craiova Pitesti Sibiu

447=118+329 449=75+374

646=280+366

591=338+253 450=450+0 526=366+160 553=300+253417=317+100

671=291+380
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A � search example

Zerind

Arad

Sibiu

Arad

Timisoara

Sibiu Bucharest

Rimnicu VilceaFagaras Oradea

Craiova Pitesti Sibiu

Bucharest Craiova Rimnicu Vilcea

418=418+0

447=118+329 449=75+374

646=280+366

591=338+253 450=450+0 526=366+160 553=300+253

615=455+160 607=414+193

671=291+380
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Optimality of A � (based on admissibility)

Suppose some suboptimal goalG2 has been generated and is in the queue.
Let n be an unexpanded node on a shortest path to an optimal goalG1.

n

G2

start node

optimal goal node
G1

non-optimal goal node

f (G2) = g(G2) sinceh(G2) = 0
> g(G1) sinceG2 is suboptimal
� f (n) sinceh is admissible; f (n) does not overestimateg(G1)

Sincef (G2) > f (n), A� will never selectG2 for expansion
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Consistency

A heuristic isconsistentif

n

c(n,a,n')

h(n')

h(n)

G

n'

h(n) � c(n; a; n0) + h(n0)

If h is consistent, thenh is admissible, and
f (n) is nondecreasing along any path:

f (n0) = g(n0) + h(n0)
= g(n) + c(n; a; n0) + h(n0)
� g(n) + h(n)
= f (n)

Consequently, when expanding a node, we cannot get a node with a smaller
f , and so the value of the best node on the fringe will never decrease.
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Optimality of A � (based on consistency)

Consistency: A� expands nodes in order of increasingf value

Gradually expands \f -contours" of nodes (cf. breadth-�rst expands layers,
uniform-cost expandsg-contours)
Contouri has all nodes withf = f i , wheref i < f i+1

O

Z

A

T

L

M

D
C

R

F

P

G

B
U

H

E

V

I

N

380

400

420

S
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Properties of A �

Complete??
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Properties of A �

Complete?? Yes, unless there are in�nitely many nodes withf � f (G)

Time??
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Properties of A �

Complete?? Yes, unless there are in�nitely many nodes withf � f (G)

Time?? Exponential in [relative error inh � length of soln.]

Space??
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Properties of A �

Complete?? Yes, unless there are in�nitely many nodes withf � f (G)

Time?? Exponential in [relative error inh � length of soln.]

Space?? Keeps all nodes in memory

Optimal??
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Properties of A �

Complete?? Yes, unless there are in�nitely many nodes withf � f (G)

Time?? Exponential in [relative error inh � length of soln.]

Space?? Keeps all nodes in memory

Optimal?? Yes|cannot expandf i+1 until f i is �nished

A� expands all nodes withf (n) < C �

A� expands some nodes withf (n) = C�

A� expands no nodes withf (n) > C �
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Admissible heuristics

E.g., for the 8-puzzle:

h1(n) = number of misplaced tiles
h2(n) = total Manhattandistance

(i.e., no. of squares from desired location of each tile)

2

Start State Goal State

51 3

4 6

7 8

5

1

2

3

4

6

7

8

5

h1(S) = ??
h2(S) = ??
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Admissible heuristics

E.g., for the 8-puzzle:

h1(n) = number of misplaced tiles
h2(n) = total Manhattandistance

(i.e., no. of squares from desired location of each tile)

2

Start State Goal State

51 3

4 6

7 8

5

1

2

3

4

6

7

8

5

h1(S) = ?? 6
h2(S) = ??
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Admissible heuristics

E.g., for the 8-puzzle:

h1(n) = number of misplaced tiles
h2(n) = total Manhattandistance

(i.e., no. of squares from desired location of each tile)

2

Start State Goal State

51 3

4 6

7 8

5

1

2

3

4

6

7

8

5

h1(S) = ?? 6
h2(S) = ?? 4+0+3+3+1+0+2+1 = 14
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Dominance

Given two admissible heuristicsha, hb,
if hb(n) � ha(n) for alln thenhb dominatesha and is better for search

In the 8-puzzleh2 dominatesh1. Typical search costs:

d = 14 IDS = 3,473,941 nodes
A� (h1) = 539 nodes
A� (h2) = 113 nodes

d = 24 IDS� 54,000,000,000 nodes
A� (h1) = 39,135 nodes
A� (h2) = 1,641 nodes

Given two admissible heuristicsha, hb,

h(n) = max(ha(n); hb(n))

is also admissible and dominatesha, hb
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Relaxed problems

Admissible heuristics can be derived from theoptimal
solution cost of arelaxed version of the problem

Rules of the 8-puzzle:
a tile can move from square A to square B if

A is adjacent to Band B is blank;
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Relaxed problems

Admissible heuristics can be derived from theoptimal
solution cost of arelaxed version of the problem

Rules of the 8-puzzle:
a tile can move from square A to square B if

A is adjacent to Band B is blank;

Relaxations:
} a tile can move from square A to square B if A is adjacent to B
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Relaxed problems

Admissible heuristics can be derived from theoptimal
solution cost of arelaxed version of the problem

Rules of the 8-puzzle:
a tile can move from square A to square B if

A is adjacent to Band B is blank;

Relaxations:
} a tile can move from square A to square B if A is adjacent to B
} a tile can move from square A to square B if B is blank
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Relaxed problems

Admissible heuristics can be derived from theoptimal
solution cost of arelaxed version of the problem

Rules of the 8-puzzle:
a tile can move from square A to square B if

A is adjacent to Band B is blank;

Relaxations:
} a tile can move from square A to square B if A is adjacent to B
} a tile can move from square A to square B if B is blank
} a tile can move from square A to square B
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Relaxed problems

Admissible heuristics can be derived from theoptimal
solution cost of arelaxed version of the problem

Rules of the 8-puzzle:
a tile can move from square A to square B if

A is adjacent to Band B is blank;

Relaxations:
} a tile can move from square A to square B if A is adjacent to B
} a tile can move from square A to square B if B is blank
} a tile can move from square A to square B

Key point: the optimal solution cost of a relaxed problem
is no greater than the optimal solution cost of the real problem
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Relaxed problems contd.

Well-known example:travelling salesperson problem(TSP)
Find the shortest tour visiting all cities exactly once and returning to �rst
city
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Relaxed problems contd.

Well-known example:travelling salesperson problem(TSP)
Find the shortest tour which visits all cities exactly once and then returns to
�rst city
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Relaxed problems contd.

Well-known example:travelling salesperson problem(TSP)
Find the shortest tour which visits all cities exactly once and then returns to
�rst city

The set of arcs which covers all nodes at minimum cost
and forms a tour
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Relaxed problems contd.

Well-known example:travelling salesperson problem(TSP)
Find the shortest tour which visits all cities exactly once and then returns to
�rst city

The set of arcs which covers all nodes at minimum cost
so that each node has degree 2
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Relaxed problems contd.

Minimum spanning tree(MST)
The set of arcs which covers all nodes at minimum cost

Minimum spanning treecan be computed inO(n2)
and is a lower bound on the shortest (open) tour
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Memory-bounded A �

Several ways of bounding the memory of A�

} IDA�

} Recursive Best-First Search
} MA�
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Memory-bounded A �

Several ways of bounding the memory of A�

} IDA� Cuto� based onf
} Recursive Best-First Search
} MA�
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Memory-bounded A �

Several ways of bounding the memory of A�

} IDA� Cuto� based onf
} Recursive Best-First SearchRemembers best alternative
} MA�
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Memory-bounded A �

Several ways of bounding the memory of A�

} IDA� Cuto� based onf
} Recursive Best-First SearchRemembers best alternative
} MA� Discards worst when necessary
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Summary

Heuristic functions estimate costs of shortest paths

Good heuristics can dramatically reduce search cost

Greedy best-�rst search expands lowesth
{ incomplete and not always optimal

A� search expands lowestg + h
{ complete and optimal

Admissible heuristics can be derived from exact solution ofrelaxed problems
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Local Search

} Only the solution is important - not how you got there.
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Local Search

} Only the solution is important - not how you got there.

} Operate on acurrent solution

} De�ne aNeighbourhoodwhich they will explore

} Test members of the neighbourhood, and potentially installnew current
solution.
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Local Search

} Only the solution is important - not how you got there.

} Operate on acurrent solution

} De�ne aNeighbourhoodwhich they will explore

} Test members of the neighbourhood, and potentially installnew current
solution.

} The method of choice foroptimizationproblems

} Optimisation: Search for a solution with the lowest (highest) value of an
objective function
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Local Search { Success stories

} Routing problems

} Scheduling (including timetabling, rostering)

} Location problems

} Network optimization

} Layout problems

} . . . lots and lots of others
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Local Search { characteristics

} Little memory (usually constant)

} Find reasonable solutions in huge state spaces
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Neighbourhood

} The neighbourhood de�nes a set ofpotential successor states

} Often de�ned by the an operator thatmovesfrom one solution to another

} Multiple neighbourhoods possible

} The larger the neighbourhood, the better the chance we will see a global
optimum

} . . . but the longer it will take to search it
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Travelling Salesman Problem

Given a set of points, visit them all and return to the �rstat minimum cost.
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Travelling Salesman Problem

Given a set of points, visit them all and return to the �rstat minimum cost.
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Neighbourhood

Remove a node. Test inserting it between each pair of nodes. Choose best.
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Neighbourhood

Remove a node. Test inserting it between each pair of nodes. Choose best.
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Neighbourhood

Remove a node. Test inserting it between each pair of nodes. Choose best.
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Neighbourhood

Remove a node. Test inserting it between each pair of nodes. Choose best.
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Neighbourhood

Remove a node. Test inserting it between each pair of nodes. Choose best.
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Neighbourhood

Remove a node. Test inserting it between each pair of nodes. Choose best.
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Neighbourhoods

Two-opt neighbourhood
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Neighbourhoods

Two-opt neighbourhood - remove 2 arcs
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Neighbourhoods

Two-opt neighbourhood - remove 2 arcs, and replace with two others
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Neighbourhoods

Two-opt neighbourhood - remove 2 arcs, and replace with two others
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Neighbourhoods

3-opt (n3 search space), 4-opt etc can also be de�ned.
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Accept - Hill-Climbing
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Accept - Hill-Climbing
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Accept - Hill-Climbing

Greedy Local Search
Systematically search the Neighbourhood. Accept thef �rst or bestg cost-
decreasing move found.
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Accept - Hill-Climbing

Greedy Local Search
Systematically search the Neighbourhood. Accept thef �rst or bestg cost-
decreasing move found.

Stochastic Local Search
Choose randomly from amongst the cost-decreasing moves found.

Chapter 4, Sections 1{3 175

Accept - Hill-Climbing

Greedy Local Search
Systematically search the Neighbourhood. Accept thef �rst or bestg cost-
decreasing move found.

Stochastic Local Search
Choose randomly from amongst the cost-decreasing moves found.
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Meta-Heuristics

To escape a local minimumsometimesyou want to accept a cost-increasing
move

Meta-heuristicsare methods (heuristics) for combining other heuristics ina
hopefully e�ective way.

Look at a few: Beam Search, Simulated Annealing, Tabu Searchand Genetic
Programming
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Beam Search

} Keepk solutions

} Generate all successors of each solution

} If one is a goal state, we're done (yay!)

} Otherwise, keep only thek best and iterate

On a good day it is not the same ask iterations of Hill-Climbing, but can
degenerate into an expensive version of Hill-climbing.
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Simulated Annealing

Sometimesyou want to accept a cost-increasing move. Simulated Annealing
does this with a probabilistic accept:

P(accept) = e� � =T

T (temperature) is a system parameter. As the system \cools" (T ! 0) ,
the probability of accepting a bad move decreases.
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Tabu Search

Basic idea:

} Find local minimum

} Choose and make a cost-increasing move

} Place thereversemove on atabu listfor some number of iterations (tabu
tenureparameter)

} Repeat

Lots of tweaks, wrinkles and enhancements.

Tabu search is at least as successful as Simulated Annealing.
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Genetic Programming

} Based on a population of individuals

} Each individual is assessed according to \�tness"

} Fittest individuals reproduce sexually (genetic crossover) - doubles popu-
lation

} Some of the population mutates

} Only the �ttest half survives to next generation
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Genetic Programming
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Genetic Programming

} Very dependent on \encoding"

} Cross-over must be suitably de�ned

} Mutations are often neighbourhood-type moves
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Meta-heuristics

} \Connected" search space essential

) \soft" constraints
) big steps possible

} \Sideways move" policy is important
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Meta-heuristics

} \Connected" search space essential

) \soft" constraints
) big steps possible

} \Sideways move" policy is important

} Relatively cheap generation/�tness test required

} Tuning is essential (presently)
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Other meta-heuristics

There are a host of other meta-heuristics - many based on \biological ana-
logues"

} Ant Colony Optimisation

} Bee analogues

} Memetic programming (== GA + Local Search)

And others

} Large Neighbourhood Search

} Variable Neighbourhood Search

} Problem Space Search

} Guided Local Search
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Summary

Local search maintains one or more \incumbent" solutions, and examines a
neighbourhood around those solutions.

Very e�ective method for optimization problems

Accepting cost-increasing moves is sometimes necessary

Meta-heuristics combine other heuristics in an e�ective way
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Adversarial search (game playing)

Chapter 6

Chapter 6 188



Outline

} Games

} Perfect play
{ minimax decisions
{ � { � pruning

} Resource limits and approximate evaluation

} Stochastic games
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Adversarial search problems (games)

Arise incompetitive multi-agent environments

In Game theory, a multi-agent environment is called agame

In AI, a game is often a deterministic, turn-taking, two-player, zero-sum
game of perfect information:

deterministic
two agents whose action alternate
utility values are opposite e.g. (+1,-1)
fully observable

deterministic stochastic
perfect info. chess, checkersbackgammon,

go, othello monopoly
imperfect info.battleships, bridge, poker,

blind tictactoe scrabble
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Games vs. search problems

A game as a search problem:

the initial stateincludes the board position and the player to move

the successor functionreturns a list of (move,state) pairs

the terminal testsays whether the game is over

the utility functiongives a numeric value to terminal states from the point
of view of a given player, e.g.f +1; � 1; 0g for chess orf� 192; : : : ; 192g for
backgammon

\Unpredictable" opponent) solution is not a sequence of actions but a
strategyspecifying a move for every possible opponent reply.

Time limits) unlikely to �nd goal, must approximate
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Example: tic-tac-toe

O
O

X
X O X

states??

moves??

terminal test??

utility function??
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Example: tic-tac-toe

O
O

X
X O X

states??: content of each cellf X,O,emptyg, player to play

moves??

terminal test??

utility function??
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Example: tic-tac-toe

O
O

X
X O X

states??: content of each cellf X,O,emptyg, player to play

moves??: an empty cell

terminal test??

utility function??
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Example: tic-tac-toe

O
O

X
X O X

states??: content of each cellf X,O,emptyg, player to play

moves??: an empty cell

terminal test??: are 3 O or 3 X aligned or is the board full?

utility function??
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Example: tic-tac-toe

O
O

X
X O X

states??: content of each cellf X,O,emptyg, player to play

moves??: an empty cell

terminal test??: are 3 O or 3 X aligned or is the board full?

utility function??: for a given player gives +1 if player has aligned 3 tokens,
-1 if his opponent has, and 0 otherwise
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Game tree (2-player, deterministic, turns)

XX
XX

X
X

X

XX

MAX (X)

MIN (O)

X X

O

O
OX O

O
O O

O OO

MAX (X)

X OX OX O X
X X

X
X

X X

MIN (O)

X O X X O X X O X

. . . . . . . . . . . .

. . .

. . .

. . .

TERMINAL
XX

-1  0 +1Utility
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Minimax

Perfect play for deterministic, two-player, zero-sum, perfect-information games

Idea: choose move to position with highestminimax value
= best achievable utility against best possible opponent

Minimax-Value (n) =
8
>>>>><

>>>>>:

Utility (State (n)) if n is a terminal node
maxn02Expand (n) Minimax-Value (n0) if n is aMax node
minn02Expand (n) Minimax-Value (n0) if n is aMin node

E.g., 2-ply game:
MAX

3 12 8 642 14

MIN

3

A
1

A
3

A
2

A
13A

12
A

11
A

21 A
23

A
22

A
33A

32
A

31

3 2 2

2 5
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Minimax algorithm

function Minimax-Decision (state) returns an action
inputs : state, current state in game

v Max-Value (state)
return the actiona in Successors (state) with valuev

function Max-Value (state) returns a utility value
if Terminal-Test (state) then return Utility (state)
v  �1
for a, s in Successors (state) do

v  Max (v, Min-Value (s))
return v

function Min-Value (state) returns a utility value
if Terminal-Test (state) then return Utility (state)
v  +1
for a, s in Successors (state) do

v  Min (v, Max-Value (s))
return v
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Properties of minimax

Complete??
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Properties of minimax

Complete?? Only if tree is �nite (no loops, etc)
NB a �nite strategy can exist even in an in�nite tree!

Optimal??
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Properties of minimax

Complete?? Yes, if tree is �nite

Optimal?? Yes, against an optimal opponent. Otherwise??

Time complexity??
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Properties of minimax

Complete?? Yes, if tree is �nite

Optimal?? Yes, against an optimal opponent. Otherwise??

Time complexity?? O(bm)

Space complexity??
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Properties of minimax

Complete?? Yes, if tree is �nite

Optimal?? Yes, against an optimal opponent. Otherwise??

Time complexity?? O(bm)

Space complexity?? O(bm) (depth-�rst exploration)

For chess,b � 35, m � 100for \reasonable" games
) exact solution completely infeasible

But do we need to explore every path?
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� { � pruning

..

..

..

MAX

MIN

MAX

MIN

MAX v

alpha

> alpha

>v >alpha

� is the best value (tomax, i.e. highest) found so far o� the current path

If V is not better than� , max will avoid it) prune that branch

De�ne � similarly formin
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� { � pruning

..

..

..

v

>

> v

MIN

MAX

MIN

MAX

MIN

beta

beta

> beta

� is the best value (tomin, i.e. lowest) found so far o� the current path

If V is not worst than� , min will avoid it) prune that branch
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The � { � algorithm

function Alpha-Beta-Decision (state) returns an action
v  Max-Value (state,�1 ; +1 )
return the actiona in Successors (state) with valuev

function Max-Value (state, � , � ) returns a utility value
inputs : state, current state in game

� , the value of the best alternative formax along the path tostate
� , the value of the best alternative formin along the path tostate

if Terminal-Test (state) then return Utility (state)
v  �1
for a, s in Successors (state) do

v  Max (v, Min-Value (s, � , � ))
if v � � then return v
�  Max (� , v)

return v

function Min-Value (state, � , � ) returns a utility value
same asMax-Value but with roles of� , � reversed
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

8+   ][- 8

,
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

8+   ][- 8

,

8+   ][- 8

,
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

8+   ][- 8

,

[- 8

,3]
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52
8+   ][- 8

,

[- 8

,3]
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

8+   ][- 8

,

[- 8

,3]

Chapter 6 212



� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

3

8+   ],[3
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

3

8+   ],[3

8+   ],[3
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

3

8+   ],[3

[3,2] !!
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

3

8+   ],[3

2
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

3

8+   ],[3

2 8+   ],[3
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

3

8+   ],[3

2 [3,14]
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

3

8+   ],[3

2 [3,2] !!
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� { � pruning example

MAX

3 12 8

MIN

2 144 6 52

3 2 2

3
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Properties of � { �

Pruningdoes not a�ect �nal result

Good move ordering improves e�ectiveness of pruning. With \perfect order-
ing," (increasing order forMax and decreasing order forMin ), the time
complexity is asymptoticallyO(bm=2) ) doubles solvable depth

MAX

MIN

MAX

MIN

Unfortunately,3550 is still impossible!

Chapter 6 221

Resource limits

Standard approach: limit the search depth and use heuristics

� UseCutoff-Test instead ofTerminal-Test
e.g., depth limit
perhaps addquiescence search, or singular extensions

� UseEval instead ofUtility
i.e.,evaluation functionthat estimates desirability of position
should order theterminalstates in the same way asUtility

Suppose we have100seconds, explore104 nodes/second
) 106 nodes per move� 358=2

) � { � reaches depth 8) pretty good chess program
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Evaluation functions

Black to move 

White slightly better

White to move 

Black winning

For chess, typicallylinearweighted sum offeatures

Eval(s) = w1f 1(s) + w2f 2(s) + : : : + wnf n(s)

e.g.,w1 = 9 with
f 1(s) = (number of white queens) { (number of black queens), etc.
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Digression: Exact values don't matter

MIN

MAX

21

1

42

2

20

1

1 40020

20

2 20

Behaviour is preserved under anymonotonic transformation ofEval

Only the order matters:
payo� in deterministic games acts as anordinal utilityfunction
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Deterministic games in practice

Checkers: Chinook ended 40-year-reign of human world champion Marion
Tinsley in 1994. Used an endgame database de�ning perfect play for all
positions involving 8 or fewer pieces on the board, a total of443,748,401,247
positions.

Chess: Deep Blue defeated human world champion Gary Kasparov in a six-
game match in 1997. Deep Blue searches 200 million positionsper second,
uses very sophisticated evaluation, and undisclosed methods for extending
some lines of search up to 40 ply.

Othello: human champions refuse to compete against computers, who are
too good.

Go: human champions refuse to compete against computers, who are too
bad. In go,b > 300, so most programs use pattern knowledge bases to
suggest plausible moves.
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Stochastic games: backgammon

1 2 3 4 5 6 7 8 9 10 11 12

24 23 22 21 20 19 18 17 16 15 14 13

0

25

  5->10
10->16

  5->11
11->16

  5->11
19->24

  5->11
  5->10
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Stochastic games: backgammon
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Stochastic games: backgammon

1 2 3 4 5 6 7 8 9 10 11 12

24 23 22 21 20 19 18 17 16 15 14 13
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10->16

  5->11
11->16

  5->11
19->24

  5->11
  5->10

Chapter 6 229

Stochastic games: backgammon

1 2 3 4 5 6 7 8 9 10 11 12

24 23 22 21 20 19 18 17 16 15 14 13

0

25

  5->10
10->16

  5->11
11->16

  5->11
19->24

  5->11
  5->10
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Stochastic games in general

In stochastic games, chance introduced by dice, card-shu�ing, coin 
ipping

ExpectiMinimax-Value (n) =
8
>>>>>>>>><

>>>>>>>>>:

Utility (State (n)) if n is a terminal node
maxn02Expand (n) ExpectiMinimax-Value (n0) if n is aMax node
minn02Expand (n) ExpectiMinimax-Value (n0) if n is aMin node
P

n02Expand (n) Pr(n0) � ExpectiMinimax-Value (n0) if n is aChance node

MAX

2

CHANCE

4 7 4 6 0 5 -2

2 4 0 -2

0.5 0.5 0.5 0.5

3 -1

MAX's move

MIN's move

MIN

MIN's coin flip

3
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Stochastic games in practice

Dice rolls increaseb: 21 possible rolls with 2 dice
Backgammon� 20 legal moves (can be 6,000 with 1-1 roll)

depth 4 = 20� (21� 20)3 � 1:2 � 109

As depth increases, probability of reaching a given node shrinks
) value of lookahead is diminished

� { � pruning is much less e�ective

TDGammon uses depth-2 search + very goodEval
� world-champion level
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Digression: Exact values DO matter

MIN

MAX

2 2 3 3 1 1 4 4

2 3 1 4

.9 .1 .9 .1

2.1 1.3

20 20 30 30 1 1 400 400

20 30 1 400

.9 .1 .9 .1

21 40.9CHANCE

2.1 40.9

Behaviour is preserved only bypositive lineartransformation

HenceEval should be proportional to the expected payo� determined by
Utility
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

8+   ][- 8

,MAX

MIN

CHANCE

2 2 2 1 1 20 1
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

8+   ][- 8

,

8+   ][- 8

,

MAX

MIN

CHANCE

2 2 2 1 1 20 1
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

8+   ][- 8

,

8+   ][- 8

,

8+   ][- 8

,

MAX

MIN

CHANCE

2 2 2 1 1 20 1

Chapter 6 236



Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

8+   ][- 8

,

8+   ][- 8

,

[- 8

,+2]

MAX

MIN

CHANCE

2 2 2 1 1 20 1
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

8+   ][- 8

,

8+   ][- 8

,

MAX

MIN

CHANCE

2

2 2 2 1 1 20 1
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

8+   ][- 8

,

8+   ][- 8

,

MAX

MIN

CHANCE

2 8+   ][- 8

,

2 2 2 1 1 20 1
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

8+   ][- 8

,MAX

MIN

CHANCE

2 [- 8

,+2]

[- 8

,+2]

2 2 2 1 1 20 1

Chapter 6 240



Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

8+   ],MAX

MIN

CHANCE

2 1

1.5

[1.5

2 2 2 1 1 20 1
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

8+   ],[1.5

8+   ],[1.5

2 2 2 1 1 20 1
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

8+   ],[1.5

8+   ],[1.5
8+   ],[1.5

2 2 2 1 1 20 1
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

8+   ],[1.5

8+   ],[1.5

,[1.5 !!

2 2 2 1 1 20 1

0]

Can we prune here???
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

8+   ],[1.5

8+   ],[1.5

,[1.5 !!

2 2 2 1 1 20 1

0]

Can we prune here??? No, the value of the chance node could still be high
enough to be MAX's choice and we need to �nd out exactly how high it is.
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

8+   ],[1.5

8+   ],[1.5

0

2 2 2 1 1 20 1
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

8+   ],[1.5

8+   ],[1.5

0

8+   ],[1.5

2 2 2 1 1 20 1
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Pruning in stochastic game trees

A version of� -� pruning is possible:

+0.5]

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

8+   ],[1.5

,[1.5

0 ,[1.5 +1] !!

!!

2 2 2 1 1 20 1

Can we prune here???
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Pruning in stochastic game trees

A version of� -� pruning is possible:

+0.5]

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

8+   ],[1.5

,[1.5

0 ,[1.5 +1] !!

!!

2 2 2 1 1 20 1

Can we prune here??? Yes, the value of the min-node will be at most 1,
hence the value of the chance node will be at most 0.5, which isprovably
insu�cient to be MAX's choice.
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Pruning in stochastic game trees

A version of� -� pruning is possible:

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

0

1.5

0.5

2 2 2 1 1 20 1
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Pruning contd.

More pruning occurs if we can bound the leaf values

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 2 2 1 1 2

[-2,+2]

[-2,+2]

[-2,+2] [-2,+2]

[-2,+2] [-2,+2] [-2,+2]

0 1
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Pruning contd.

More pruning occurs if we can bound the leaf values
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2 2 2 1 1 2
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0 1
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Pruning contd.

More pruning occurs if we can bound the leaf values
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Pruning contd.

More pruning occurs if we can bound the leaf values
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Pruning contd.

More pruning occurs if we can bound the leaf values
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Pruning contd.

More pruning occurs if we can bound the leaf values

0.5 0.50.5 0.5
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2
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Pruning contd.

More pruning occurs if we can bound the leaf values
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Pruning contd.

More pruning occurs if we can bound the leaf values

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

2 2 2 1 1 2

[-2,+2]
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Pruning contd.

More pruning occurs if we can bound the leaf values

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

2 2 2 1 1 2

[-2,+2][-2,+2]

[1.5,+2]

[1.5,+2]

0 1
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Pruning contd.

More pruning occurs if we can bound the leaf values

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

2 2 2 1 1 2

[-2,+2]

[1.5,+2]

[1.5,+2]

[1.5,+2]

0 1
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Pruning contd.

More pruning occurs if we can bound the leaf values

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

,[1.5 !!

2 2 2 1 1 2

[-2,+2]

[1.5,+2]

[1.5,+2]

0 1

0]

Can we prune here???
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Pruning contd.

More pruning occurs if we can bound the leaf values

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

,[1.5 !!

2 2 2 1 1 2

[-2,+2]

[1.5,+2]

[1.5,+2]

0 1

0]

Can we prune here??? Yes, we know that the right-hand MIN mode will be
worth at most 2
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Pruning contd.

More pruning occurs if we can bound the leaf values

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

,[1.5 !!

2 2 2 1 1 2

[-2,+2]

[1.5,+2]

0 1

0]

[1.5,+1] !!

Can we prune here??? Yes, we know that the right-hand MIN mode will be
worth at most 2, therefore the chance node is worth at most 1 which is not
high enough to be MAX's choice.
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Pruning contd.

More pruning occurs if we can bound the leaf values

0.5 0.50.5 0.5

MAX

MIN

CHANCE

2 1

1.5

2 2 2 1 1 2

[-2,+2]

0 1

1.5

1

0
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Summary

Game is de�ned by an initial state, a successor function, a terminal test, and
a utility function

The minimax algorithm select optimal for two-player zero-sum games of
perfect information by a depth �rst exploration of the game-tree

Alpha-beta pruning does not compromise optimality but increases e�ciency
by eliminating provably irrelevant subtrees

It is not feasible to consider the whole game tree (even with alpha-beta), so
we need to cut the search o� at some point and apply an evaluation function
that gives an estimate of the utility of a state

Game trees and minimax can be extended to stochastic games byintroducing
chance nodes whose value is the expectation of that of their successors
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Branch and Bound Search

Extra material

Extra material 266

Branch and Bound

} Used in optimization problems

} Proves optimality

} Exponential in time and space

} Can be used to prove optmiality bounds.
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Branch and Bound
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Branch and Bound
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Branch and Bound
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Branch and Bound
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Branch and Bound

} Used in optimization problems

} Proves optimality

} Exponential in time and space

} Can be used to prove optmiality bounds.
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End of Search segment

} Comments to: Philip.Kilby@anu.edu.au

} Post anonymous comments to me at:
NICTA, Locked Bag 8001, Canberra ACT 2601
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