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Problem-solving agents |

Restricted form of general agent

The problem to be solved is expressedjaala
The world is in one of a numbeirstdtes

(The goal is often just a distinguished state)

In a particular state, an agent can select one of a numdetioofs to
perform

A solution is a sequence of actions that brings us to the goal

We nd a solution by searching through the space of statestoms
until we nd the goal
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[ Example: Romania |
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| Problem-solving agents ||

Restricted form of general agent:

function Simple-Problem-Solving-Agent (percep) returns an action
static : seq an action sequence, initially empty
state, some description of the current world state
goal a goal, initially null
problem a problem formulation

state Update-State (state, percep}

if segis emptythen
goal Formulate-Goal  (state)
problem Formulate-Problem  (state, goa)
seq Search (problem

action First (seq

seq Rest (seq

return action

This iso ine (or open-loop) problem solving; solution executed \eged ¢l
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| Assumptions about the task environment I

static

single agent

}

}

} deterministic
} observable
}

discrete

Open-loop problem solving is suitable under those assgmpti
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I Example: Romania |
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[ Example: Romania | I Problem formulation |

On holiday in Romania; currently in Arad. A problems de ned by four items:

Flight leaves tomorrow from Bucharest L "
initial state e.g., \at Arad

Formulate goal functi — et of acti tat .
be in Bucharest successor functidi(x) = set of action{state pairs

e.g.,S(Arad) = fhArad ! Zerind; Zerind i;:::g
Formulate problem | test b
states various cities goaltes c?q € —\at Buch "
actions drive between cities exp !C!t €.g.x = \ar buchares
implicit e.g.,HasAirport (x)
Search for a solution th dditi
sequence of drive actions or equivalently path cos(additive)

sequence of cities, e.g., Arad, Sibiu, Fagaras, Bucharest €.g., sum of distances, number of actions executed, efc.
c(x; a;y) is thestep costassumed to be 0

A solutionis a sequence of actions
leading from the initial state to a goal state
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[ Example: Romania | I Selecting a state space I
On holiday in Romania; currently in Arad. Real world is absurdly complex

Flight leaves tomorrow from Bucharest ) state space must labstracted for problem solving
Formulate goal (Abstract) state = set of real states

be in Bucharest . o .
(Abstract) action = complex combination of real actions

Formulate problem : e.g., \Arad! Zerind" represents a complex set
states various cities of possible routes, detours, rest stops, etc.
actions drive between cities For guaranteed realizabil@yy real state \in Arad"

) must get tosomereal state \in Zerind"

Search for a solution
sequence of drive actions or equivalently (Abstract) solution =
sequence of cities, e.g., Arad, Sibiu, Fagaras, Bucharest set of real paths that are solutions in the real world

Each abstraction should be \easier" than the originakprbbl
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[ Example: The 8-puzzle |

7 2 4 1 2 3
5 6 4 5 6
8 3 1 7 8
Start State Goal State
state®?
action®?
goal tesp?
path cos??
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[ Example: The 8-puzzle |

7 2 4 1 2 3
5 6 4 5 6
8 3 1 7 8

Start State Goal State

state®? integer locations of tiles (ignore intermediate pasition
action®?

goal tesp?

path cos??

Chapter 3 14

I Example: The 8-puzzle I

7 2 4 1 2 3
5 6 4 5 6
8 3 1 7 8

Start State Goal State

state®? integer locations of tiles (ignore intermediate pagition
action®? move blank left, right, up, down (ignore unjamming etc.)
goal tese?

path cost?
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I Example: The 8-puzzle |

7 2 4 1 2 3
5 6 4 5 6
8 3 1 7 8

Start State Goal State

state®? integer locations of tiles (ignore intermediate pagition
action®? move blank left, right, up, down (ignore unjamming etc.)
goal test? = goal state (given)

path cose?
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[ Example: The 8-puzzle |

7 2 4 1 2 3
5 6 4 5 6
8 3 1 7 8

Start State Goal State

state®?. integer locations of tiles (ignore intermediate pagition
action®? move blank left, right, up, down (ignore unjamming etc.)
goal test? = goal state (given)

path cos?? 1 per move

[Note: optimal solution of-Puzzle family is NP-hard]
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[ Example: Satisfaction |

Given a bunch of logical clauses of the form
aOR b OR c AND
X OR NOT y OR NOT z AND ...

nd an assignment of values to variables that satigks mosg of the
clauses.
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Example: Satisfaction

b e :d ~ d:b :a”
ca_b :c ™ :c_:b_e
:d_a b ~ :a c :d~"
e bc ~ a:d c »
b :d e » b ¢ d »
:d_:a :e”™ e _:c_a ™
cd_ :b.c M:e :d an
:d b :e ™~ ¢ d a ~»
e :d :c”N a_c :e N
d a ¢c ~ :c_:b d~»n
e _d _:c
I Example: Satisfaction |
b e :d ~ d :b :a ”
ca_b :c ™ :c_:b_e
:d_a b ~:a c :d "
e bc ~ a.d c 7"
b :d e ” b ¢c. d =~
:d :a_:e”™ e _:c_a "
:d_ :b_c M:e_:d :an
:d_ b :e ™~ c¢c_d_a *»
ce_:d_:c”™ a_c_:e N
d a ¢ ~ :c_:b_d~»
e _d _:c
Solution:: a; : b; c;: d; : e
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[ Example: Satisfaction | I Example: Satisfaction I

state®? state®? values assigned to variables
clauses satis ed/unsatis ed/cain't get no satisfaction

action®?
[ Example: Satisfaction | I Example: Satisfaction |
state®? values assigned to variables state®? values assigned to variables
clauses satis ed/unsatis ed/cain't get no satisfaction clauses satis ed/unsatis ed/cain't get no satisfaction

action®? assign value to variable
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[ Example: Satisfaction |

state®? values assigned to variables
clauses satis ed/unsatis ed/cain't get no satisfaction

action®? assign value to variable

goal tes??
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[ Example: Satisfaction |

state®? values assigned to variables
clauses satis ed/unsatis ed/cain't get no satisfaction

action®? assign value to variable

goal tes?? all clauses satis ed
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I Example: Satisfaction

state®? values assigned to variables
clauses satis ed/unsatis ed/cain't get no satisfaction

action®? assign value to variable

goal tes?? all clauses satis ed

path cosp?
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2

7

I Example: Satisfaction

state®? values assigned to variables
clauses satis ed/unsatis ed/cain't get no satisfaction

action®? assign value to variable
goal tes?? all clauses satis ed

path cost? number of variables assigned

Chapter 3
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I Tree search algorithms ||

Basic idea:
0 ine, simulated exploration of state space

by generating successors of already-explored states
(a.k.a.expandingtates)

function Tree-Search (problem, strategy returns a solution, or failure
initialize the search tree using the initial stapaflem
loop do
if there are no candidates for expantsien return failure
choose a leaf node for expansion accordstgategy
if the node contains a goal stéten return the corresponding solution
else expand the node and add the resulting nodes to the search tree

end
Chapter 3 29
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| Tree search example ||
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Implementation: states vs. nodes

A stateis a (representation of) a physical con guration
A nodeis a data structure constituting part of a search tree

includegarent children depth path costy(n)

States do not have parents, children, depth, or path cost!

parent, action
A

depth =6

State Nod
B

g=6

The Expand function creates new nodes, lling in the various elds and
using theSuccessorFn of the problem to create the corresponding states.

Chapter 3
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Implementation: general tree search

function Tree-Search (problem,fringé returns a solution, or failure
fringe Insert (Make-Node (Initial-State  [probleni), fringe)
loop do
if fringe is emptythen return failure
node Remove-Front (fringe)
if Goal-Test (problemState (node) then return node
fringe InsertAll  (Expand (node problen), fringe)

function Expand (node, problem returns a set of nodes
successors the empty set
for each action, resultin Successor-Fn (problem State [nodd) do
s anewNode
Parent-Node [g]
Path-Cost [g]
resulf)
Depth [s] Depth [nodd + 1
adds to successors
return successors

node Action [s] action; State [s] result
Path-Cost [nodd + Step-Cost (State [nodd, action,

Chapter 3
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I Search strategies

A strategy is de ned by picking theder of node expansion

Strategies are evaluated along the following dimensions:

completenepoes it always nd a solution if one exists?

time complexifpumber of nodes generated/expanded

space complexjigaximum number of nodes in memory

optimalitydoes it always nd a least-cost solution?

Time and space complexity are measured in terms of
bfmaximum branching factor of the search tree
d|depth of the shallowest solution
m|maximum depth of the state space (may bg

Chapter 3
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I Uninformed search strategies

Uninformedstrategies use only the information available
in the problem de nition

Breadth- rst search
Uniform-cost search
Depth- rst search
Depth-limited search

Iterative deepening search

Chapter 3
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[ Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end
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( Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end
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I Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end
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I Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end
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[ Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end
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( Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end
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I Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end

Chapter 3 43

I Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end
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[ Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end
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( Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end
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I Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end
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I Properties of breadth- rst search |

Complete?
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[ Properties of breadth- rst search |

Complet@? Yes (ifbis nite)
Time??

depth #nodes
0 b°
1 bt
2=d B = b
3=d+1 b -b = b%b
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[ Properties of breadth- rst search |

Complet@? Yes (ifbis nite)
Time?? 1+ b+ P+ P+ i+ B+ ("1 b) = O(™?), i.e., exp. ird
Spac@?

#nodes
b0
bl
P = bl
b3 b = bd+l_b
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I Properties of breadth- rst search I

Complet@? Yes (ifbis nite)
Time?? 1+ b+ P+ P+ 1o+ '+ (B b = O™*), i.e., exp. ind
Space? O(b"*!) (keeps every node in memory)

OptimaP?

#nodes
bO
bl
B = b
b%-b = p%lp
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I Properties of breadth- rst search |

Complet@? Yes (ifbis nite)

Tme?? 1+ b+ P+ P+ ..+ '+ (¥ b = O(™*), i.e., exp. ird
Space? O(F*!) (keeps every node in memory)

OptimaP? Yes (if cost = 1 per step); not optimal in general

Space is the big problem; can easily generate nodes at 100MB/sec
so 24hrs = 8640GB.

depth #nodes
0 b°
1 bt
2=d P = b

3=d+1 b -b = b%Lp
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[ Uniform-cost search |

Expand least-cost unexpanded node

Implementation
fringe = queue ordered by path cost, lowest rst

Equivalent to breadth- rst if step costs all equal
Complet@? Yes, if step cost

Time?? # of nodes withg  cost of optimal solutio@)(b™ = ©)
whereC is the cost of the optimal solution

Spac@? # of nodes withy  cost of optimal solutio)(b* =€)

OptimaP? Yes|nodes expanded in increasing ordey(of

Chapter 3 53

[ Summary |

} Problem solving agents
formulate a problem, search for a solution, execute it

} Problem formulation
initial state, successor function, goal test, path cost

} Example problems
traveling around romania, 8-puzzle, satisfaction

} Tree search algorithms
build and explore a tree, strategy picks up the order ofixpaesi®n

} Implementation
select the rst node on the fringe, test for goal, expand

} (Uninformed) strategies  (breadth rst, uniform cost, ...)
characterised by their completeness, optimality, cadynplex
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I Breadth- rst search |

Expand shallowest unexpanded node

Implementation
fringe is a FIFO queue, i.e., new successors go at end

Completg? Yes (ifbis nite)

Time?? O(*)

Space? O(F!) (keeps every node in memory)

OptimaP? Yes (if cost = 1 per step); not optimal in general

Space is the big problem; can easily generate nodes at 100MB/sec
S0 24hrs = 8640GB.

Chapter 3 55

I Depth- rst search |

Expand deepest unexpanded node

Implementation
fringe = LIFO queue, i.e., put successors at front
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[ Depth- rst search

Expand deepest unexpanded node

Implementation
fringe = LIFO queue, i.e., put successors at front
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[ Depth- rst search

Expand deepest unexpanded node

Implementation
fringe = LIFO queue, i.e., put successors at front
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I Depth- rst search

Expand deepest unexpanded node

Implementation
fringe = LIFO queue, i.e., put successors at front
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I Depth- rst search

Expand deepest unexpanded node

Implementation
fringe = LIFO queue, i.e., put successors at front
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[ Depth- rst search

Expand deepest unexpanded node

Implementation

fringe = LIFO queue, i.e., put successors at front
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[ Depth- rst search

Expand deepest unexpanded node

Implementation

fringe = LIFO queue, i.e., put successors at front
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I Depth- rst search

Expand deepest unexpanded node

Implementation
fringe = LIFO queue, i.e., put successors at front
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I Depth- rst search

Expand deepest unexpanded node

Implementation
fringe = LIFO queue, i.e., put successors at front
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[ Depth- rst search

Expand deepest unexpanded node

Implementation
fringe = LIFO queue, i.e., put successors at front
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[ Depth- rst search

Expand deepest unexpanded node

Implementation
fringe = LIFO queue, i.e., put successors at front
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I Properties of depth- rst search I

Complet@?
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I Properties of depth- rst search |

Complet@? No: fails in in nite-depth spaces, spaces with loops
Modify to avoid repeated states along path
) complete in nite spaces

Time??

depth #nodes
0 b0
1 bt
2 (02
3 b3
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[ Properties of depth- rst search |

Complet@? No: fails in in nite-depth spaces, spaces with loops
Modify to avoid repeated states along path
) complete in nite spaces

Time?? O(B™): terrible ifm is much larger tham
but if solutions are dense, may be much faster than bresidth-

Spac@?
depth #nodes
0 O
1 bt
2 kP
3 b3
- 1 b™
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[ Properties of depth- rst search |

Completg? No: fails in in nite-depth spaces, spaces with loops
Modify to avoid repeated states along path
) complete in nite spaces

Time?? O(B™): terrible ifm is much larger tham
but if solutions are dense, may be much faster than bresidth-

Space? O(bm), i.e., linear space!

depth #nodes
OptimaP? 0 b
1 bt
2 B
3 b®
- . m p™
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I Properties of depth- rst search I

Complet@? No: fails in in nite-depth spaces, spaces with loops
Modify to avoid repeated states along path
) complete in nite spaces

Time?? O(B™): terrible ifm is much larger tham
but if solutions are dense, may be much faster than bresidth-

Spac@? O(bm), i.e., linear space!

depth #nodes

OptimaP? No o 40
1 bt

2 b2

OECIIE 3

_ m p™
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I Breadth- rst versus depth- rst search |

Usebreadth-rst  search when there exist®ort solutions.

Usedepth- rst  search when there existany solutions.

good for both

good for DFS, bad for BFS
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I Depth-limited search | ||

lterative deepening search  1=0 I

= depth- rst search with depth limit —
) Limit =0 >® o
i.e., nodes at depthhave no successors — —

Recursive implementation

function Depth-Limited-Search  (problemlimit) returns soln/fail/cuto
Recursive-DLS (Make-Node (Initial-State  [probleni), problem limit)
function Recursive-DLS (node problemlimit) returns soln/fail/cuto
cuto -occurred?  false
if Goal-Test (problemState [nod€) then return node
else if Depth [nodd = limit then return cuto
else for each successoin Expand (node problen) do
result Recursive-DLS (successgmproblem limit)
if result= cuto then cuto -occurred? true
else if result 6 failure then return result
if cuto -occurred? then return cuto else return failure

cuto : no solution within the depth limit, failure: the peabhas no solution

Chapter 3 73 Chapter 3 75

|| lterative deepening search | I

function Iterative-Deepening-Search (problem returns solution/failure

Limt=1  »@® ® @
inputs : problem a problem o N o . ./0\.
for depth Oto 1 do — — — — — = P 2

result Depth-Limited-Search  (problem, depth
if result & cuto then return result
end
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Limit = 2

>® N
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Limit =3

HON
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I Properties of iterative deepening search

Complet@?
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I Properties of iterative deepening search

Complet@? Yes
Time??
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[ Properties of iterative deepening search |

Complet@? Yes
Time?? (d+1)°+ dbt+ (d P+ 1+ B = O(F)
Space?
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[ Properties of iterative deepening search |

Complet@? Yes

Time?? (d+ 1)+ dbt+ (d = 1)+ :::+ B = O(F)
Space? O(bd)

OptimaP?
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I Properties of iterative deepening search I

Complet@? Yes
Time?? (d+ 1)+ dbt+ (d 1)+ :::+ B = O(F)
Spac@? O(bd

OptimaP? Yes, if step cost = 1
Can be modi ed to explore uniform-cost tree

Numerical comparison for 10 andd = 5, solution at far right leaf:

N (ID§ = 50 + 400 + 3000 + 20000 + 100000 = 123450
N (BFS = 10+ 100 + 1,000 + 10000 + 100000 + 999990 = 1,111 100

IDS does better because other nodes at degoih not expanded

BFS can be modi ed to apply goal test when a nagknisrated
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I Summary of algorithms |

Criterion | Breadth- Uniform- Depth- Depth- Iterative
First Cost First Limited Deepening

Complete? Yes Yes No Yes, ifl d Yes

Time E+t bc =e ol o o3

Space (g e =e bm bl bd

Optimal? | Maybe Yes No No Maybe
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[ Repeated states |

Failure to detect repeated states can turn a linear proidteamiexponential
one!
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[ Graph search |

function Graph-Search (problem,fringe returns a solution, or failure

closed an empty set
fringe Insert (Make-Node (Initial-State  [probleni), fringe)
loop do
if fringe is emptythen return failure
node Remove-Front (fringe)
if Goal-Test (problem State [nod€) then return node
if State [noddq is not inclosedthen
addState [nodq to closed
fringe InsertAll  (Expand (node problen), fringe)
end

When seeking optimal solutions we may need to keep thenbd#eand
update the depths and path-costs of the descendants af tireeol

This is needed with breadth- rst search if costs stepstaentcal, and
with iterative deepening search.
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I Graph search: Fringe with Path Cost I

[]Oradea

Dobreta [J

Eforie
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I Graph search: Fringe with Path Cost |

Arad(0)
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[ Graph search: Fringe with Path Cost

Arad(0)

Chapter 3 89

[ Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)

Chapter 3 90

I Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
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I Graph search: Fringe with Path Cost

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
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[ Graph search: Fringe with Path Cost | I Graph search: Fringe with Path Cost I

Arad(0) Arad(0)
Zerind(75) Timisoara(118) Sibiu(140) Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146) Timisoara(118) Sibiu(140) Oradea(146)

Sibiu(140) Oradea(146) Lugoj(229)
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[ Graph search: Finge with Path Cost | I Graph search: Fringe with Path Cost |
Arad(0) Arad(0)

Zerind(75) Timisoara(118) Sibiu(140) Zerind(75) Timisoara(118) Sibiu(140)

Timisoara(118) Sibiu(140) Oradea(146) Timisoara(118) Sibiu(140) Oradea(146)

Sibiu(140) Oradea(146) Lugoj(229) Sibiu(140) Oradea(146) Lugoj(229)

Oradea(146) Rimnicu Vilcea(220) Lugoj(229) Fagaras(239)
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[ Graph search: Fringe with Path Cost |

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
Sibiu(140) Oradea(146) Lugoj(229)
Oradea(146) Rimnicu Vilcea(220) Lugoj(229) Fagaras(239)
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[ Graph search: Finge with Path Cost |

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
Sibiu(140) Oradea(146) Lugoj(229)
Oradea(146) Rimnicu Vilcea(220) Lugoj(229) Fagaras(239)

When we expand Oradea, we again generate the state Silpiathvitbst
297 { but we have already \closed" Sibiu with cost 140.
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I Graph search I

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
Sibiu(140) Oradea(146) Lugoj(229)
Oradea(146) Rimnicu Vilcea(220) Lugoj(229) Fagaras(239)

When we expand Oradea, we again generate the state Silpathvithst
297 { but we have already \closed" Sibiu with cost 140.

Uniform cost search (and breadth- rst with step cost 1 pimgteed to nd
the shortest one rst, so will never have to re-open a node
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I Graph search: Fringe with Path Cost |

Arad(0)
Zerind(75) Timisoara(118) Sibiu(140)
Timisoara(118) Sibiu(140) Oradea(146)
Sibiu(140) Oradea(146) Lugoj(229)
Oradea(146) Rimnicu Vilcea(220) Lugoj(229) Fagaras(239)

When we expand Oradea, we again generate the state Silpiathvitbst
297 { but we have already \closed" Sibiu with cost 140.

Uniform cost search (and breadth- rst with step cost 1 pimgteed to nd
the shortest one rst, so will never have to re-open a node

Depth- rst and iterative deepening may need to updatendaste (usually
easiest to simply re-open the node).
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[ Graph Search |

But...

}  We must now keep all our states in memory

}  Space required for DFS and lterative Deepening is nowcdbymden-
ber of states in the state-space graph

Chapter 3 101

[ Summary |

Problem formulation usually requires abstracting awayoréh details to
de ne a state space that can feasibly be explored

Variety of uninformed search strategies

Iterative deepening search uses only linear space
and not much more time than other uninformed algorithms

Graph search can be exponentially more e cient than tned sea

Chapter 3 102

Informed search algorithms

Chapter 4, Sections 1{3

Chapter 4, Sections 1{3
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Outline

L S S s}

Best- rst search
Greedy search
A search
Heuristics

Local Search

Chapter 4, Sections 1{3
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[ Review: Tree search |

function Tree-Search (problem,fringg returns a solution, or failure
fringe Insert (Make-Node (Initial-State  [probleni), fringe)
loop do
if fringe is emptythen return failure
node Remove-Front (fringe)
if Goal-Test [probleni applied toState (node succeedeeturn node
fringe InsertAll  (Expand (node problen), fringe)

A strategy is de ned by picking tbeder of node expansion

Chapter 4, Sections 1{3 105

( Best- rst search |

Idea use arevaluation functiofor each node
{ estimate of \desirability"

) Expand most desirable unexpanded node

Implementatian
fringe is a queue sorted in decreasing order of desirability

Special cases:
uniform cost search (uninformed)
greedy search (informed)
A search (informed)

Chapter 4, Sections 1{3 106

I Evaluation function |

Evaluation functioh(n) = g(n) + h(n)

g(n) = cost so far to reach start node

h(n) = estimated cost from to the closest goahéuristi¢ ?

f (n) = estimated total cost of path throughto goal -
() P gt g S

o)

The lower (n), the most desirableis
Queue sorted in ascending value(iof n

e — —
e

Special cases:

: . ) Ih(n)
uniform cost search (uninformefjn) = g(n) l\
greedy search (informedhn) = h(n) -

A search (informed)(n) = g(n) + h(n) goal node

Chapter 4, Sections 1{3 107

I Romania with step costs in km |

to Bucharest
Arad
Bucharest
Craiova
Dobreta
Eforie
Fagaras
Giurgiu
Hirsova
lasi

Lugoj
Mehadia
Neamt
Oradea
Pitesti
Rimnicu Vilcea
Sibiu
Timisoara
Urziceni
. Eforie VaS_IUi

[] Giurgiu Zerind

Chapter 4, Sections 1{3 108

Straight-line distance

366
0
160
242
161
178
7
151
226
244
241
234
380
98
193
253
329
80
199
374



[ Greedy search | I Greedy search example I

Evaluation function(n) = h(n) (entirely heuristic)
= estimate of cost from to the closest goal

E.g.,hs p(n) = straight-line distance fromto Bucharest

Greedy search expands the nodeapears to be closest to goal 253 329 314
Chapter 4, Sections 1{3 109 Chapter 4, Sections 1{3 111
[ Greedy search example | I Greedy search example |
366

366 176 380 193

Chapter 4, Sections 1{3 110 Chapter 4, Sections 1{3 112



[ Greedy search example | I Properties of greedy search I

Complet@? No{can get stuck in loops, e.g., with going from lasi to &agar
lasi! Neamt! lasi! Neamt!
Complete in nite space with repeated-state checking

Time??
>CucharesD
253 0
Chapter 4, Sections 1{3 113 Chapter 4, Sections 1{3 115
[ Properties of greedy search | I Properties of greedy search |
Complete? Complet@? No{can get stuck in loops, e.g., with going from lasi to &agar

lasi! Neamt! Ilasi! Neamt!
Complete in nite space with repeated-state checking

Time?? O(B"), but a good heuristic can give dramatic improvement

Spac@?

Chapter 4, Sections 1{3 114 Chapter 4, Sections 1{3 116



I Properties of greedy search |

Complet@? No{can get stuck in loops, e.g., with going from lasi to &agar
lasi! Neamt! lasi! Neamt!
Complete in nite space with repeated-state checking

Time?? O(B™), but a good heuristic can give dramatic improvement
Spac@? O(b")|keeps all nodes in memory

OptimaPb?

Chapter 4, Sections 1{3 117

[ Properties of greedy search |

Complet@? No{can get stuck in loops, e.g., with going from lasi to &agar
lasi! Neamt! lasi! Neamt!
Complete in nite space with repeated-state checking

Time?? O(B"), but a good heuristic can give dramatic improvement
Space? O(b")|keeps all nodes in memory

OptimaP? No

Chapter 4, Sections 1{3 118

I A search |
Idea avoid expanding paths that are already expensivtart node
Evaluation functioh(n) = g(n) + h(n) ?
A~~~
g(n) = cost so far to reach /Waa)/
h(n) = estimated cost from to the closest goal
f (n) = estimated total cost of path throughto goal n
Vo a ek g
A search uses aumissiblé@euristic o Th”zn”)/
i.e.,h(n) h (n) whereh (n) is thetrue cost fromn. l\
(Also requiréa(n) 0, soh(G) = 0 for any goalis.) -
, _ r%oal node
E.g.,hs p(n) never overestimates the actual road distance

Whenh(n) is admissiblef, (n) never overestimates the total cost of the
shortest path through to the goal

Theorem A search is optimal

Chapter 4, Sections 1{3 119

I A search example |

366=0+366

Chapter 4, Sections 1{3 120



[ A search example | I A search example I

393=140+253 447=118+329 449=75+374

447=118+329 449=75+374

Rimnicu Vilcea

646=280+366 415=239+176 671=291+380

526=366+160 417=317+100 553=300+253

Chapter 4, Sections 1{3 121 Chapter 4, Sections 1{3 123

[ A search example | I A search example |

447=118+329

449=75+374 447=118+329

449=75+374

646=280+366 415=239+176 671=291+380 413=220+193 646=280+366 671=291+380

.Bucharest

591=338+253 450=450+0 526=366+160 417=317+100 553=300+253

Chapter 4, Sections 1{3 122 Chapter 4, Sections 1{3 124



[ A search example |

447=118+329

449=75+374

646=280+366

591=338+253 450=450+0 526=366+160

418=418+0 615=455+160 607=414+193

Chapter 4, Sections 1{3 125

Optimality of A (based on admissibility)

Suppose some suboptimal gsahas been generated and is in the queue.
Letn be an unexpanded node on a shortest path to an optimé&l;goal

start node

N

P S

oy
e
G, G,
optimal goal node non-optimal goal node

f(Go) = g(Gy) sinceh(Gy) =0
> g(Gy) sinceG; is suboptimal
f(n) sinceh is admissibtef (n) does not overestimatgG,)

Sincef (G2) > f (n), A will never selec¢t, for expansion

Chapter 4, Sections 1{3 126

I Consistency I

A heuristic izonsistentf
h(n) c(n;a;n%+ h(nY

If h is consistent, thein is admissible, and
f (n) is nondecreasing along any path:

f(nY = g(n9+ h(n9

g(n) + o(n;a;n% + h(n9
g(n) + h(n)

f (n)

Consequently, when expanding a node, we cannot get a haalematler
f, and so the value of the best node on the fringe will neveaisecr

Chapter 4, Sections 1{3 127

Optimality of A (based on consistency)

ConsistencyA expands nodes in order of incredsinglue

Gradually expands$ ‘contours" of nodes (cf. breadth- rst expands layers,
uniform-cost expandscontours)
Contouri has all nodes with = f;, wheref; <f .1

Chapter 4, Sections 1{3 128



[ Properties of A |

Complete?

Chapter 4, Sections 1{3 129

[ Properties of A |

Complet@? Yes, unless there are in nitely many nodesfwithf (G)

Time??

Chapter 4, Sections 1{3 130

I Properties of A

Complet@? Yes, unless there are in nitely many nodesfwithf (G)

Time?? Exponential in [relative errorhin  length of soln.]

Spac@?

Chapter 4, Sections 1{3 131

I Properties of A

Complet@? Yes, unless there are in nitely many nodesfwithf (G)

Time?? Exponential in [relative errorfin  length of soln.]

Spac@? Keeps all nodes in memory

OptimaPb?

Chapter 4, Sections 1{3 132



[ Properties of A |

Complet@? Yes, unless there are in nitely many nodesfwithf (G)
Time?? Exponential in [relative errortin  length of soln.]
Space? Keeps all nodes in memory

OptimaP? Yes|cannot expand ., until f; is nished

A expands all nodes witlin) < C
A expands some nodes with) = C
A expands no nodes witfn) > C

Chapter 4, Sections 1{3 133

[ Admissible heuristics |

E.g., for the 8-puzzle:

hi(n) = number of misplaced tiles
ho(n) = total Manhattandistance
(i.e., no. of squares from desired location of each tile)

o)l el

Start State Goal State

hi(S) =22
ha(S) =22

Chapter 4, Sections 1{3 134

I Admissible heuristics

E.qg., for the 8-puzzle:

hi(n) = number of misplaced tiles
h,(n) = total Manhattandistance

(i.e., no. of squares from desired location of each tile)

Ea

a

Start State

hi(S) =776
ha(S) =272

Goal State

Chapter 4, Sections 1{3 135

I Admissible heuristics

E.g., for the 8-puzzle:

hi(n) = number of misplaced tiles
ho(n) = total Manhattandistance

(i.e., no. of squares from desired location of each tile)

Ea

a

Start State

hy(S) =226
ho(S) =27 4+0+3+3+1+0+2+1 = 14

Goal State

Chapter 4, Sections 1{3 136



[ Dominance |

Given two admissible heuristigshy,
if hp(n)  ha(n) for alln thenh, dominatesi, and is better for search

In the 8-puzzlé, dominates$;. Typical search costs:

d=14 IDS = 3,473,941 nodes
A (h1) = 539 nodes
A (hy) = 113 nodes
d=24 IDS 54,000,000,000 nodes
A (hy) = 39,135 nodes
A (hy) = 1,641 nodes

Given two admissible heuristigshy,
h(n) = max(ha(n); hy(n))

is also admissible and dominates,

Chapter 4, Sections 1{3 137

I Relaxed problems |

Admissible heuristics can be derived froroghmal
solution cost of eelaxed version of the problem

Rules of the 8-puzzle:
a tile can move from square A to square B if
A is adjacent to Bind B is blank;

Chapter 4, Sections 1{3 138

||

Relaxed problems I

Admissible heuristics can be derived frorogtimal
solution cost of eelaxed version of the problem

Rules of the 8-puzzle:

a tile can move from square A to square B if
A is adjacent to Bind B is blank;

Relaxations:

} atile can move from square A to square B if A is adjacent to B

Chapter 4, Sections 1{3 139

Relaxed problems |

Admissible heuristics can be derived frorogtimal
solution cost of eelaxed version of the problem

Rules of the 8-puzzle:

a tile can move from square A to square B if
A is adjacent to Bind B is blank;

Relaxations:

} atile can move from square A to square B if A is adjacent to B
} atile can move from square A to square B if B is blank

Chapter 4, Sections 1{3 140



[ Relaxed problems | I Relaxed problems contd. I

Admissible heuristics can be derived frorogtimal Well-known examplé&avelling salesperson prob(@8P)
solution cost of eelaxed version of the problem Find the shortest tour visiting all cities exactly onceetnthing to rst
Ci
Rules of the 8-puzzle: ty
a tile can move from square A to square B if
A is adjacent to Bind B is blank;
Relaxations:
} atile can move from square A to square B if A is adjacent to B
} atile can move from square A to square B if B is blank
} atile can move from square A to square B
Chapter 4, Sections 1{3 141 Chapter 4, Sections 1{3 143
[ Relaxed problems | I Relaxed problems contd. |
Admissible heuristics can be derived froragtimal Well-known exampléavelling salesperson prob(@i8P)
solution cost of eelaxed version of the problem Find the shortest tour which visits all cities exactly antthan returns to
rst city

Rules of the 8-puzzle:
a tile can move from square A to square B if
A is adjacent to Bind B is blank;

Relaxations:
} atile can move from square A to square B if A is adjacent to B
} atile can move from square A to square B if B is blank
} atile can move from square A to square B

Key point: the optimal solution cost of a relaxed problem
is no greater than the optimal solution cost of the reakpmobl

Chapter 4, Sections 1{3 142 Chapter 4, Sections 1{3 144



[ Relaxed problems contd. |

Well-known exampléavelling salesperson probl@i8P)
Find the shortest tour which visits all cities exactly awtthan returns to
rst city

The set of arcs which covers all nodes at minimum cost
and forms a tour

Chapter 4, Sections 1{3 145

[ Relaxed problems contd. |

Well-known exampléavelling salesperson prob(@i8P)
Find the shortest tour which visits all cities exactly awtthan returns to
rst city

The set of arcs which covers all nodes at minimum cost
so that each node has degree 2

Chapter 4, Sections 1{3 146

I Relaxed problems contd.

Minimum spanning tr€®&IST)

The set of arcs which covers all nodes at minimum cost

Minimum spanning tresan be computed 0(n?)
and is a lower bound on the shortest (open) tour

Chapter 4, Sections 1{3
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I Memory-bounded A

Several ways of bounding the memory of A

} IDA
} Recursive Best-First Search
} MA

Chapter 4, Sections 1{3
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[ Memory-bounded A |

Several ways of bounding the memory of A
} IDA Cuto based ori
} Recursive Best-First Search
} MA

Chapter 4, Sections 1{3 149

[ Memory-bounded A |

Several ways of bounding the memory of A
} IDA Cuto based ori
} Recursive Best-First SeaR#members best alternative
} MA

Chapter 4, Sections 1{3 150

I Memory-bounded A I

Several ways of bounding the memory of A
} IDA Cuto based ori
} Recursive Best-First SearRdmembers best alternative
}  MA Discards worst when necessary

Chapter 4, Sections 1{3 151

I Summary |

Heuristic functions estimate costs of shortest paths
Good heuristics can dramatically reduce search cost

Greedy best- rst search expands lotvest
{'incomplete and not always optimal

A search expands lowgst h
{ complete and optimal

Admissible heuristics can be derived from exact solutidexefl problems

Chapter 4, Sections 1{3 152
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Local Search |

Only the solution is important - not how you got there.

Chapter 4, Sections 1{3 153

Local Search |

Only the solution is important - not how you got there.
Operate on aurrent solution
De ne aNeighbourhoodahich they will explore

Test members of the neighbourhood, and potentially imestatturrent
solution.

Chapter 4, Sections 1{3 154

Local Search |

[ R N S )

——

Only the solution is important - not how you got there.
Operate on aurrent solution
De ne aNeighbourhoodhich they will explore

Test members of the neighbourhood, and potentially mestatturrent
solution.

The method of choice foptimizationproblems

Optimisation: Search for a solution with the lowest (hjgradse of an
objective function

Chapter 4, Sections 1{3 155

Local Search { Success stories |

Routing problems

Scheduling (including timetabling, rostering)
Location problems

Network optimization

Layout problems

...lots and lots of others

Chapter 4, Sections 1{3 156
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Local Search { characteristics |

Little memory (usually constant)
Find reasonable solutions in huge state spaces

Chapter 4, Sections 1{3 157

Neighbourhood |

The neighbourhood de nes a sepofential successor states
Often de ned by the an operator ttmbvesrom one solution to another
Multiple neighbourhoods possible

The larger the neighbourhood, the better the chance weevallgtobal
optimum

... but the longer it will take to search it

Chapter 4, Sections 1{3 158

I Travelling Salesman Problem I

Given a set of points, visit them all and return to theatrstinimum cost

Chapter 4, Sections 1{3 159

I Travelling Salesman Problem |

Given a set of points, visit them all and return to theatrstinimum cost

Chapter 4, Sections 1{3 160



Neighbourhood

Neighbourhood

Remove a node. Test inserting it between each pair of nbdese Gest.

Remove a node. Test inserting it between each pair of nbdese Gest.
Chapter 4, Sections 1{3 161 Chapter 4, Sections 1{3 163
[ Neighbourhood | I Neighbourhood |
N |
N |
N\ |
\\\\ by
\\\ ‘I
~\ i

Remove a node. Test inserting it between each pair of nbdese Gest. Remove a node. Test inserting it between each pair of nbdese Gest.
Chapter 4, Sections 1{3 162

Chapter 4, Sections 1{3 164



[ Neighbourhood |

Remove a node. Test inserting it between each pair of nbdese Gest.

Chapter 4, Sections 1{3 165

I Neighbourhood |

Remove a node. Test inserting it between each pair of nbdese Gest.

Chapter 4, Sections 1{3 166

I Neighbourhoods I

Two-opt neighbourhood

Chapter 4, Sections 1{3 167

I Neighbourhoods |

Two-opt neighbourhood - remove 2 arcs

Chapter 4, Sections 1{3 168



[ Neighbourhoods | I Neighbourhoods I

3-opt (0 search space), 4-opt etc can also be de ned.

—

Two-opt neighbourhood - remove 2 arcs, and replace witthex® o

Chapter 4, Sections 1{3 169 Chapter 4, Sections 1{3 171

[ Neighbourhoods | I Accept - Hill-Climbing |

Two-opt neighbourhood - remove 2 arcs, and replace witthex® o

Chapter 4, Sections 1{3 170 Chapter 4, Sections 1{3 172



|| Accept - Hill-Climbing |

Chapter 4, Sections 1{3 173

|| Accept - Hill-Climbing |

Greedy Local Search
Systematically search the Neighbourhood. Acceptrsher besg cost-
decreasing move found.

Chapter 4, Sections 1{3 174

|| Accept - Hill-Climbing |

Greedy Local Search
Systematically search the Neighbourhood. Acceptrsh@r besg cost-
decreasing move found.

Stochastic Local Search
Choose randomly from amongst the cost-decreasing mades fou

Chapter 4, Sections 1{3 175

|| Accept - Hill-Climbing |

Greedy Local Search

Systematically search the Neighbourhood. Acceptrsher besg cost-
decreasing move found.

Stochastic Local Search
Choose randomly from amongst the cost-decreasing mades fou

Chapter 4, Sections 1{3 176
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[ Meta-Heuristics |

To escape a local minim@emetimeyou want to accept a cost-increasing
move

Meta-heuristicare methods (heuristics) for combining other heuristcs in
hopefully e ective way.

Look at a few: Beam Search, Simulated Annealing, Tabu &ehghnetic
Programming

Chapter 4, Sections 1{3 177

( Beam Search |

Keepk solutions

Generate all successors of each solution
If one is a goal state, we're done (yay!)
Otherwise, keep only thebest and iterate

On a good day it is not the samekaiterations of Hill-Climbing, but can
degenerate into an expensive version of Hill-climbing.

Chapter 4, Sections 1{3 178

|| Simulated Annealing I

Sometimegou want to accept a cost-increasing move. SimulatediAgneal
does this with a probabilistic accept:
P(accept=e T

T (temperature) is a system parameter. As the system \cdols" @) ,
the probability of accepting a bad move decreases.

Chapter 4, Sections 1{3 179

I Tabu Search |

Basic idea:

Find local minimum
Choose and make a cost-increasing move

Place theeversenove on aabu listfor some number of iterationaku
tenureparameter)

Repeat

Lots of tweaks, wrinkles and enhancements.

Tabu search is at least as successful as Simulated Annealing

Chapter 4, Sections 1{3 180



|| Genetic Programming |

Based on a population of individuals
Each individual is assessed according to \ thess"

Fittest individuals reproduce sexually (genetic crgssdeebles popu-

lation
Some of the population mutates
Only the ttest half survives to next generation

Chapter 4, Sections 1{3 181

|| Genetic Programming |

Fitness  P(select)

24 31% 3|2|7i5|2|4|1|1|

[2]4]7]4]e]5]5]>

[s2]7]s]=2]4]1]1

ANEBOOEE
[2]afa]1]s][1]2]4}20 26% 3|2|7.|5|2i4|1|1|
[s]2]s5]a]a]2]1]3] 11 14% 2|4|4|1|5i1|2|4|}‘

Cross-over Mutat§_.l

_<13|2|7|4|8|5|5|2|—’|3|2|7|4|8M5|2|

[l fs[2[«[1[i]———l2lel7]s[2[4]]1]
_<s|z|v|5|z|1|z|4|—»|a|zEs|z|1|z|4|

2|4|4|1|5|4|1|1|—.|2|4|4|1|5|4|1!i!

Chapter 4, Sections 1{3 182

I Genetic Programming

}  Very dependent on \encoding"
} Cross-over must be suitably de ned
} Mutations are often neighbourhood-type moves

Chapter 4, Sections 1{3 183

I Meta-heuristics

} \Connected" search space essential
) \soft" constraints
) big steps possible

} \Sideways move" policy is important

Chapter 4, Sections 1{3 184



[ Meta-heuristics

} \Connected" search space essential
) \soft" constraints
) big steps possible
} \Sideways move" policy is important
} Relatively cheap generation/ tness test required
}  Tuning is essential (presently)

| || sSummary |

Local search maintains one or more \incumbent" solutimhgxamines a
neighbourhood around those solutions.

Very e ective method for optimization problems
Accepting cost-increasing moves is sometimes necessary

Meta-heuristics combine other heuristics in an e ective wa

Chapter 4, Sections 1{3 185 Chapter 4, Sections 1{3 187

( Other meta-heuristics

There are a host of other meta-heuristics - many based logidzbana-

logues"

}  Ant Colony Optimisation
} Bee analogues
}  Memetic programming (== GA + Local Search)

[ R N W )

And others

Large Neighbourhood Search
Variable Neighbourhood Search
Problem Space Search

Guided Local Search

Adversarial search (game playing)

Chapter 6

Chapter 4, Sections 1{3 186 Chapter 6 188



[ Outline |

}  Games

} Perfect play
{ minimax decisions

{ { pruning

} Resource limits and approximate evaluation

} Stochastic games

Chapter 6 189

Adversarial search problems (games)

Arise incompetitive multi-agent  environments
In Game theory, a multi-agent environment is catfadthe

In Al, a game is often a deterministic, turn-taking, tweiplaero-sum
game of perfect information:

deterministic

two agents whose action alternate

utility values are opposite e.g. (+1,-1)

fully observable

deterministic  stochastic
chess, checke MCkgammoT,

perfect info.

go, othello monopoly

imperfect info.battleships, | bridge, poker,
ﬂ blind tictactoe| scrabble ”

Chapter 6 190

I Games vs. search problems I

A game as a search problem:

the initial stateincludes the board position and the player to move
the successor functiogaturns a list of (move,state) pairs

the terminal tessays whether the game is over

the utility functiongives a numeric value to terminal states from the point
of view of a given player, efg:1; 1;0g for chess dr 192:::;192) for
backgammon

\Unpredictable" opponent solution is not a sequence of actions but a
strategyspecifying a move for every possible opponent reply.

Time limits) unlikely to nd goal, must approximate

Chapter 6 191

I Example: tic-tac-toe |

X0 X
OfX
O

terminal tes®?

utility functior??

Chapter 6 192



[ Example: tic-tac-toe | I Example: tic-tac-toe I

X0 | X X|O[X
OfX OfX
O O

state®? content of each cdlX,0,emptg, player to play state®? content of each cdlX,O,emptg, player to play

moves? move8? an empty cell

terminal tes?? terminal tes?? are 3 O or 3 X aligned or is the board full?

utility functior?? utility functior??

[ Example: tic-tac-toe | I Example: tic-tac-toe |

X|O[X X|O[X
OfX OfX
O O

state®? content of each cdlX,0,empty, player to play state®? content of each cdlX,0,emptyg, player to play

move8? an empty cell move8? an empty cell

terminal tes?? terminal tes?? are 3 O or 3 X aligned or is the board full?

utility functior?? utility functior?? for a given player gives +1 if player has aligned 3 tokens,

-1 if his opponent has, and 0 otherwise

Chapter 6 194 Chapter 6 196



Game tree (2-player, deterministic, turns)

MAX (X)
X X X
MIN (O) X X X
X X X
X[0 x| |o| |X
MAX (X) [e)
X[0[X| [X]|O X[o
MIN (O) X X
X|O|X X|O|X X|0| X
TERMINAL O[X O[|0|X X
] X[ X|O X|0|0
Utility -1 0 +1

Chapter 6 197

( Minimax |

Perfect play for deterministic, two-player, zero-sufecpérformation games

Idea: choose move to position with highnesimax value
= best achievable utility against best possible opponent

Minimax-VaIue (n)=

% Utility (State (n)) if n is a terminal node
: maX,o, Expand (n) Minimax-Value (n9 if n is aMax node

* mingExpand (n Minimax-Value  (n9 if n is aMin node

E.g., 2-ply game:
MAX

MIN

Chapter 6 198

I Minimax algorithm I

function Minimax-Decision (state) returns an action
inputs : state current state in game

v Max-Value (state
return the actiona in Successors (state) with valuev

function Max-Value (state) returns a utility value
if Terminal-Test (state) then return Utility (state)
v 1
for a, sin Successors (state) do
v Max (v, Min-Value (9))
return v

function Min-Value (state) returns a utility value
if Terminal-Test (state) then return Utility (state)
v o +1
for a, sin Successors (state) do
v Min (v, Max-Value (9))
return v

Chapter 6 199

I Properties of minimax ||

Complete?

Chapter 6 200




[ Properties of minimax |

Complet@? Only if tree is nite (no loops, etc)
NB a nite strategy can exist even in an in nite tree!

OptimaPb?

Chapter 6 201

[ Properties of minimax ||

Complet@? Yes, if tree is nite
OptimaP? Yes, against an optimal opponent. Otherwise??

Time complexi®?

Chapter 6 202

I Properties of minimax

Complet@? Yes, if tree is nite

OptimaP? Yes, against an optimal opponent. Otherwise??
Time complexi®? O(B™)

Space complexiy

Chapter 6 203

I Properties of minimax

Complet@? Yes, if tree is nite

OptimaP? Yes, against an optimal opponent. Otherwise??
Time complexiB? O(b")

Space complexity O(bm) (depth- rst exploration)

For chessy 35 m  100for \reasonable” games
) exact solution completely infeasible

But do we need to explore every path?
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|| {_ pruning

MAX

MIN

MAX

MIN v <apha

MAX v

is the best value (tmax, i.e. highest) found so far o the current path

If V is not better than , max will avoid it) prune that branch
De ne similarly fomin

Chapter 6
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|| {

pruning

MIN

MAX

MIN

MAX BV 2 beta

MIN \

is the best value (tmin, i.e. lowest) found so far o the current path

If V is not worst than , min will avoid it) prune that branch

Chapter 6
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I The { algorithm

function Alpha-Beta-Decision  (state) returns an action
v Max-Value (state 1 ;+1 )
return the actiona in Successors (state) with valuev

function Max-Value (state, , ) returns a utility value
inputs : state, current state in game
, the value of the best alternative forax along the path tstate
, the value of the best alternative firin along the path tetate
if Terminal-Test (state) then return  Utility
v 1
for a, sin Successors (state) do
v Max (v, Min-Value (s, , ))
if v then return v
Max ( , V)
return v

(state)

function Min-Value (state, , ) returns a utility value
same adlax-Value but with roles of , reversed

Chapter 6
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|| {

pruning example

MAX

4[-00,%0]
|

MIN N

W)

s
N

@©|
N
AN
(@)}

114 2

\
o
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{ pruning example

{ pruning example

MAX
MIN
3 12 8 2 4 6 14 2 5
[ { pruning example
MAX
MIN

\
o
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MAX
MIN
2 5
{ pruning example |
MAX
MIN
2 5
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| {  pruning example

MAX
MIN
14 5
| { pruning example ||
MAX (3,+od
MIN [3,+cd
6 14 5
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{ pruning example

MAX 3 +o
MIN 32"
6 14 5
|| { pruning example ||
MAX
MIN
14 5

Chapter 6 216



{ pruning example

MAX
MIN [3,+¢d
2 5
[ { pruning example |
MAX
MIN [3,14]
2 5
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{ pruning example

MAX

MIN
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{ pruning example

MAX

MIN

Chapter 6 220



[ Properties of  { |

Pruningdoes not aect nal result

Good move ordering improves e ectiveness of pruning. pafitact order-

ing," (increasing order fdMax and decreasing order fdm ), the time
complexity is asymptoticafly{i"=?) ) doubles solvable depth
MAX

MIN

L AL 20 A AAZ AN

Unfortunately35° is still impossible!

Chapter 6 221

[ Resource limits |

Standard approach: limit the search depth and use hguristic

UseCutoff-Test instead offerminal-Test

e.g., depth limit

perhaps adduiescence seaydn singular extensions
UseEval instead otility

i.e.,evaluation functiothat estimates desirability of position
should order theerminalstates in the same way @slity

Suppose we hat@0seconds, exploié&f nodes/second
) 1C nodes per move 3572
) { reaches depth)3 pretty good chess program

Chapter 6 222

I Evaluation functions |

Black to move White to move

White slightly better Black winning
For chess, typicallinearweighted sum déatures
Eval(s) = wif 1(S) + waof o(S) + 111+ wifn(S)

e.g.,w; = 9 with
f1(s) = (number of white queens) { (humber of black queens), etc.

Chapter 6 223

I Digression: Exact values don't matter

e

Behaviour is preserved underraoyotonic transformation oEval

Only the order matters:
payo in deterministic games acts asadinal utilityfunction
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[ Deterministic games in practice |

Checkers: Chinook ended 40-year-reign of human worldochitapon
Tinsley in 1994. Used an endgame database de ning pejetarphll

positions involving 8 or fewer pieces on the board, a té#3,6%8,401,247

positions.

Chess: Deep Blue defeated human world champion Gary\Kasaasia-

game match in 1997. Deep Blue searches 200 million ppsitisesond,
uses very sophisticated evaluation, and undisclosed sriethextending

some lines of search up to 40 ply.

Othello: human champions refuse to compete against canpine are

too good.

Go: human champions refuse to compete against computessgevitio

bad. In gob > 30Q so most programs use pattern knowledge bases to

suggest plausible moves.

Chapter 6 225

[ Stochastic games: backgammon |

0 1 2 3 45 6 7 8 9 1011 12

l~ N "i‘r 5]
(5 4‘» <‘> <

e

25 24 2322 2120 19 18 17 16 15 14 13

Chapter 6 226

Stochastic games: backgammon

7 8 9 1011 12

1 23 456

25 24 2322 2120 19 18 17 16 15 14 13

e -

Chapter 6 227

Stochastic games: backgammon

7 8 9 1011 12

25 24 23 22 21 20 19 18 17 16 15 14 13

e
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[ Stochastic games: backgammon | I Stochastic games in general I

In stochastic games, chance introduced by dice, cardigheoin ipping

0 1 2 3 45 6 7 8 9 1011 12

ExpectiMinimax-Value  (n) =

% Utility (State (n)) if n is a terminal node
MaX;Expand (n) EXPeCtiMinimax-Value (n9 if n is aMax node
§ mi”nOzExpand ") ExpectiMinimax-Value  (n9 if n is aMin node
" woExpand m Pr(0)  ExpectiMinimax-Value  (n9 if n is aChance node
MAX
MAX's move
CHANCE
5->10
10->16 MIN's coin flip
. ) MIN
MIN's move
25 24 23 22 21 20 19 18 17 16 15 14 13
Chapter 6 229 Chapter 6 231
[ Stochastic games: backgammon | I Stochastic games in practice |

Dice rolls increade 21 possible rolls with 2 dice

0 1234056 7 8 91011 12 _
Backgammon 20 legal moves (can be 6,000 with 1-1 roll)

depth4=20 (21 20 12 i@

As depth increases, probability of reaching a given nimits shr
) value of lookahead is diminished

{ pruning is much less e ective

TDGammon uses depth-2 search + very géodl
world-champion level

e

25 24 2322 2120 19 18 17 16 15 14 13
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[ Digression: Exact values DO matter |

MAX

CHANCE

MIN

Behaviour is preserved onlypbgitive lineatransformation

HenceEval should be proportional to the expected payo determined by
Utility

Chapter 6 233

[ Pruning in stochastic game trees |

A version of - pruning is possible:

MAX A [- oo +od

CHANCE )
0.5 0.5 0.5 0.5

MIN

Chapter 6 234

I Pruning in stochastic game trees

A version of - pruning is possible:

MAX [ +od
CHANCE o +od
0.5 0.5 0.5 0.5
MIN AN N R
2 2 2 1 0 1 1 2
I Pruning in stochastic game trees I
A version of - pruning is possible:
MAX [- oo +od
CHANCE borod
0.5 0.5 0.5 0.5
MIN [ +od N4 N N
2 2 2 1 0o 1 1 2
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[ Pruning in stochastic game trees

A version of - pruning is possible:

MAX [-o +o
CHANCE
0.5 0.5 0.5
MIN N AN
2 2 2 1 0 1 1 2
[ Pruning in stochastic game trees |
A version of - pruning is possible:
MAX [- oo +od
CHANCE [+
0.5 0.5 0.5 0.5
MIN AN N AN
2 2 2 1 0o 1 1 2

Chapter 6 238

||

Pruning in stochastic game trees

A version of - pruning is possible:
MAX [ +od
CHANCE
0.5 0.5 0.5
MIN [+ ~ N4
2 2 2 1 0 1 1 2
I Pruning in stochastic game trees I
A version of - pruning is possible:
MAX [- oo +od
CHANCE
0.5 0.5 0.5
MIN [- o +2] ~ N4
2 2 2 1 0o 1 1 2
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[ Pruning in stochastic game trees |

A version of - pruning is possible:

MAX [1.5 +of
CHANCE
0.5 0.5 0.5
MIN 1 N4 N
2 2 2 1 0 1 1 2

Chapter 6 241

[ Pruning in stochastic game trees |

A version of - pruning is possible:

MAX
CHANCE 15+
0.5 0.5 0.5
MIN 1 N4 N
2 2 2 1 0 1 1 2

Chapter 6 242

I Pruning in stochastic game trees

A version of - pruning is possible:

MAX
CHANCE (1.5+c3
0.5 0.5
MIN [1.5 +cd ~7
2 2 2 1 0 1 1 2
I Pruning in stochastic game trees I
A version of - pruning is possible:
MAX
CHANCE 1.5+
0.5
MIN
2 2 2 1 0 1 1 2

Can we prune hef&?

Chapter 6
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[ Pruning in stochastic game trees |

A version of - pruning is possible:

MAX
CHANCE [1.5+0d
0.5
MIN
2 2 2 1 0 1 1 2

Can we prune hef®?No, the value of the chance node could still be high

enough to be MAX's choice and we need to nd out exactly how isig

Chapter 6 245

[ Pruning in stochastic game trees |

A version of - pruning is possible:

MAX
CHANCE 15+
0.5 0.5
MIN N
2 2 2 1 0 1 1 2

Chapter 6 246

I Pruning in stochastic game trees

A version of - pruning is possible:

MAX

CHANCE

MIN

Chapter 6

I Pruning in stochastic game trees

A version of - pruning is possible:

MAX

CHANCE [1.5 +0.5] I

MIN

Can we prune hef&?

Chapter 6

248



[ Pruning in stochastic game trees |

A version of - pruning is possible:

MAX

CHANCE [1.5,+0.511

MIN [15 +1] 1

Can we prune hef®? Yes, the value of the min-node will be at most 1,

hence the value of the chance node will be at most 0.5, wiokaisly
insu cient to be MAX's choice.

Chapter 6 249

[ Pruning in stochastic game trees |

A version of - pruning is possible:

MAX

CHANCE
0.5

MIN

Chapter 6 250

I Pruning contd. I

More pruning occurs if we can bound the leaf values

MAX A\ (242

CHANCE L [-2,+2] () [-2,+2]
0.5 0.5 0.5 0.5
MIN ./ [-2,+2] Y/ [-2,+2] Y /2,42 S [2,42]
2 2 2 1 0 1 1 2

Chapter 6 251

I Pruning contd. |

More pruning occurs if we can bound the leaf values

MAX [-2,+2]
CHANCE [2.+2] ) [2+2]

0.5 0.5 0.5 0.5
MIN  [2.47] S 7 2,4+2] < 72.42] <7 [242]
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[ Pruning contd. |

More pruning occurs if we can bound the leaf values

MAX [-2,+2]
CHANCE [-2+2] () [2.+2]
05 .05 05~ .05
MIN [-2,+2] A EY) Y/ 2,42 Y7 [-2,+2]
2 2 2 1 0 1 1 2
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[ Pruning contd. |

More pruning occurs if we can bound the leaf values

MAX [-2,+2]
CHANCE [-2+2] ) [2+2]

0.5 ~.0.5 0.5 7 ~.0.5
MIN [-2,+2] 7 [-2,+2] <7 [-2,+2] Y 242
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I Pruning contd. I

More pruning occurs if we can bound the leaf values

MAX [-2,+2]

CHANCE [0.+2] () [2+2]

05 .05 05~ .05
MIN / [-2,+2] ’f [-2,+2] N7 [-2,+2]
2 2 2 1 0 1 1 2
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I Pruning contd. |

More pruning occurs if we can bound the leaf values

MAX [-2,+2]
CHANCE L) [2+2]
0.5~ ~.0.5
MIN [-2,+2] ’f [-2,+2] 7 [2.42)
2 2 2 1 0o 1 1 2
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[ Pruning contd. |

More pruning occurs if we can bound the leaf values

MAX [-2,+2]
CHANCE ) [-2,+2]
0.5 0.5
MIN [-2,+2] S/ [2,+2] Y7 [2,+2]
2 2 2 1 0 1 1 2
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[ Pruning contd. |

More pruning occurs if we can bound the leaf values

MAX [1.5,42]
CHANCE () [2+2]
0.5 0.5
MIN 1 S 2,42] Y [2,42]

Chapter 6 258

I Pruning contd. I

More pruning occurs if we can bound the leaf values

MAX [1.5,+2]
CHANCE [1.5,+2]
0.5
MIN 7 [-2,+2]
2 2 2 1 0 1 1 2
Chapter 6 259
I Pruning contd. |
More pruning occurs if we can bound the leaf values
MAX [1.5,+2]
CHANCE [1.5,+2]
0.5
MIN [1.5,+2] Y [2,+2]
2 2 2 1 0o 1 1 2
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[ Pruning contd. |

More pruning occurs if we can bound the leaf values

MAX
CHANCE [1.5,+2]
0.5
MIN [15,0] ! Y/ [2,42]
2 2 2 1 0 1 1 2

Can we prune hef&?

Chapter 6 261

[ Pruning contd. |

More pruning occurs if we can bound the leaf values

MAX
CHANCE [1.5,+2]
0.5
MIN [1.5.0] ! N/ [2,42]
2 2 2 1 0 1 1 2

Can we prune hef&?Yes, we know that the right-hand MIN mode will be

worth at most 2

Chapter 6 262

I Pruning contd. I

More pruning occurs if we can bound the leaf values

[1.5,+2]

MAX

CHANCE [1.5,+1] I

MIN [1.50] ! S 2,42

Can we prune hef&?Yes, we know that the right-hand MIN mode will be
worth at most 2, therefore the chance node is worth at mostH ig/mot
high enough to be MAX's choice.

Chapter 6 263

I Pruning contd. |

More pruning occurs if we can bound the leaf values

MAX
CHANCE 1
A&s
MIN / [-2,+2]
2 2 2 1 0 1 1 2
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[ Summary |

Game is de ned by an initial state, a successor functiomiaaktest, and
a utility function

The minimax algorithm select optimal for two-player merogames of
perfect information by a depth rst exploration of the gaeee-

Alpha-beta pruning does not compromise optimality beagss e ciency
by eliminating provably irrelevant subtrees

It is not feasible to consider the whole game tree (everiphighbeeta), so
we need to cut the search o at some point and apply an emalfustction
that gives an estimate of the utility of a state

Game trees and minimax can be extended to stochastic gartresiging
chance nodes whose value is the expectation of that ofititessors
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Branch and Bound Search

Extra material
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Branch and Bound

Used in optimization problems

Proves optimality

Exponential in time and space

Can be used to prove optmiality bounds.

Extra material
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Branch and Bound

O 187,120]

UB (120)

LB (87)

Extra material

268



Branch and Bound

Branch and Bound

[87,120] UB (120) [87,120] UB (150)
~(1,8) (18 ~(1,8)
[€0,120] [87,150]
8 8
7 7
LB (87) LB (87)
5 5
[ Branch and Bound | I Branch and Bound |
[87,120] UB (120) [87,120] UB (120)
(1.8) ~(1,8) (1.8) ~(1,8)
[90,1 [90,1 [87,150]
O
8 (4,6 8
7 7
i
LB (90) 2 ' LB (S0)
6 ]
1
3 i
4 1
5

Extra material
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Branch and Bound

(87,120] UB (160)
~(1,8)
[87,150]
8

LB (90) 2
6

(4,6)

[80,160]

Extra material 273

Branch and Bound

(87,120] UB (120)
(1,8) ~(1,8)
0. [87,150]
8

4.6)
7

i

[90,160] [120,120] LB (120) ¢ 2 :

6 i

1

. ]

4 I

5

Extra material 274

Branch and Bound

(87,120] UB (160)
(1.8) ~(1.8)
901 [87,150]
(4,8) ;
7
[90,1P0 [120,120] LB (90)
G.6) (3,6
5
|| Branch and Bound “
(87,120] UB (160)
(1,8) ~(1,8)
901 [87,150]
(4,6 ;

P i
I
(90,101 [120,120] LB (20) 2 :

6
(3.6) ~(3,8) :
i
@) 3 4 [
[160,160] 5
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Branch and Bound

Extra material

Branch and Bound

Used in optimization problems

Proves optimality

Exponential in time and space

Can be used to prove optmiality bounds.

Extra material
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}
}

End of Search segment

Comments to: Philip.Kilby@anu.edu.au

Post anonymous comments to me at:
NICTA, Locked Bag 8001, Canberra ACT 2601

Extra material



