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Quantified Mu-Calculus with Decision
Modalities

for Concurrent Game Structures

Sophie Pinchinat∗

Computer Sciences Laboratory
Research School of Information Sciences and Engineering

The Australian National University
Canberra ACT 0200 Australia

Abstract

The emerging technology of interacting systems calls for new verifica-
tion methods to ensure their reliability. Concurrent Game Structures are
expressive abstract models for which several logics have been studied. Yet,
these logics are not sufficiently expressive to support certain strategic sit-
uation which arise naturally. We propose a second-order mu-calculus en-
abling a straightforward specification of complex coalition strategies, and
also yields a direct synthesis procedure via automata constructions. By
translating different alternating-time logics into a natural fragment of our
calculus, we recover optimal complexity bounds for these logics.

1 Introduction

Computer-system design currently relies on complex assemblages ofinteracting
componentswhich communicate and share resources in order to achieve services.

∗Marie Curie Fellow of the European Union, staff member of univ. Rennes 1, France



The combinatorics of such systems is so enormous that the development of ad-
equate formal methods to ensure their reliability has become a major challenge.
In this context, games are paradigmatic for providing expressive mathematical
models of interactive systems, reflecting their operational semantics and offering
adequate reasoning tools. In order to reason formally aboutinteractive models,
it is necessary to devise appropriate specification languages in which the desir-
able behaviors of the system can be stated; once the properties are formulated,
methods for automated verification and synthesis can be employed to support the
design process.

In the past decade, alternating-time logics such asATL, ATL∗, AMC andGL

introduced in [2] have raised considerable interest, in virtue of being natural and
of allowing effective decision procedures [19, 10, 6, 18, 14], with reasonable cost
for ATL and implementations [8, 1]. Alternating-time logics generalize temporal
logics, likeCTL, CTL∗ and the mu-calculus, over models calledConcurrent Game
Structures: these are Kripke structures where the transition to the next state is
parametrized by the decisions ofplayers. However, these logics show certain
limitations in face of the range of strategies required to address realistic situations.
We quote two of these.

First, the built-in modalities ofATL, ATL∗, andAMC do not distinguish syn-
tactically between quantifications over strategies and over computations. Seman-
tically, this has the consequence that e.g. themodule checkingproblem [12] cannot
be expressed. To overcome this limitation, the logicGL has been proposed [2]:
strategy quantifiers and path quantifiers can now be separated in the formulas.
However, the expressive power of this logic is also limited as not every property
that can be expressed in theAMC can be expressed inGL.

Second, in each of these logics, the commitment of players within a coali-
tion is binding only until another commitment is specified bythe formula. When
commitments are conceived as beingboundedin this sense, it is not possible to ex-
press, e.g., strategies which stipulate that a coalition achieves its present objective
by merging with another coalition in the future.

In this paper, we propose a formalism with a syntax that distinguishes between
strategies and computations and which allows for unboundedcommitments. We
show that this formalism naturally extends alternating-time logics, and we present
a tree-automata construction procedure that can be used to synthesize strategies.

Technically, we consider a subclass of Concurrent Game Structures (CGS)
which contains allturned basedandMoore synchronous game structures. In fact,
it turns out that any finitary CGS can be translated into an equivalent Moore syn-
chronous game structure, so our results are not restrictive. We encode the CGSs
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as Kripke structures. Our logic is a monadic second order extension of the propo-
sitional mu-calculus [11], augmented withdecision modalities. The monadic sec-
ond order extensionQDµ of this logic, allows to quantify over propositions as in
[17], but here quantifications and fixed point operators can be arbitrarily inter-
leaved. This extension enables us to directly quantify overstrategies.

Turning a CGS into a Kripke Structure consists in moving information about
transitions to their origin: we add new propositions, called player selections, con-
sisting of pairs composed of a set of directions and a player.Their interpretation
is: in a given state, the set of successors along these directions – we simply say
the designated successors – form a possible decision for that player; the num-
ber of player selections faithfully reflects the size of the CGS transition function.
This encoding is valid in a reasonable large class of CGSs which we characterize.
Player selections are used to definedecision modalities: these modalities depend
on a fixed player, and express the existence of a player selection whose designated
successors satisfy a set of propositions. Indeed, we aim at using a proposition to
delimit a sub-tree of the full tree obtained by unfolding theKripke Structure. De-
cision modalities are useful to specify that propositions match local decisions of
players, ensuring that the sub-tree denotes the outcome of astrategy. Combin-
ing such propositions conjunctively enables us to characterize the outcome of a
coalition strategy. Quantifications over strategies amounts to quantification over
propositions.

It remains to express the desired temporal property of the outcome. Given a set
of propositions which denotes a coalition strategy, we compute a new formula by
a systematic syntactic transformation of the original formula with respect to those
propositions, in such a way that the new formula holds in the full tree unravelling
of the given system whenever the original one holds in the outcome (the sub-tree
characterized by the propositions). We call this transformationrelativization. By
limiting the depth at which the propositions are injected downwards in the original
formula leads to a variant of the relativization calledbounded relativization, which
we use to embed alternating-time logics in our system, thereof exposing their
limitations.

Automata constructions forQDµ are inspired by the ones for the mu-calculus
and its second order extension in [17]. However, we need to consider two new
issues: the presence of decision modalities, and the ability to nest quantifications
under the scope of fixed point operators. Decision modalities are easily handled;
the difficulty comes from the latter, as fixed-point operators and quantifiers do not
commute in general. To construct automata, we proceed in a bottom-up manner.
Existential quantification over a formula amounts to projecting the automaton cor-
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responding to this formula [16]. This is a simple operation if the latter automaton
is in an adequate form, namely non-deterministic. As classic constructions for
the mu-calculus usually yield alternating automata, we usetheSimulation Theo-
rem[15] to effectively transform alternating automata into non-deterministic ones.
However, because quantifiers may occur under the scope of fixed point operators,
we also need an automata construction for sub-formulas withpossibly free vari-
ables. Following [3, Chapter 7], we consider the mu-calculus of automata, where
automata may contain variables to which fixed point operators can be applied. It
is important to note that by [3, Chapter 9], the Simulation Theorem remains valid
for this class of automata. Because each application of the Simulation Theorem
causes an exponential blow-up in the size of the automaton, the construction for
QDµ is non-elementary, and this upper bound is tight, by [17]. Although trans-
lating AMC and GL into QDµ may lead to formulas of arbitrary quantification
depth, we present a top-down construction where the automata remain small; this
method applies whenever the formula is obtained by a boundedrelativization. In
this way, we can recover the optimal complexity bounds (EXPTIME for AMC and
2-EXPTIME for GL) via embedding intoQDµ.

Whereas quantification over coalition strategies corresponds to projecting au-
tomata, keeping track of the projected propositions as in [17] leads to a synthesis
procedure: while checking acceptance using a parity game [9], any winning strat-
egy for Player 0 delivers adequate valuations of the propositions, viz. the behavior
of the coalition; as positional strategies are sufficient inparity games, there always
exist regular solutions.

The paper is organized as follows: we represent the models inSection 2, and
the logicQDµ in Section 3. In Section 4 we revisit the notions ofstrategyand
outcome, relate them with therelativization(Section 4.1); we introduce aQDµ-
definable operator to express the existence of coalition whose commitment per-
sists (Section 4.2). In order to embed alternating-time logics in our system, we
use aboundedvariant of relativization to translateAMC andGL into QDµ; this is
done in Section 5. Finally, Section 6 is dedicated to automata constructions for
QDµ (Section 6.1). The generic construction is then customizedfor AMC andGL

to recover known complexity bounds (Section 6.2).

2 The models

In the following, fork ≥ 1, let [k] denote the set{1, . . . , k}, and assume given an
infinite set of atomic propositionsProp = {f, g, h, f 1, f 2, g1, . . .}.
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Definition 1. AConcurrent Game Structure(CGS) is a tupleS = 〈IP, S,Λ, λ, d, δ〉,
with:

• A finite set of players IP= {p, c, c′, . . .} of the form[n]. SubsetsC ⊆ IP are
coalitions.

• A set of statesS = {s, s′, . . .} and a finite setΛ ⊆ Prop of propositions
with a functionλ : Λ → 2S; a states is labelled byg whenevers ∈ λ(g).
For Γ ⊆ Λ, we setλ(Γ) =

⋂
g∈Γ λ(g).

• For each playerp ∈ IP, and each states ∈ S, a natural numberdp(s) ≥ 1
of decisions available at states to playerp; we identify the decisions of
player p with the numbers1, . . . , dp(s). A decision vector ats is a tuple
〈j1, j2, . . . , jn〉, such that1 ≤ jp ≤ dp(s), for all playersp.

• For each states ∈ S and each decision vector〈j1, j2, . . . , jn〉 at s, a state
δ(s, j1, j2, . . . , jn) that results from the states if each playerp ∈ IP takes
decisionjp. The functionδ is thetransition function.

For two statess ands′, we say thats′ is asuccessorof s if δ(s, j1, j2, . . . , jn) =
s′ for some decision vector〈j1, j2, . . . , jn〉 ats; we denote byR ⊆ S×S the binary
successor relation, and bysR is the set of successors ofs. Let bd(s) be the value
|sR|, and let thebranching degreeof S bem = max{bd(s) | s ∈ S}.

Given s ∈ S, p ∈ IP, and1 ≤ j ≤ dp(s), we uniquely associate the set
dec(s, (j, p)) ⊆ sR composed of statess′ = δ(s, j1, j2, . . . , jn) for some decision
vector〈j1, j2, . . . , jn〉 atswith jp = j; we also setdec(s, p) = {dec(s, (j, p)) | 1 ≤
j ≤ dp(s)} as the set of possible such decisions.

Given a coalitionC ands ∈ S, aC-move froms is a subset ofsR which
elements result from fixing a particular decision for each playerc ∈ C. Notice
that because the decisions of the players might be dependent, aC-move is not in
general some element of

⋂
c∈C dec(s, c), as in e.g. the matching pennies game.

Nevertheless, one easily proves that this is the case for thesub-classes ofturned
based synchronousandMoore synchronousgame structures (see [2]), as the deci-
sions of players are decomposable.

In the rest of the paper, we restrict ourselves to the class ofConcurrent Game
Structures such that for anyC ⊆ IP and anys ∈ S, the set ofC-moves froms is⋂

c∈C dec(s, c).
We propose a representation of CGS’s by Kripke structures. Assume given a

CGSS with branching degreem, and pick up an arbitrary total order≺ over the
set of states; for any states, we canonically order its setsR accordingly to obtain
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a list{s1, . . . , sbd(s)}; the indices1, . . . , bd(s) are thedirectionsin s, and(s)x for
the successor ofs along the directionx. Subsets ofsR and subsets of[bd(s)] are
in a one-to-one correspondence. For eachp ∈ IP and each1 ≤ j ≤ dp(s), letDj

be the set of directions corresponding todec(s, (j, p)); we labels by theplayer
selection(Dj, p).

Definition 2. TheKripke Structure representationofS is defined byKS = 〈S,Λ∪
(P([m]) × IP), λ ∪ θ, R〉, where for each(D, p) ∈ P([m]) × IP, s ∈ θ((D, p)) if
and only if there exists1 ≤ j ≤ dp(s) such that{(s)x}x∈D = dec(s, (j, p)).

q

qu qv

quv

({1, 3}, a), ({2, 4}, a) ({1, 2}, b), ({3, 4}, b)

u, v ({1}, a), ({1}, b)

u, ({1, 2}, a)

({1}, b), ({2}, b)

v, ({1, 2}, b)

({1}, a), ({2}, a)

Figure 1: A system with two processes

We borrow from [2] an example of a Moore synchronous game structure to
illustrate Definition 2: two processesa andb assign Boolean values to variables
u andv, respectively, in an independent manner, starting with thevaluefalse
for both variables. By settingq ≺ qu ≺ qv ≺ quv, we have e.g.bd(qv) = 2,
(qv)1 = qv, and(qv)2 = quv. Player selections are added accordingly, as depicted
in Figure 1.

Lemma 1. A Kripke Structure〈S,Λ ∪ (P([m]) × IP), λ ∪ θ, R〉, withλ : Λ → 2S

andθ : P([m]) × IP → 2S, denotes a CGS overΛ whenever for each states ∈ S,
and for each collection{(Dp, p)}p∈IP with s ∈ θ((Dp, p)), the set∩pD

p has a
single element.

From now on, we tacitly refer to CGS’s for Kripke structures which fulfill
Lemma 1, and by abuse of notations we writeS instead ofKS, when it is clear
from the context. We also let̄Λ denote the ’extended’ set of propositionsΛ ∪
(P([m]) × IP) andλ̄ denoteλ ∪ θ.
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3 The logical framework

We propose a generalization of [17] which is twofold: we enrich the propositional
mu-calculus [11] by allowingdecision modalities, and we consider its monadic
second order extension by allowing quantifications over atomic propositions, even
under the scope of fixed points operators.

The logicDµ is the mu-calculus withdecision modalities. Given a setProp of
atomic propositions and a set of variablesVar = {Z, Y, . . .}, the syntax ofDµ is:

g |©pΓ | ⊤ | ¬β | β1 ∨ β2 |EXβ |Z |µZ.β(Z)

whereg ∈ Prop, p ∈ IP, andΓ ⊆ Prop. Additionally, we require that in each
formulaµZ.β(Z), the variableZ occurs under an even number of negation sym-
bols¬ in β(Z). A variableZ ∈ Var is free in β if it does not occur under the
scope of aµZ. operator. Asentenceis a formula with no free variable. The subset
of formulas which do not contain any decision modality is thestandard proposi-
tional mu-calculus, whence the use of notations⊥, AXβ, β1 ∧ β2, β1 ⇒β2, and
νZ.β(Z) to denote¬⊤, ¬EX¬α, ¬(¬β1 ∨ ¬β2), ¬β1 ∨ β2, and¬µZ.¬β(¬Z),
respectively. Also, by abuse of notation when convenient wemight expand©pΓ as
©p

∧
f∈Γ f . A formulaβ ∈ Dµ is interpreted in a CGSS = 〈S, Λ̄, λ̄, R〉 supplied

with a valuationval : Var → 2S. Its semantics[[ β ]]valS is a subset ofS, defined by
induction over the structure ofβ as follows:

[[ g ]]valS = {s ∈ S | s ∈ λ(g)}

[[ ©pΓ ]]valS = {s ∈ S | sR ∩ λ(Γ) ∈ dec(s, p)}

[[ ⊤ ]]valS = S

[[ ¬β ]]valS = S \ [[ β ]]valS

[[ β1 ∧ β2 ]]valS = [[ β1 ]]valS ∩ [[ β2 ]]valS

[[ EXβ ]]valS = {s ∈ S | ∃s′ ∈ sR ∧ s′ ∈ [[ β ]]valS }

[[ Z ]]valS = val(Z)

[[ µZ.β(Z) ]]valS = ∩{S ′ ⊆ S |[[ β(Z) ]]
val(S′/Z)
S ⊆ S ′}

As a valuationval does not influence the semantics of a sentenceβ ∈ Dµ,
we then simply write[[ β ]]S . By definition,s ∈ [[ ©pΓ ]]S means that the succes-
sors ofs labeled by all elements ofΓ form a decision available ats to playerp.
Formulas like©pΓ are calleddecision modalities. For example in Fig.1, we have

7



qv ∈ [[ ©au ]]S . In the following, givenβ ∈ Dµ, we use the conciseCTL-like no-
tationAG (β) for νZ.(AXZ ∧ β), which expresses thatβ is globally true in the
future, andEF (β) for ¬AG (¬β).

We defineQDµ, for “quantifiedDµ”; its syntax is as forDµ but with quantifi-
cations over sets of atomic propositionsΓ ⊆ Prop:

g |©pΓ | ⊤ | ¬α |α1 ∨ α2 |EXα |Z |µZ.α(Z) | ∃Γ.α

The semantics ofQDµ generalizes the one ofDµ: the cases ofg, ©pΓ, ⊤, ¬α,
α1∨α2, EXα,Z, andµZ.α(Z) are dealt inductively. The semantics of quantified
formulas relies on the notion oflabeling, in the spirit of [17]: basically, labelings
are one player ’complete’ CGS’s which witness the existential statement aboutΓ.

Definition 3. Let Γ ⊆ Prop and letm ≥ 1. A Γ-labeling of branching degreem
is a pair (E , r) whereE = 〈E,Γ, γ, R′〉 is a Kripke Structure overΓ, r ∈ E is the
root, andE is complete, viz.bd(e) = m for everye ∈ E.

We compose labelings and CGS’s. Given a rooted CGS(S, s) over Λ̄, and a
Γ-labeling(E , r), with the same branching degree, thelabeling of(S, r) by E is
the CGS over̄Λ ∪ Γ, written (S, s) × (E , r) = 〈S × E, Λ̄ ∪ Γ, λ′, R”〉, rooted at
(s, r), and defined by:λ′(g) = λ̄(g) ∪ γ(g), for eachg ∈ Λ̄ ∪ Γ with the conven-
tion that if g 6∈ Λ (or 6∈ Γ) then λ̄(g) (respectivelyγ(g)) is the empty set. And
(s1, e1)R”(s2, e2) if and only if s1Rs2, e1R′e2 and the directions in each com-
ponents match. Since the labeling functionγ does not add any player selection,
by Lemma 1,(S, s) × (E , r) is a CGS. Moreover, as propositions of compound
states accumulate, and becauseE is complete,(S, s)× (E , r) is bisimilar to(S, s)
in the usual sense, if we restrict to propositions that are not in Γ. In particular if
Γ = ∅, (S, s) × (E , r) is bisimilar to(S, s). We have now the material to define
the meaning of our new quantifiers:s ∈ [[ ∃Γ.α ]]valS if, and only if, there exists a
Γ-labeling(E , r) such that(s, r) ∈ [[ α ]]val

′

(S,s)×(E,r) with val′(Z) = val(Z) × E.

4 Strategies and Outcomes

In CGS’s, strategyand outcomeare central concepts underlying the semantics
of their logics. We revisit these notions: strategies are labelings, and outcomes
are CGS’s resulting from the pruning of the original structure w.r.t. labelings.
[2] originally definedoutcomesin a way we informally explain: a strategy of a
playerp from some states determines for each finite computation starting ins
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and ending in some current states′ a decision indec(s′, p). Given a coalition of
playersC ⊆ IP, a states and a setFC of strategies froms for each player ofC, the
set of outcomesoutcome(FC ,S, s) resulting from these strategies is composed
of all the plays (paths) consistent withFC , heretofore unstructured. We aim at
structuring it as a CGS. To do so, we consider particular labelings:

Definition 4. GivenC ⊆ IP, and a setfC = {f c}c∈C of atomic propositions, a
(fC , C)-strategy froms is a{f c}c∈C-labeling of(S, s), (E , r) such that

(s, r) ∈ [[ AG (
∧

c∈C

©cf c) ]](S,s)×(E,r) (1)

We simply sayfC-strategy when clear from the context. Assume fixed a coalition
C ⊆ IP, and afC-strategy(E , r). We define the structureCGS(fC ,S, s), called
a C-outcome of(S, s), as follows: ifC = ∅ thenCGS(f∅,S, s) is (S, s) itself.
Otherwise,CGS(fC ,S, s) results from retaining of(S, s)×(E , r) only those states
that would be reachable if the strategies offC were applied. Formally, we prune
(S, s) × (E , r) according to the following procedure:
Step 1: Remove any state of(S, s) × (E , r) except the root(s, r) where some
propositionf c does not hold, and remove the propositionsf c as they are now
trivial.
Step 2: Update the player selections(D, p) in each remaining state as some suc-
cessors might have been deleted in Step 1: in each states′ which ordered set of
successors is{sx}x∈J0

, assume the set{sy}y∈J1
of successors have been deleted in

Step 1. Writem0 = |J0|,m1 = |J1|, andm2 = m0−m1. Letπ : [m0]\J1 → [m2]
be the canonical monotonic mapping which renumbers the remaining successors.
Each player selection(D, p) is updated accordingly as(π(D), p). In particular,
the player selections(D, c) wherec ∈ C all become([m2], c) and can be removed
since constant.

Essentially, by Step 2 and Lemma 1,CGS(fC ,S, s) is a CGS (rooted ats).
It is not difficult to see that the set of maximal paths inCGS(fC ,S, s) coincides
with the definition of ’outcome’ in the sense of [2].

Lemma 2. Given two distinct setsC1, C2 ⊆ IP, and any twofCi
-strategies(Ei, ri)

(i ∈ {1, 2}), CGS(fC1∪C2
,S, s) and CGS(fC1

,CGS(fC2
,S, s), (s, r2)) are iso-

morphic.
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4.1 Relativization of formulas

We present a simple mechanism called therelativizationwhich transforms a for-
mula by propagating downward in the formula a set of atomic propositions. For
Γ ⊆ Prop, theΓ-relativizationis a mapping written(·|Γ) : QDµ → QDµ defined
by induction over the formulas. We concisely writeΓ for

∧
g∈Γ g and we take the

convention that
∧

g∈∅ g is equivalent to⊤. Formulas of the formg, ⊤, andZ are
left unchanged by the mapping(·|Γ), and

(¬α|Γ) = ¬(α|Γ)

(©pf|Γ) = ©p(Γ ∧ f)

(α1 ∨ α2|Γ) = (α1|Γ) ∨ (α2|Γ)

(EXα|Γ) = EX [
∧

g∈Γ

g ∧ (α|Γ)]

(µZ.α(Z)|Γ) = µZ.(α(Z)|Γ)

(∃Γ′.α|Γ) = ∃Γ′.(α|Γ)

From this definition, we immediately obtain the equivalences:

(α|∅) ≡ α and (α|Γ ∪ {g}) ≡ ((α|Γ)|g). (2)

Theorem 3 below enlightens the semantics of therelativization: under the
assumption that the coalitionC follows somefC-strategy, a property will hold in
the resultingC-outcome if and only if thefC-relativization of this property holds
in S labeled byfC .

Theorem 3. Given a rooted CGS(S, s), C ⊆ IP, and afC-strategy(E , r) from
s, we have: for anyα ∈ QDµ, and any valuationval : Var → 2S, let val′(Z) =
val(Z) ×E:

[[ (α|fC) ]]val
′

(S,s)×(E,r) =[[ α ]]val
′

CGS(fC ,S,s)

Proof. The proof is conducted by a double induction on the setC and on the
structure ofα. The caseC = ∅ is trivial and independent ofα, since(α |fC)
is α by (2), and both(S, s) × (E , r) andCGS(fC ,S, s) are isomorphic to(S, s).
Let C = C ′ ∪ {c}, with c 6∈ C. ThefC-strategy(E , r) can be decomposed into
(E ′, r′)×(Ec, rc), where(E ′, r′) is a(fC′ , C ′)-strategy and(Ec, rc) is a({f c}, {c})-
strategy; write(S ′, r′) for (S, s) × (E ′, r′). By (2):

[[ (α|fC) ]]val
′

(S,s)×(E,r) = [[ ((α|fC′)|f c) ]]val
′

(S′,s′)×(Ec,rc) (3)
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Lemma 4. For any rooted CGS(S ′, s′), any({f c}, {c})-strategy(E , r), anyα ∈
QDµ, and any valuationval : Var → 2S, [[ (α|f) ]]val

′

(S′,s′)×(E,r) = [[ α ]]val
′

CGS(f,S,s)

whereval′(Z) = val(Z) ×E.

The proof of Lemma 4 is done by a simple induction over the formulas, as in
[17]. Now, the right hand side of (3) is equal to[[ (α |fC′) ]]val

′

CGS(f,S′,s′)
. Since

CGS(f,S ′, s′) is isomorphic toCGS(f,S, s) × (E ′, r′), it is also equal to[[ (α |
fC′) ]]val

′

CGS(f,S,s)×(E ′,r′)
which by induction hypothesis coincides with

[[ α ]]val
′

CGS(f
C′ ,CGS(f,S,s),(s,rc))

. We conclude by applying Lemma 2.

4.2 Expressing properties of strategies

We specialize the logicQDµ to specify strategies of players. We equip the lan-
guage with syntactic macros: given a coalitionC ⊆ IP, and a setfC = {f c}c∈C of
propositions, let us define

∃̂fC .α
def
= ∃fC .[AG (

∧

c∈C

©cf c) ∧ α]

Theorem 5. Given a CGSS, a coalitionC ⊆ IP, and a sentenceα ∈ QDµ, the
formula ∃̂fC .(α|fC) (wherefC is a fresh set of atomic propositions indexed over
C) characterizes the set of states from which there exists aC-outcome of(S, s)
satisfyingα.

Proof. Write fC = {f c}c∈C , and lets ∈ [[ ∃̂fC .(α|fC) ]]S . By definition, there
exists afC-labeling froms, (E , r) such that

(s, r) ∈ [[ AG (
∧

c∈C

©cf c) ]](S,s)×(E,r), and (4)

(s, r) ∈ [[ (α|fC) ]](S,s)×(E,r). (5)

By (4), (E , r) is afC-strategy. By Theorem 3, (5) is equivalent to
s ∈ [[ α ]]CGS(fC ,S,s), which concludes. For the reciprocal, unroll the reasoning
backward.

Let us discuss the modalitŷ∃fC .( · | fC). By the above theorem,̂∃fC .(α |
fC) states the existence of aC-outcome fixed once for all in whichα shall be
interpreted. Accordingly, any sub-formula ofα of the form∃̂fC′.(α′ |fC′) states
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the existence of aC ′-outcome ’inside’ the formerC-outcome, whereα′ holds.
Notice thatC andC ′ need not be disjoint: consider the formula

∃̂{f 1, f 2}.(EF [∃̂{g2, g3}.(AGh|{g2, g3})]|{f 1, f 2})

By relativization (Section 4.1), it specifies the existenceof a {1, 2}-outcomeS ′

which contains a path eventually hitting the property(∃̂{g2, g3}.(AGh|{g2, g3})|
{f 1, f 2}). Again by the relativization, this property means the existence of two
propositionsg2 andg3 such thatAG (©2(f 1 ∧ f 2 ∧ g2)), AG (©3(f 1 ∧ f 2 ∧ g3)),
and(AGh|{f 1, f 2, g2, g3}) hold. By Theorem 3,AGh is interpreted insideS ′,
rather than inS. Moreover, the innermost strategy of player2 denoted byg2 (if it
exists) is such thatAG (©2(f 1 ∧f 2 ∧g2)) and is therefore consistent withf 2. The
modality ∃̂fC .( |fC) enables to ’superpose’ strategies, e.g. the{g2, g3}-strategy
on top of the{f 1, f 2}-strategy. Nevertheless, superposition is also avoidableby
considering a variant of the relativization, as explained below.

5 Alternating Time Logics

We consider the logicsAMC andGL of [2]. Results for weaker logics such asATL,
Fair ATL, andATL∗ follow from their natural embedding either intoAMC or GL.
We show thatAMC andGL are natural fragments ofQDµ.

5.1 Bounded relativization

ForΓ ⊆ Prop, theboundedΓ-relativizationis a mapping written(·⌋Γ) : QDµ →
QDµ defined by induction over the formulas. It is like the relativization of Sec-
tion 4.1, except that the downward propagation of propositions terminates when
encountering a quantified sub-formula:

(∃Γ′.α′⌋Γ) = ∃Γ′.α′ (6)

Using bounded relativization, we define the modality∃̂fC( ⌋fC) with the fol-
lowing semantics:̂∃fC(α⌋fC) states the existence aC-outcome whereα holds,
but where any sub-formulâ∃fC′ .(α′⌋fC′) of α, or even̂∃fC′.(α′|fC′), is interpreted
in the entire structure, and not only in the designatedC-outcome. We retrieve the
spirit of the coalition modalities inATL.
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5.2 The Alternating-time µ-calculus

We recall the syntax ofAMC: formulas are of the form

g | ⊤ | ¬ϕ |ϕ1 ∨ ϕ2 |Z |µZ.ϕ(Z) | 〈〈C〉〉©ϕ

with g ∈ Prop, C ⊆ IP, and where eachZ ∈ Var occurs under an even number of
negation symbols¬ in ϕ(Z). These formulas are interpreted over CGS’s (in the
sense of Def 1), supplied with a valuationval : Var → 2S. Givenϕ ∈ AMC, its
interpretationϕS(val) ⊆ S is inductively defined by:

gS(val) =λ(g) (¬ϕ)S(val)=S \ ϕS(val)
⊤S(val) =S ZS(val)= val(Z)

(ϕ1 ∨ ϕ2)
S(val) =ϕS

1 (val) ∪ ϕS
2 (val)

(µZ.ϕ(Z))S(val) =
⋂
{S ′ ⊆ S |ϕ(Z)S(val[S ′/Z]) ⊆ S ′}

(〈〈C〉〉©ϕ)S(val) is the set of statess ∈ S such that there exists aC-move froms
contained inϕS(val).

We define the mappinĝ· : AMC → QDµ inductively by: formulas likeg,
⊤ andZ are left unchanged, formulas like¬ϕ, ϕ1 ∨ ϕ2, andµZ.ϕ(Z) are dealt
inductively, and finally we set

̂〈〈C〉〉©ϕ
def
= ∃̂fC .(AX ϕ̂⌋fC) (7)

wherefC = {f c}c∈C is a set of fresh atomic propositions. Notice that the size of
ϕ̂ is linear in the size ofϕ.

Theorem 6. Given a CGSS, ϕ ∈ AMC, and a valuationval : Var → 2S, we have

ϕS(val) = [[ ϕ̂ ]]valKS

whereKS is the Kripke Structure representation ofS.

Proof. We conduct the proof by induction overϕ. The only non trivial case
is 〈〈C〉〉©ϕ. Notice that by the definition of̂· and the bounded relativization,
(ϕ̂⌋fC) = ϕ̂.
(⇒) Let s ∈ (〈〈C〉〉©ϕ)S(val). We first prove

s ∈ [[ ∃fC .
∧

c∈C

©cf c ∧AX [fC⇒ϕ̂] ]]valKS
(8)

If s ∈ (〈〈C〉〉©ϕ)S(val), then there existsC-moveMC,s ⊆ ϕS(val). LetD be
the set of directions associated withMC,s. Letm be the branching degree ofS,
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and letE = 〈{r} ∪ E, fC , γ, R
′〉 be thefC-labeling wherer is the root,E is the

disjoint union ofE0 = {e0x}x∈[m] andE1{e1x}x∈[m]; denote byE0
D ⊆ E0 the set

{e0x}x∈D. The relationR′ is {(r, e0) | e0 ∈ E0} ∪ (E0 ×E1)∪ (E1 ×E1), and the
functionγ : fC → {r} ∪E is constant equal toE0

D ∪E1, therefore

(s, r) ∈ [[
∧

c∈C

©cf c ]](KS ,s)×(E,r) (9)

Moreover, since for anyx ∈ D, the structures(KS , (s)x) and(KS , (s)x)× (E , ex)
are bisimilar up to propositionsf c, and because no propositionf c occurs inϕ̂,
we apply the induction hypothesis(s)x ∈ [[ ϕ̂ ]]valKS

. Consequently, forval′(Z) =
val(Z) × ({r} ∪E), we have

(s, r) ∈ [[ AX [fC⇒ϕ̂] ]]val
′

(KS ,s)×(E,r) (10)

as the only successors ofs labeled by thef c’s are the(s)x’s with x ∈ D. By
(9) and (10) we obtain (8). It is actually possible to modify the definition ofE1

and of the mappingγ accordingly so that for any compound state(s′, e) ∈ S ×E
(s′, e) ∈ [[

∧
c∈C ©cf c ]](KS ,s)×(E,r). The construction is tedious and we omit it. By

the above and by (9), the labeling(E , r) becomes afC-strategy:

(s, r)[[ AG (
∧

c∈C

©cf c) ]]val
′

(KS ,s)×(E,r) (11)

We conclude by (8), (9), and (11).
(⇐) Assumes ∈ [[ ∃̂fC .(AX ϕ̂⌋fC) ]]valKS

. By the definitions of̂∃ and the bounded
relativization, there exists(E , r) afC-strategy froms such that
(s, r) ∈ [[ AG (

∧
c∈C ©cf c) ∧ AX [fC ⇒ ϕ̂] ]]val

′

(KS ,s)×(E,r). There is no difficulty in

exhibiting aC-moveMC,s contained in[[ ϕ̂ ]]val
′

(KS ,s)×(E,r), and to use the induction
hypothesis to concludeMC,s ⊆ ϕS(val).

5.3 The logicGL

The set of formulas ofGL splits into three types: the state formulas, the tree
formulas, and the path formulas; the last two ones are inherited fromCTL∗.

• State formulasare of the formg, ⊤, ¬ϕ, orϕ1 ∨ ϕ2 – whereϕ, ϕ1, andϕ2

are state formulas –, and∃∃C.θ – whereθ is a tree formula –.
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• Tree formulasare of the formϕ – whereϕ is a state formula –,¬θ, or
θ1 ∨ θ2 – whereθ, θ1, andθ2 are path formulas –, andEψ – whereψ is a
path formula –.

• Path Formulasare of the formθ – whereθ is a tree formula –,¬ψ, ψ1 ∨ψ2,
©ψ, orψ1 Uψ2 – whereψ, ψ1, andψ2 are path formulas –.

We simply sketch the semantics ofGL, and we assume the reader is familiar
with CTL∗ (see [2] for details). Letϕ be a state formula, and let(S, s) be a rooted
CGS.S, s |= ϕ to indicates thats satisfiesϕ in S; it is defined by induction overϕ.
Let us focus on formulas of the form∃∃C.θ, as the others are dealt inductively or
follows the semantics ofCTL∗: S, s |= ∃∃C.θ whenever there exists aC-outcome
CGS(fC ,S, s) which satisfiesθ. Now,θ is a tree formula and aCTL∗ interpretation
up to sub-formulas∃∃C ′.ϕ′ interpreted back insideS.

Regarding the translation ofGL into QDµ, first we find more pedagogical to
first establish a translation ofGL into the monadic second order extension ofCTL∗

with decision modalities, writtenQDCTL∗; it generalizes the proposal of [5] since
quantifications may occur in sub-formulas. Second, statements of QDCTL∗ can
expressedQDµ by adapting the translation procedure of [4].

For QDCTL∗, we take the convention to noteα a tree formula (it may contain
quantifications) andπ a path formula, and to writeA π for ¬E¬π, andGα for
¬(⊤U¬α). We adapt the definition of the bounded relativization (Section 5.1):
for each setΓ ⊆ Prop, we consider two syntactic transformations ofQDCTL∗

formulas,(·⌋∀Γ) and(·⌋∃Γ), defined by: for all tree formulasα,α1, andα2, we set
(¬α⌋∃Γ) = ¬(α⌋∃Γ), (¬α⌋∀Γ) = ¬(α⌋∀Γ), (α1 ∨ α2⌋∃Γ) = (α1⌋∃Γ) ∨ (α2⌋∃Γ),
and (α1 ∨ α2⌋∀Γ) = (α1⌋∀Γ) ∨ (α2⌋∀Γ). We set similar definitions for path
formulas. For the remaining cases:

(g⌋∀Γ)= (g⌋∃Γ) = g
(⊤⌋∀Γ)= (⊤⌋∃Γ) =⊤

(∃Γ′.α⌋∀Γ)= (∃Γ′.α⌋∃Γ)= ∃Γ′.α
(A π⌋∀Γ)= (A π⌋∃Γ) =A (π⌋∀Γ)
(E π⌋∀Γ)= (E π⌋∃Γ) =E (π⌋∃Γ)

(π1 U π2⌋∀Γ)= [Γ⇒(π1⌋∀Γ)]U [Γ⇒(π2⌋∀Γ)]
(π1 U π2⌋∃Γ)= [Γ ∧ (π1⌋∃Γ)]U [Γ ∧ (π2⌋∃Γ)]

The boundedΓ-relativization ofα is (α⌋Γ)
def
= (α⌋∀Γ). The proof is anal-

ogous to the one from Section 5.1. As an example: consider theCTL∗ for-
mulaEF g1 ∧ EF g2 and its equivalent mu-calculus formula(µZ.EXZ ∨ g1) ∧
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(µZ.EXZ ∨ g2). Their bounded{g}-relativization areEF (g∧ g1)∧EF (g∧ g2)
and (µZ.EX (g ∧ Z) ∨ g1) ∧ (µZ.EX (g ∧ Z) ∨ g2) respectively. We define
·̂ : GL → QDCTL∗ by induction: atomic propositions and⊤ are left unchanged;
formulas like¬ϕ, ϕ1 ∨ ϕ2 are dealt inductively, and

∃̂∃C.θ
def
= ∃̂fC .(θ̂⌋fC)

Clearly, the size of̂ϕ is linear in the size ofϕ, for anyϕ ∈ GL. Also, since
∃̂fC .α ∈ QDµ is definable inQDCTL∗ providedα is, the co-domain of̂· is indeed
QDCTL∗. LetϕS denote the set{s ∈ S | S, s |= ϕ}.

Theorem 7. For any state formulaϕ ∈ GL, ϕS = [[ ϕ̂ ]]S .

Proof. The proof is made by induction overϕ. The non trivial case is∃∃C.θ. We
reason by recurrence onN ≥ 1 the number of occurrences of symbols∃∃ in ϕ.

(1) AssumeN = 1. We use Proposition 8 below, and the fact that(θ̂|fC) =

(θ̂⌋fC) sinceθ̂ is quantifier-free.

Proposition 8. Given a rooted CGS(S, s), C ⊆ IP, and(E , r) a fC-strategy from
s, we have: for anyα ∈ QDCTL∗, s′ ∈ S, e ∈ E, (S, s) × (E , r), (s′, e) |= (α|fC)
if and only ifCGS(fC ,S, s), (s

′, e) |= α .

The proof of Proposition 8 is omitted. It consists in a simpleinduction overα,
just as for Theorem 3.

(2) AssumeN > 1. Remark first that Proposition 8 generalizes to non-closed
formulas providedQDCTL∗ is generalized to formulas with variables ofVar. We
rewriteα asα0(Y1, . . . , YN), whereα0(Y1, . . . , YN) is a CTL∗-like formula and
where the (fresh) variablesYi ∈ Var are interpreted according toval(Yi) =
(∃∃Ci.αi)

S. Notice that the numberNi of ∃∃ symbols in∃∃Ci.αi is strictly less
thanN . It is routine to terminate the proof by using the generalization of Propo-
sition 8 and the induction hypothesis.

6 Automata constructions

We assume the reader is familiar with alternating parity tree automata, and their
relationship with the mu-calculus and parity games (we refer to [3], [13], and
[20]). In the following, we use ’automata’ for ’alternatingparity tree automata’.
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6.1 Automata for QDµ

The difficulty in building automata forQDµ essentially comes from the interplay
between fixed-point operators and quantifiers, which can be subtle, as they do not
commute in general: consider the formulasα⊥ = ∃g.νZ.(AXZ ∧ g ∧ EX¬g)
andα⊤ = νZ.(AXZ ∧∃g.g∧EX¬g), interpreted on a single infinite path CGS.
Whereas the interpretation ofα⊥ is the empty set, the one ofα⊤ is the entire
set of states. Theorem 9 below relies on a powerful construction which general-
izes [17]. Existential quantification corresponds to the projection operation over
non-deterministic automata [16]; by theSimulation Theorem[15], every alternat-
ing automaton is equivalent to a non-deterministic automaton, and the procedure
is effective with one exponential blow-up in the size of the automaton. Fixed
point operators of the propositional mu-calculus also havetheir counterpart in the
automata-theoretic approach: as proposed by [3] [Chapter 7, 7.2], automata are
equipped with variables; their semantics considers inputsof the form((S, s), val),
where(S, s) is as usual a model, andval : Var → 2S is a valuation to interpret
the variables, in the same line we interpret non-closed formulas. This class of
automata can be turned into a mu-calculus, where in particular fixed point op-
erators apply. Given an automatonA, one can effectively define the automaton
µZ.A, which semantics is as expected: for example, ifA denotes a non-closed
formula∃Γ.α(Z), whereZ ∈ Var occurs free inα(Z), the automatonµZ.A de-
notes the sentenceµZ.(∃Γ.α(Z)). Informally, our construction consists in three
main steps. First, we build the automaton forα(Z). Second, using the projection
operation, we compute the automaton for∃Γ.α(Z). Third, and finally, we build
the automaton forµZ.(∃Γ.α(Z)). Notice that the automaton forα(Z) may not
be non-deterministic in general, either because e.g.α(Z) is of the form¬α′(Z),
or of the formα1(Z) ∧ α2(Z). Projecting to forget propositions ofΓ may there-
fore require the preliminary application of the SimulationTheorem, entailing one
exponential blow-up. We now turn to the formal argument.

Theorem 9. Letm ≥ 1. For anyα ∈ QDµ, writeκ ∈ IN for the maximal number
of nested quantifiers inα. Then, there exists an alternating parity tree automa-
tonAm

α with max(κ, 0)-EXPTIME(|α|) states andmax(κ − 1, 0)-EXPTIME(|α|)
priorities, which accepts exactly the models ofα of branching degreem.

Proof. Without loss of generality, we will assumeα in positive guarded normal
form, in the sense that (1) negation symbols are pushed innermost, possibly chang-
ing least fixed points into greatest fixed points, and existential quantifiers into uni-
versal ones, and (2) each occurrence of a variableZ is under the scope of some
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EX or AX operator. Formulas of the form¬©pΓ are in normal form. The proof
if conducted by induction onκ, and the construction proceeds in a bottom-up
manner in the formula.

(1) Assumeκ = 0, henceforthα = β ∈ Dµ, with possibly with free variables.
As β is in positive normal form, each variableZ ∈ Var occurs positively. We

define the setcl(β) of sub-formulas ofβ inductively:

cl(Z) = {Z}, cl(g) = {g},

cl(©pΓ) = {©pΓ} ∪
⋃

f∈Γ

{f,¬f},

cl(¬©pΓ) = {¬©pΓ,©pΓ} ∪
⋃

f∈Γ

{f,¬f},

cl(β1 ∨ β2) = {β1 ∨ β2} ∪ cl(β1) ∪ cl(β2),

cl(β1 ∧ β2) = {β1 ∧ β2} ∪ cl(β1) ∪ cl(β2),

cl(EXβ) = {EXβ} ∪ cl(β),

cl(µZ.β(Z)) = {µZ.β(Z)} ∪ cl(β(Z)[µZ.β(Z)/Z]),

cl(νZ.β(Z)) = {νZ.β(Z)} ∪ cl(β(Z)[νZ.β(Z)/Z]).

The set of states ofAm
β is cl(β) and we distinguish between theconcrete-states

as elements ofcl(β) \ Var, and thevariable-statesas elements ofcl(β) ∩ Var.
Regarding the transition function, we follow [13]. However, we need to take

variable-states into account. Let us writeB+(([m] × cl(β)) ∪ Var) for the set of
positive Boolean formulas over([m]×cl(β))∪Var; typical elements ofB+([m]×
cl(β)∪Var) areθ1, θ2. Preliminarily to the definition of the transition function, we
introduce a functionsplit : B+(([m]× cl(β))∪Var) → B+(([m]× cl(β))∪Var)
which we will use to avoid Boolean combinations of sub-formulas as states: for
anyx ∈ [m] and anyβ ′ ∈ cl(β) of the formg,¬g,EXβ1,AXβ1, µZ.β1, νZ.β1,
we setsplit((x, β ′)) = (x, β ′); alsosplit(x, β1 ∧ β2) = split(x, β1) ∧ split(x, β2)
and split(x, β1 ∨ β2) = split(x, β1) ∨ split(x, β2); finally, for all Z ∈ Var,
split(Z) = Z, and for allθ1, θ2 ∈ B+([m] × cl(β)), split(θ1 ∧ θ2) = split(θ1) ∧
split(θ2), split(θ1 ∨ θ2) = split(θ1) ∨ split(θ2).

The transition function ofAm
β is a mappingt : cl(β) × P(Λ̄) → B+(([m] ×

cl(β)) ∪ Var). It follows the same lines as for the classic mu-calculus, where
additionally free variables and decision modalities are taken into account. Let
l ∈ 2Λ̄, and letk ≤ m; whenD ⊆ [k], write D̄ for [k] \ D. Recall that in the
context of formulas,Γ denotes

∧
f∈Γ f . We define:
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• t(g, l, k) = true if g ∈ l, false otherwise.

• t(¬g, l, k) = false if g ∈ l, true otherwise.

• t(Z, l, k) = Z.

• t(©pΓ, l, k) =
∨

{(D,p)∈l}B(D,Γ), where

B(D,Γ) =
∧

x∈D

split((x,Γ)) ∧
∧

y∈D̄

split(((y,¬Γ))).

• t(¬©pΓ, l, k)=
∧

{(D,p)∈l} B̄(D,Γ) where

B̄(D,Γ) =
∨

x∈D

split((x,¬Γ)) ∨
∨

y∈D̄

split((y,Γ))

• t(β1 ∧ β2, l, k) = split(t(β1, l, k) ∧ t(β2, l, k)).

• t(β1 ∨ β2, l, k) = split(t(β1, l, k) ∨ t(β2, l, k)).

• t(EXβ, l, k) = split(
∨

x∈[k](x, β)).

• t(AXβ, l, k) = split(
∧

x∈[k](x, β)).

• t(µZ.β(Z), l, k) = split(t(β(µZ.β(Z)), l, k)).

• t(νZ.β(Z), l, k) = split(t(β(νZ.β(Z)), l, k)).

For allβ ′ ∈ cl(β), andl ∈ 2Λ̄, we definet(β ′, l) as
∨

k∈[m] t(β
′, l, k).

The initial state ofAm
β is β, and concrete-states are assigned priorities in a

standard manner as for the mu-calculus, see for example [7, Chapter 10]; it is
known that the number of priorities corresponds to the number of fixed-point al-
ternations inβ, hence it is linear in the size of the formula. On the contrary,
variable-states do not have priority as they are meant to be interpreted by valua-
tions.

We recall the principles for the acceptance by the automatonAm
β of a given

input(S, s0) with the valuationval : Var → 2S : it is based on a two-players parity
game played overcl(β)× S, and starting in(β, s0); call Player0 and Player1 the
players. Givens ∈ S, let us writel(s) for {ḡ ∈ Λ̄ | s ∈ λ̄(g)}. In position(β ′, s),
Player0 chooses a subsetχ of ([m]× cl(β))∪Var that satisfiest(β ′, l(s)), where
for eachZ ∈ χ it must be the case thats ∈ val(Z). If Player0 cannot make such
a choice, then Player1 wins. If χ ⊆ Var, then Player0 wins. Otherwise, Player1
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chooses an element of(x, β”) ∈ χ∩[m]×cl(β) and the game continues in position
(β”, (s)x) (where(s)x is the successor ofs along the directionx). An infinite play
is winning for Player0 whenever it satisfies the parity condition inferred by the
priorities of the concrete-state in the first component of the positions.

By the above,Am
β has a number of states and a number of priorities which are

linear in the size ofβ. Notice that it is exponential inm, which we assume fixed.
Correctness of the construction relies on a standard arguments, see for example
[7, Chapter 10].

(2) Assumeκ > 0. We proceed by inducting over the structure ofα. Construc-
tions for∃Γ.α consist in building a non-deterministic automatonA′ equivalent to
Am

α and to project it in order to abstract from propositions inΓ; A′ has expo-
nentially more states thanAm

α , and its number of priorities is linear in the size
of Am

α . It is important to note that by [3, Chapter 9], the Simulation Theorem
remains valid for the class of automata with variables, and thatA′ has the same
variable-states asAm

α . ProjectingA′ is O(1). The case of∀Γ.α is very similar:
since∀Γ.α can be rewritten as¬∃Γ.¬α, we can use the same techniques but by
invoking twice the complementation operation for (alternating) automata which is
linear time.

Constructions forµZ.α does not induce any particular cost: the variable-state
Z is made a concrete-state with priority2⌊M

2
⌋ + 1, whereM is the maximum

priority in Am
α . Constructions forνZ.α is similar but using priority2⌈M

2
⌉. Also,

constructions for formulas of the form¬α, α1 ∨α2, α1 ∧α2,EXα,AXα are not
difficult, and the automata constructions corresponding tothese logical operators
may increase in the size of the automata only with polynomialbounds; we refer
to [3] for the formal definitions.

Theorem 9 gives an upper bound for the complexity of the model-checking
problem ofQDµ formulas: in the light of the complexity resulting from solving
two-players parity games [9], it is non-elementary, but polynomial in the size of
the structureS (that is|S| + |Λ̄|). If we fix the maximal numberκ of ∃̂ symbols
in the formulas, the model-checking isκ-EXPTIME in the size of the formula. It
is κ-EXPTIME-complete by [17] whose logic is contained inQDµ.

6.2 Automata for alternating time logics

Although our translation̂· of AMC or GL into QDµ may generate an arbitrary large
number of nested symbolŝ∃, the corresponding automata nevertheless remain
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small, if their construction is carefully conducted; applying Theorem 9 is actually
avoidable: because formulaŝϕ are obtained by bounded relativizations ofQDµ

formulas, a quantified proposition never occurs in strict quantified sub-formulas.
This observation enables us to construct automata in a top-down manner, as op-
posed to the bottom-up procedure of Theorem 9. Consequently, the Simulation
Theorem applies independently on sub-formulas, leading toa single exponential
blow-up in the size of̂ϕ. Notice however that forGL, ϕ̂ is in QDCTL∗ which
causes an additional exponential blow-up in the construction.

Let us consider formulaŝϕ ∈ QDµ whenϕ ∈ AMC. We construct an au-
tomatonBm

bϕ equivalent toAm
bϕ (Theorem 9), whose size is only exponential in the

size ofϕ̂, hence in the size ofϕ, as opposed toAm
bϕ . The construction is done by

induction on the structure ofϕ.
(1) If ϕ = 〈〈C〉〉©ϕ′, thenϕ̂ = ∃̂fC .(AX ϕ̂⌋fC) can be rewritten̂∃fC .β(Z,Y)[σ],

whereβ(Z,Y) ∈ Dµ with free variables in Z∪ Y ⊆ Var; Z contains the variables
that are meant to be bound by fixed point operators, whereas Y contains the vari-
ables that are mapped onto sub-formulasϕ̂1 by the substitutionσ, whereϕ1 has
the form〈〈C ′〉〉©ϕ” and is a maximal state sub-formula ofϕ. By Theorem 9, build
Am

∃̂fC .β(Z,Y)
the automaton for̂∃fC .β(Z,Y); its number of states is inO(2|ϕ|) and

its number of priorities inO(|ϕ|), since|β(Z,Y)| < |ϕ|, AG (©cf c) is indepen-
dent ofϕ, and we have applied the Simulation Theorem once. Letρ be the fol-
lowing valuation: eachY ∈ Y is mapped onto the automatonBm

[σ(Y )], which exists
by induction hypothesis and whose size is inEXPTIME(|σ(Y )|); Z ∈ Z is left
unchanged. We apply the composition operation of [3, Chapter 7] to Am

∃̂fC .β(Z,Y)
,

by settingBm
̂〈〈C〉〉©ϕ

equalsAm
∃̂fC .β(Z,Y)

[ρ]; notice that the size ofAm
∃̂fC .β(Z,Y)

[ρ] is

polynomial in(ΣY ∈Y|ρ(Y )|) · |Am
∃̂fC .β(Z,Y)

|.

Lemma 10. The models ofAm
̂〈〈C〉〉©ϕ

(from Theorem 9) andBm
̂〈〈C〉〉©ϕ

coincide.

Due to lack of space, we omit this proof which results from a direct application
of [3], and from the crucial fact that the alphabets of the sub-automataρ(Y ) =
Bm

[σ(Y )] (Y ∈ Y) do not contain any propositions offC . By construction, the size
of Bm

̂〈〈C〉〉©ϕ
is in EXPTIME(|〈〈C〉〉©ϕ|).

(2) For the formulas of the formg, ⊤, ¬ϕ, ϕ1 ∨ ϕ2, Z, µZ.ϕ(Z), it is routine
to run an inductive reasoning, where in the later case, the construction forµZ.Bm,

whereBm is the automaton for̂ϕ(Z) ∈ Dµ given by Theorem 9, remains linear in
the size ofBm.
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Regarding the logicGL, let us only explain the construction for a formula
∃∃C.ϕ. A formula∃̂∃C.ϕ = ∃̂fC .(ϕ̂⌋fC) can be rewritten aŝ∃fC .θ(Z,Y)[σ], where
θ is a CTL∗ formula with decision modalities, and with possibly free variables.
Following the same lines as forAMC, the blow-up in the construction arises when
building the non-deterministic automaton forθ(Z,Y), before applying the projec-
tion: first, by [13], it is possible to build an alternating parity automaton of size
EXPTIME(|θ(Z,Y)|) (and 3 priorities, as a special case of hesitant alternatingau-
tomata) equivalent toθ(Z,Y); second, this automaton is conjunctively combined
with the one forAG (©cf c); third, the Simulation Theorem is applied obtaining
the2-EXPTIME blow-up in the size ofθ(Z,Y).
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