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Quantified Mu-Calculus with Decision
Modalities
for Concurrent Game Structures

Sophie Pinchinét
Computer Sciences Laboratory
Research School of Information Sciences and Engineering
The Australian National University
Canberra ACT 0200 Australia

Abstract

The emerging technology of interacting systems calls fov werifica-
tion methods to ensure their reliability. Concurrent Gantei3ures are
expressive abstract models for which several logics haga btudied. Yet,
these logics are not sufficiently expressive to supporiagedtrategic sit-
uation which arise naturally. We propose a second-ordercahtulus en-
abling a straightforward specification of complex coalitigirategies, and
also yields a direct synthesis procedure via automata cmigins. By
translating different alternating-time logics into a matufragment of our
calculus, we recover optimal complexity bounds for theggck

1 Introduction

Computer-system design currently relies on complex askgyab ofinteracting
componentsvhich communicate and share resources in order to achieviess
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The combinatorics of such systems is so enormous that thelagedent of ad-
equate formal methods to ensure their reliability has becamrmajor challenge.
In this context, games are paradigmatic for providing esgikee mathematical
models of interactive systems, reflecting their operatiseenantics and offering
adequate reasoning tools. In order to reason formally ainbertactive models,
it is necessary to devise appropriate specification langgiagwhich the desir-
able behaviors of the system can be stated; once the prepart formulated,
methods for automated verification and synthesis can beameglto support the
design process.

In the past decade, alternating-time logics suchas, ATL*, AMC and GL
introduced in [2] have raised considerable interest, itueiof being natural and
of allowing effective decision procedures [19, 10, 6, 1§, ¥dth reasonable cost
for ATL and implementations [8, 1]. Alternating-time logics gaalee temporal
logics, likeCTL, CTL* and the mu-calculus, over models caltédncurrent Game
Structures these are Kripke structures where the transition to the site is
parametrized by the decisions players However, these logics show certain
limitations in face of the range of strategies required tirads realistic situations.
We quote two of these.

First, the built-in modalities oATL, ATL*, andAMC do not distinguish syn-
tactically between quantifications over strategies and computations. Seman-
tically, this has the consequence that e.gntloelule checkingroblem [12] cannot
be expressed. To overcome this limitation, the lagichas been proposed [2]:
strategy quantifiers and path quantifiers can now be separatie formulas.
However, the expressive power of this logic is also limitechat every property
that can be expressed in theiC can be expressed ..

Second, in each of these logics, the commitment of playetisiwa coali-
tion is binding only until another commitment is specifiedtbg formula. When
commitments are conceived as bebwyundedn this sense, it is not possible to ex-
press, e.g., strategies which stipulate that a coalitibreaes its present objective
by merging with another coalition in the future.

In this paper, we propose a formalism with a syntax thatmlystishes between
strategies and computations and which allows for unbouedetmitments. We
show that this formalism naturally extends alternatimgetiogics, and we present
a tree-automata construction procedure that can be usgdttoesize strategies.

Technically, we consider a subclass of Concurrent Gamectoes (CGS)
which contains alturned basedcandMoore synchronous game structures. In fact,
it turns out that any finitary CGS can be translated into anvadgnt Moore syn-
chronous game structure, so our results are not restridtileeencode the CGSs
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as Kripke structures. Our logic is a monadic second ordemskbn of the propo-
sitional mu-calculus [11], augmented willecision modalitiesThe monadic sec-
ond order extensionD,, of this logic, allows to quantify over propositions as in
[17], but here quantifications and fixed point operators caratbitrarily inter-
leaved. This extension enables us to directly quantify strategies.

Turning a CGS into a Kripke Structure consists in moving infation about
transitions to their origin: we add new propositions, aafiayer selectionscon-
sisting of pairs composed of a set of directions and a playeeir interpretation
is: in a given state, the set of successors along theseidimect we simply say
the designated successors — form a possible decision fopldager; the num-
ber of player selections faithfully reflects the size of tH@Etransition function.
This encoding is valid in a reasonable large class of CGSsiwhe characterize.
Player selections are used to defdexision modalitiesthese modalities depend
on a fixed player, and express the existence of a player ggleghose designated
successors satisfy a set of propositions. Indeed, we airsirag @ proposition to
delimit a sub-tree of the full tree obtained by unfolding Krgke Structure. De-
cision modalities are useful to specify that propositiorach local decisions of
players, ensuring that the sub-tree denotes the outcomesinhtegy. Combin-
ing such propositions conjunctively enables us to charaetehe outcome of a
coalition strategy. Quantifications over strategies anstmquantification over
propositions.

It remains to express the desired temporal property of theoowe. Given a set
of propositions which denotes a coalition strategy, we aat@p new formula by
a systematic syntactic transformation of the original folerwith respect to those
propositions, in such a way that the new formula holds in thigifee unravelling
of the given system whenever the original one holds in theamue (the sub-tree
characterized by the propositions). We call this transadramrelativization By
limiting the depth at which the propositions are injecteddwards in the original
formula leads to a variant of the relativization callezlinded relativizatiorwhich
we use to embed alternating-time logics in our system, tfiesgposing their
limitations.

Automata constructions fayD,, are inspired by the ones for the mu-calculus
and its second order extension in [17]. However, we need nsider two new
issues: the presence of decision modalities, and theyatulitest quantifications
under the scope of fixed point operators. Decision modslére easily handled;
the difficulty comes from the latter, as fixed-point operai@mnd quantifiers do not
commute in general. To construct automata, we proceed iritarbaip manner.
Existential quantification over a formula amounts to proferthe automaton cor-
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responding to this formula [16]. This is a simple operatiaihe latter automaton
is in an adequate form, namely non-deterministic. As ctassnstructions for
the mu-calculus usually yield alternating automata, wethe&imulation Theo-
rem[15] to effectively transform alternating automata intorgeterministic ones.
However, because quantifiers may occur under the scope dfgoiat operators,
we also need an automata construction for sub-formulas padisibly free vari-
ables. Following [3, Chapter 7], we consider the mu-calswfiautomata, where
automata may contain variables to which fixed point opesatan be applied. It
is important to note that by [3, Chapter 9], the Simulatiordiem remains valid
for this class of automata. Because each application of ithel&tion Theorem
causes an exponential blow-up in the size of the automatencdnstruction for
QD,, is non-elementary, and this upper bound is tight, by [17]thédigh trans-
lating AMC and GL into QD,, may lead to formulas of arbitrary quantification
depth, we present a top-down construction where the autoraatain small; this
method applies whenever the formula is obtained by a bourelativization. In
this way, we can recover the optimal complexity bourtdsHTIME for AMC and
2-EXPTIME for GL) via embedding int@D,,.

Whereas quantification over coalition strategies corredpado projecting au-
tomata, keeping track of the projected propositions as7ilgads to a synthesis
procedure: while checking acceptance using a parity gaiarni§ winning strat-
egy for Player 0 delivers adequate valuations of the proiposi, viz. the behavior
of the coalition; as positional strategies are sufficieqtanty games, there always
exist regular solutions.

The paper is organized as follows: we represent the modé&sdtion 2, and
the logicQD,, in Section 3. In Section 4 we revisit the notionsstfategyand
outcome relate them with theelativization(Section 4.1); we introduce @D,,-
definable operator to express the existence of coalitionse/ltommitment per-
sists (Section 4.2). In order to embed alternating-timécg our system, we
use aboundedvariant of relativization to translateMC andGL into QD,; this is
done in Section 5. Finally, Section 6 is dedicated to autantanstructions for
QD, (Section 6.1). The generic construction is then customfiaedMC andGL
to recover known complexity bounds (Section 6.2).

2 The models

In the following, fork > 1, let [k] denote the sefl, . .., k}, and assume given an
infinite set of atomic propositior®rop = {f, g, h, f1, f2,¢*,.. .}
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Definition 1. A Concurrent Game Structuf€GS) is atupl&s = (P, S, A, \, d, 6),
with:

e Afinite set of players P- {p, ¢, ¢, ...} of the form[n|. Subset&’ C P are
coalitions

e A set of state$ = {s,¢,...} and a finite set\ C Prop of propositions
with a function\ : A — 2°; a states is labelled byg whenevers € \(g).
ForI' C A, we set\(I') = (), A(9)-

e For each playep € P, and each state € S, a natural numberi,(s) > 1
of decisions available at stateto playerp; we identify the decisions of
player p with the numberd, ... d,(s). A decision vector at is a tuple
(41, Ja2s - - -+ jn)» SUch thatl < j, < d,(s), for all playersp.

e For each states € S and each decision vectdyy, j», . . ., j,) at s, a state
d(s, J1, Jas - - -, jn) that results from the state if each playerp € P takes
decisionj,. The functiory is thetransition function

For two states ands’, we say that’ is asuccessoof s if §(s, j1, j2, - - -, jn) =
s’ for some decision vectdy, jo, . . . , j) ats; we denote by? C Sx .S the binary
successor relation, and by is the set of successors afLetbd(s) be the value
|sR|, and let thebranching degreef S bem = max{bd(s) |s € S}.

Givens € S, p € P, andl < j < d,(s), we uniquely associate the set
dec(s, (j,p)) € sR composed of stateg = (s, j1, J2, - - -, jn) fOr some decision
vector(ji, ja, - - - , Jn) ats with j, = j; we also sedlec(s, p) = {dec(s, (j,p)) |1 <
Jj < d,(s)} as the set of possible such decisions.

Given a coalitionC' ands € S, aC-move froms is a subset o R which
elements result from fixing a particular decision for eacdwyptc € C. Notice
that because the decisions of the players might be deperad@ntnove is not in
general some element 0f__. dec(s, ¢), as in e.g. the matching pennies game.
Nevertheless, one easily proves that this is the case faubelasses daurned
based synchronowmdMoore synchronougame structures (see [2]), as the deci-
sions of players are decomposable.

In the rest of the paper, we restrict ourselves to the clag€oaturrent Game
Structures such that for aly C P and anys € S, the set ofC'-moves froms is
N dec(s, c).

We propose a representation of CGS'’s by Kripke structurssufe given a
CGSS with branching degree:, and pick up an arbitrary total order over the
set of states; for any statewe canonically order its sei accordingly to obtain
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alist{si,..., swac)}; theindicesl, ..., bd(s) are thedirectionsin s, and(s),, for
the successor of along the directionr. Subsets of R and subsets dbd(s)] are
in a one-to-one correspondence. For eachP and eachl < j < d,(s), letD;
be the set of directions correspondingdie: (s, (7,p)); we labels by theplayer
selection(D;, p).

Definition 2. TheKripke Structure representatiofsS is defined by<s = (S, AU
(P([m]) x P),AU 0, R), where for eaciD, p) € P([m]) x P, s € 8((D,p)) if
and only if there exist$ < j < d,(s) such that{(s), }.ep = dec(s, (4, p)).

Figure 1: A system with two processes

We borrow from [2] an example of a Moore synchronous gamecsira to
illustrate Definition 2: two processesandb assign Boolean values to variables
u andw, respectively, in an independent manner, starting withvidae false
for both variables. By setting < ¢, < ¢, < qu,, We have e.gbd(q,) = 2,

(g)1 = g, @and(q, )2 = qu,- Player selections are added accordingly, as depicted
in Figure 1.

Lemma 1. A Kripke Structure/S, A U (P([m]) x P), AU 6, R), with X : A — 2°
andd : P([m]) x P — 2%, denotes a CGS over whenever for each statec S,
and for each collectio{ (D", p)} .p with s € 6((D”, p)), the setn, D has a
single element.

From now on, we tacitly refer to CGS’s for Kripke structurebigh fulfill
Lemma 1, and by abuse of notations we wiftenstead ofKs, when it is clear
from the context. We also let denote the 'extended’ set of propositionsJ
(P([m]) x P) and\ denotex U 6.



3 The logical framework

We propose a generalization of [17] which is twofold: we ehtthe propositional
mu-calculus [11] by allowinglecision modalitiesand we consider its monadic
second order extension by allowing quantifications ovenat@ropositions, even
under the scope of fixed points operators.

The logicD,, is the mu-calculus witklecision modalitiesGiven a seProp of
atomic propositions and a set of variables = {Z,Y, .. .}, the syntax ofD,, is:

gl@UIT| =8|V 3 |EXB|Z|pnZ.5(Z)

whereg € Prop, p € P, andl' C Prop. Additionally, we require that in each
formulapZ.5(Z), the variableZ occurs under an even number of negation sym-
bols—in (Z). A variableZ € Var is freein g if it does not occur under the
scope of g.Z. operator. Asentencés a formula with no free variable. The subset
of formulas which do not contain any decision modality is st@ndard proposi-
tional mu-calculus, whence the use of notatidnsA X 3, 51 A (., 81 = 2, and
vZ.3(Z) to denote~T, "EX —a, ~(=01 V =), 2f1 V [2, and—uZ.-[(—Z),
respectively. Also, by abuse of notation when convenientight expandpl' as
@Ajer f- Aformulag € D, is interpreted in a CGS = (S, A, \, R) supplied
with a valuationval : Var — 2°. Its semantic§ 3 [ is a subset of, defined by
induction over the structure ¢f as follows:

[9]5" ={s € S|s € Ag)}
[QU ]2 ={se S|sRNATI) € dec(s,p)}
[Tl =5
[-615" =S\ [B]$"
[BABRIE =1A18 N[ B ]E
[EXB]2 ={scS|3s € sR A s € [B]2Y}
[Z]
]

[12.8(2)]5" = n{s' C S|[6(2)[s" " C 5')

As a valuationval does not influence the semantics of a sentehce D,
we then simply writd] 5 |s. By definition,s € [ (pI' |s means that the succes-
sors ofs labeled by all elements df form a decision available atto playerp.
Formulas like(pl" are calleddecision modalitiesFor example in Fig.1, we have



¢ € [ @u ]s. In the following, givens € D,, we use the conciseTL-like no-
tation AG () for vZ.(AX Z A 3), which expresses thatis globally true in the
future, andEF () for ~AG (—f).

We defineQD,,, for “quantifiedD,,”; its syntax is as forD,, but with quantifi-
cations over sets of atomic propositidns- Prop:

gl@U | T|~alog Vo | EXa| Z | puZ.a(Z)] 3.«

The semantics oD, generalizes the one db,: the cases of,, (I', T, ¢,

a1 Vag, EX o, Z, anduZ.a(Z) are dealt inductively. The semantics of quantified
formulas relies on the notion ddibeling in the spirit of [17]: basically, labelings
are one player 'complete’ CGS’s which witness the existééstatement about.

Definition 3. LetI" C Prop and letm > 1. AT-labeling of branching degree
is a pair (£,r) where€ = (E,T',v, R') is a Kripke Structure over, r € E'is the
root, and¢€ is completeviz.bd(e) = m for everye € E.

We compose labelings and CGS’s. Given a rooted C&S) over A, and a
[-labeling (&, r), with the same branching degree, thbeling of (S, ) by £ is
the CGS ove UT, written (S, s) x (£,7) = (S x E,AUT, N, R"), rooted at
(s,7), and defined byX'(¢g) = A(g) U~(g), for eachg € A UT with the conven-
tion that if g & A (or ¢ T) then\(g) (respectivelyy(g)) is the empty set. And
(s1,e1)R”(sq,e2) if and only if s; Rsy, 1 R'e; and the directions in each com-
ponents match. Since the labeling functiploes not add any player selection,
by Lemma 1,(S,s) x (£,r) is a CGS. Moreover, as propositions of compound
states accumulate, and becadise complete(S, s) x (£, ) is bisimilar to(S, s)
in the usual sense, if we restrict to propositions that atamb. In particular if
I'=0,(S,s) x (&) is bisimilar to(S, s). We have now the material to define
the meaning of our new quantifiers:e [ 3.« ]! if, and only if, there exists a
I-labeling(€,r) such thats,r) € [a [}2', | ¢, Withval (Z) = val(Z) x E.

4 Strategies and Outcomes

In CGS's, strategyand outcomeare central concepts underlying the semantics
of their logics. We revisit these notions: strategies abeliags, and outcomes
are CGS’s resulting from the pruning of the original struetw.r.t. labelings.

[2] originally definedoutcomesn a way we informally explain: a strategy of a
playerp from some state determines for each finite computation startingsin
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and ending in some current statea decision indec(s’, p). Given a coalition of
playersC' C P, a states and a sef'- of strategies froms for each player of”, the

set of outcomesutcome(F¢, S, s) resulting from these strategies is composed
of all the plays (paths) consistent witf},, heretofore unstructured. We aim at
structuring it as a CGS. To do so, we consider particulariiadpe

Definition 4. GivenC C P, and a setfc = {f°}.cc of atomic propositions, a
(fe, O)-strategy froms is a{ f°}.cc-labeling of(S, s), (€, r) such that

(s.,1) € [AG (N ©F) ls.o)xiem (1)

ceC

We simply sayf-strategy when clear from the context. Assume fixed a coaliti
C C P, and afo-strategy(€, 7). We define the structureGS f¢, S, s), called
a C-outcome of S, s), as follows: ifC = 0 thenCGS(fy, S, s) is (S, s) itself.
OtherwiseCGYf¢, S, s) results from retaining ofS, s) x (£, r) only those states
that would be reachable if the strategiesfefwere applied. Formally, we prune
(S,s) x (€,r) according to the following procedure:
Step 1 Remove any state dfS, s) x (€, r) except the roots, r) where some
proposition f¢ does not hold, and remove the propositigiisas they are now
trivial.
Step 2 Update the player selectiofi®, p) in each remaining state as some suc-
cessors might have been deleted in Step 1: in each gtatieich ordered set of
successors igs, }.c . assume the s¢k, },«;, of successors have been deleted in
Step 1. Writeng = |Jy|, my = | /1], andmy = mo—my. Letn : [mg]\ J1 — [ma]
be the canonical monotonic mapping which renumbers theirengesuccessors.
Each player selectiofD, p) is updated accordingly &sr(D), p). In particular,
the player selection®, ¢) wherec € C all become[m.], ¢) and can be removed
since constant.

Essentially, by Step 2 and LemmaaGSf¢, S, s) is a CGS (rooted at).
It is not difficult to see that the set of maximal pathsdG S f¢, S, s) coincides
with the definition of 'outcome’ in the sense of [2].

Lemma 2. Given two distinct set§, C; C P, and any twofc,-strategieg&;, ;)

(@ € {1,2}), CGYfc,uc,, S, s) and CGSY f¢,, CGYfo,, S, s), (s,12)) are iso-
morphic.



4.1 Relativization of formulas

We present a simple mechanism called rilativizationwhich transforms a for-
mula by propagating downward in the formula a set of atomappsitions. For
I' C Prop, theT'-relativizationis a mapping writtert-|I') : QD,, — QD,, defined
by induction over the formulas. We concisely writdor /\ . g and we take the
convention thaf\ .., g is equivalent toT. Formulas of the forng, T, andZ are
left unchanged by the mappirigl’), and

(mafl') = =(all')
(@fIT) =@T A f)
(a1 V agll') = (au|l') V (az|l)
(EXofl') = EX [/\ g A (al')]

(nZ.a(Z)0) = pZ.(a(Z)[1)
(30.q|0) = 3. (o)

From this definition, we immediately obtain the equivalence
(eff) = and (al'U{g}) = ((a|l)lg). (2)

Theorem 3 below enlightens the semantics of ilativization under the
assumption that the coalitiari follows somef-strategy, a property will hold in
the resultingC-outcome if and only if thefo-relativization of this property holds
in S labeled byfc.

Theorem 3. Given a rooted CGS$S, s), C' C P, and a fo-strategy(€, r) from
s, we have: for anyv € QD,,, and any valuatiorval : Var — 29, letval'(Z) =
val(Z) x E:

[[ (O“f0> ]]vgls)x Er) — [[ ]]‘81@8(]00 S,s)

Proof. The proof is conducted by a double induction on the(eind on the
structure ofa. The case” = 0 is trivial and independent af, since(«| fc)

is a by (2), and both(S, s) x (€,r) andCGS(f¢, S, s) are isomorphic tdS, s).
LetC = C" U {c}, with ¢ ¢ C. The fo-strategy(€, r) can be decomposed into
(&) x (&, re), where(E' r') isa( for, C")-strategy andé., r.) isa({ f}, {c})-
strategy; writg(S’, r’) for (S, s) x (£',1"). By (2):

[ (adfe) T2 wiem = Llfe)lf) T vy xienre) (3)
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Lemma 4. For any rooted CGS3S’, s'), any ({ ¢}, {c}) strategy(é’ ), anya €
QD,, and any valuatiorval : Var — 29, [ (a|f) ﬂval e = la ]]CGS(sz

whereval’(Z) = val(Z) x E.

The proof of Lemma 4 is done by a simple induction over the fda®, as in
[17]. Now, the right hand side of (3) is equal fda| fer) ]]Vélésf,sgs/)' Since
CGYf, S8, s') is isomorphic toCGS(f, S, s) x (€',77), it is also equal td («|

for) ]]CGS(fS X (E ) which by induction hypothesis coincides with

[« ]]CGS(fc/ CGS 8.0 () . We conclude by applying Lemma 2.

4.2 Expressing properties of strategies

We specialize the logiQD,, to specify strategies of players. We equip the lan-
guage with syntactic macros: given a coalit@@rcC P, and a sefc = { f“}.cc of
propositions, let us define

o0 B30 [AG (N @F) A al

ceC
Theorem 5. Given a CGSS, a coalitionC' C P, and a sentenca € QD,, the

formulaéfc.(a|fc) (where f¢ is a fresh set of atomic propositions indexed over
(') characterizes the set of states from which there exigtsautcome of S, s)
satisfyinga.

Proof. Write fo = {f“}ecc, and lets € [ 3fo.(a|fo) |s. By definition, there
exists afo-labeling froms, (£, r) such that

(5,7) € [AG (/\ @F°) ls.o)x (e, and (4)
ceC
(s,7) € [(alfe) ls.s)xEm): (5)

By (4), (€, r) is a fo-strategy. By Theorem 3, (5) is equivalent to
s € [a]cesgye.s,s) Which concludes. For the reciprocal, unroll the reasoning
backward. M

Let us discuss the modaliyfc.( - | f=). By the above theoremifc.(« |
fc) states the existence of(@outcome fixed once for all in which shall be
interpreted. Accordingly, any sub-formula afof the form3fc..(/| for) States
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the existence of @’-outcome ’inside’ the forme€’'-outcome, wherey holds.
Notice thatC' andC’ need not be disjoint: consider the formula

3/ PHEF B{g%, oL (AG HI{g*. * VIS /)

By relativization (Section 4.1), it specifies the existenfa@ {1,2}-outcomesS’
which contains a path eventually hitting the propéiyg?, ¢>}.(AG h|{g?, ¢°})|
{f*, f*}). Again by the relativization, this property means the exist of two
propositiong? andg® such thatAG (Q(f* A f2 A g%)), AG (B(fL A f2 A g?)),
and(AG h|{f!, f%,¢% ¢°}) hold. By Theorem 3AG h is interpreted insid¢’,
rather than inS. Moreover, the innermost strategy of plagedenoted byy? (if it
exists) is such thaA G ((f* A f2 A ¢?)) and is therefore consistent wifi. The
modality 3fc.( | f) enables to 'superpose’ strategies, e.g. th ¢ }-strategy
on top of the{ /!, f*}-strategy. Nevertheless, superposition is also avoidaple
considering a variant of the relativization, as explainebb.

5 Alternating Time Logics

We consider the logicsMC andGL of [2]. Results for weaker logics such &SL,
Fair ATL, andATL* follow from their natural embedding either intavC or GL.
We show thatMC andGL are natural fragments afD,,.

5.1 Bounded relativization

ForI' C Prop, thebounded -relativizationis a mapping writter- |I') : QD,, —
QD,, defined by induction over the formulas. It is like the reletation of Sec-
tion 4.1, except that the downward propagation of propms#titerminates when
encountering a quantified sub-formula:

(A7) = 3o/ (6)

Using bounded relativization, we define the modalif.( | fc) with the fol-
lowing semantics3f.(«| fc) states the existence@outcome wherey holds,
but where any sub-formulafc..(a| for) of a, or everd fov.(/| fer ), is interpreted
in the entire structure, and not only in the designdtedutcome. We retrieve the
spirit of the coalition modalities iATL.
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5.2 The Alternating-time p-calculus

We recall the syntax afiMC: formulas are of the form

gl TI=pler V| Z|uZ.e(Z) | (C) Oy

with g € Prop, C' C P, and where eacld € Var occurs under an even number of
negation symbols- in ¢(Z). These formulas are interpreted over CGS’s (in the
sense of Def 1), supplied with a valuatiosl : Var — 2°. Giveny € AMC, its
interpretations® (val) C S is inductively defined by:
go(val)=A(g) ()% (val) =S\ ¢%(val)
TS(Val) S ZS(Val) =val(Z)
(01 V 2)° (val) = ¢f (val) U 3 (Val)
(1Z.p(Z))°(val) ={S" € S| p(Z)*(val[$"/Z]) C '}
((CHOp)® (Val) is the set of states € S such that there exists@move froms
contained inp®(val).

We define the mapping : AMC — QD,, inductively by: formulas likey,
T and Z are left unchanged, formulas likep, v1 V s, anduZ.o(Z) are dealt
inductively, and finally we set

(CYOp ¥ a5 (AX 5] fe) (7)

where fc = {f}.cc IS a set of fresh atomic propositions. Notice that the size of
pislinear in the size op.

Theorem 6. Given a CGSS, ¢ € AMC, and a valuationval : Var — 2, we have
°(val) = [ P13
whereK is the Kripke Structure representation&f

Proof. We conduct the proof by induction over. The only non trivial case
s (C) O¢. Notice that by the definition of and the bounded relativization,

(®]fe) = @.
(=) Lets € ({(C) Op)®(val). We first prove

[3fe. \ @F° NAX [fo=3] [ ®)

ceC

If s € ((C)Op)S(val), then there exist§-move M, C ¢°(val). LetD be
the set of directions associated witlh- ;. Let m be the branching degree 6f
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and let = ({r} UE, fc,v, R') be thefc-labeling where- is the root,E is the
disjoint union of E° = {€2},cp, and E'{e} },c(n); denote byE), C E° the set
{e%}.ep- The relationR’ is {(r,e") | " € E°} U (E° x EY) U (B! x E'), and the
function~ : fo — {r} U E is constant equal t&% U E', therefore

(s,m) € /\ OF (ks,5)x &) (9)

ceC

Moreover, since for any € D, the structure$Ks, (s).) and(Ks, (s).) x (€, e;)
are bisimilar up to propositiong®, and because no propositigii occurs ing,
we apply the induction hypothesis), € [ ¢ ]}2,. Consequently, foral’(Z) =
val(Z) x ({r} U E), we have

(s,7) € [AX[fe=7] ]]Z?(l;,s)x(é',r) (10)

as the only successors sflabeled by thef“’s are the(s),’s with z € D. By
(9) and (10) we obtain (8). It is actually possible to modtg efinition of £!
and of the mapping accordingly so that for any compound stétee) € S x E
(s',e) € [ Neec ©OF€ liks,5)x(e,7)- The construction is tedious and we omit it. By
the above and by (9), the labeli§, ) becomes g -strategy:

(s, [AG (\ @F) [T o xiem (11)

ceC

We conclude by (8), (9), and (11).

(<=) Assumes € [3fc.(AX 3] fe) |2 By the definitions of} and the bounded
relativization, there exist&, ) a f-strategy froms such that

(s,7) € [AG (Aec ©F) N AX [fo =PI, )< (e There is no difficulty in
exhibiting aC-move M, contained in| @]]\(/?(lfs,s)x(g,r)' and to use the induction
hypothesis to conclud&/,, C ¢ (val). O

5.3 ThelogicGL

The set of formulas of7L splits into three types: the state formulas, the tree
formulas, and the path formulas; the last two ones are itdtefiiomCTL*.

e State formulagre of the formy, T, —p, Or 91 V s —Whereyp, ¢, andes
are state formulas —, anflC.0 — wheref is a tree formula —.
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e Tree formulasare of the formy — wherep is a state formula —-6, or
0, V 0, — whered, 0;, andd, are path formulas —, anfl ) — wherey is a
path formula —.

e Path Formulasare of the form — wheref is a tree formula —), ¥ V s,
O, ory, U ¢, —wherey, 11, andy, are path formulas —.

We simply sketch the semantics ©f,, and we assume the reader is familiar
with CTL* (see [2] for details). Lep be a state formula, and |68, s) be a rooted
CGS.S, s = ptoindicates that satisfiesp in S; it is defined by induction ovep.
Let us focus on formulas of the foraC'.¢, as the others are dealt inductively or
follows the semantics afTL*: S, s |= HC.0 whenever there exists@-outcome
CGYfc, S, s) which satisfieg. Now, 6 is a tree formula and@rL* interpretation
up to sub-formulasiC’.¢’ interpreted back insids.

Regarding the translation ofL into QD,,, first we find more pedagogical to
first establish a translation ofi. into the monadic second order extensiowof.*
with decision modalities, writteDCTL*; it generalizes the proposal of [5] since
guantifications may occur in sub-formulas. Second, statésnaf QDCTL* can
expresse®D,, by adapting the translation procedure of [4].

For QDCTL*, we take the convention to notea tree formula (it may contain
guantifications) and a path formula, and to writd 7 for —-E —7, andGa for
—(T U -«). We adapt the definition of the bounded relativization (B®ecb.1):
for each sef” C Prop, we consider two syntactic transformations@hCTL*
formulas,(- |vI") and(-|sI"), defined by: for all tree formulas, 1, anda,, we set
(mafsl) = =(a]al), (malvl) = =(avl), (a1 V az]3T") = (a1]al) V (az]3D),
and (a; V agvI) = (aq]v]") V (a2]yI'). We set similar definitions for path
formulas. For the remaining cases:

(glvT)=(g]sl) =y
(T]yI)=(TJsl) =T
(EIF/.ajVF) (HF/ JEF):HF/.Q
(Am|yl)=(A|sD) —A( Jvl)
(Exjy[)=(Ex|sl) =E(x]l)
(7T1U7T2Jvr)=[r=>(7T1JvF)] (= (g |vD)]
(m Ume]al) =['A (m]aD)] U [I' A (72 |31)]

The bounded -relativization ofa is (a|T) %" (a],I'). The proof is anal-

ogous to the one from Section 5.1. As an example: considecthg for-
mulaEF g; A EF g, and its equivalent mu-calculus formulaZ. EX Z V ¢1) A
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(uZ.EX ZV g2). Their bounded g }-relativization aréEF (g A g1) AEF (g A go)
and (uZEX (g N Z)V g1) N (nZ.EX (g N Z) V go) respectively. We define

~: GL — QDCTL* by induction: atomic propositions and are left unchanged;
formulas like—y, p1 V ¢, are dealt inductively, and

300 dze‘céfc-(é]fc)

Clearly, the size ofp is linear in the size ofp, for anyy € GL. Also, since
dfc.a € QD,, is definable iDCTL* provideda is, the co-domain of is indeed
QDCTL*. Lety® denote the sefs € S| S, s = ¢}

Theorem 7. For any state formulg € GL, ¢° = [ $]s.

Proof. The proof is made by induction over The non trivial case is5C.6. We
reason by recurrence oy > 1 the number of occurrences of symbdisn ¢.

(1) AssumeN = 1. We use Proposition 8 below, and the fact tt@tf-) =
(8] fc) sinced is quantifier-free.

Proposition 8. Given a rooted CG&S, s), C' C P, and(&,r) a fo-strategy from
s, we have: for anyy € QDCTL*, s’ € S,e € E, (S,s) x (€,7), (s, e) = (a|fe)
if and only ifCGS(f¢, S, s), (¢',¢) = .

The proof of Proposition 8 is omitted. It consists in a simipl@uction overa,
just as for Theorem 3.

(2) AssumeN > 1. Remark first that Proposition 8 generalizes to non-closed
formulas provided)DCTL* is generalized to formulas with variables6ir. We
rewrite « asa (Y1, ..., Yy), whereay (Y, ..., Yy) is aCTL*-like formula and
where the (fresh) variables; € Var are interpreted according teal(Y;) =
(HHOZ-.a,»)S. Notice that the numbeN; of & symbols in3HC;.q; is strictly less
than V. It is routine to terminate the proof by using the generalraof Propo-
sition 8 and the induction hypothesis. O

6 Automata constructions

We assume the reader is familiar with alternating paritg tiatomata, and their
relationship with the mu-calculus and parity games (werredgf3], [13], and
[20]). In the following, we use 'automata’ for 'alternatimgrity tree automata’.
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6.1 Automata for QD,

The difficulty in building automata fopD,, essentially comes from the interplay
between fixed-point operators and quantifiers, which camub#es as they do not
commute in general: consider the formutas = Jg.vZ.(AX Z A g AN EX —g)
andat = vZ.(AX ZAN3g.g NEX —g), interpreted on a single infinite path CGS.
Whereas the interpretation of, is the empty set, the one ofr is the entire
set of states. Theorem 9 below relies on a powerful construgthich general-
izes [17]. Existential quantification corresponds to th@gxtion operation over
non-deterministic automata [16]; by t&&mulation TheorerfiL5], every alternat-
ing automaton is equivalent to a non-deterministic automaand the procedure
is effective with one exponential blow-up in the size of theéamaton. Fixed
point operators of the propositional mu-calculus also libhe& counterpart in the
automata-theoretic approach: as proposed by [3] [Chaptér2], automata are
equipped with variables; their semantics considers inpitttse form((S, s), val),
where(S, s) is as usual a model, andl : Var — 27 is a valuation to interpret
the variables, in the same line we interpret non-closed diteimn This class of
automata can be turned into a mu-calculus, where in paatidided point op-
erators apply. Given an automatgh one can effectively define the automaton
nZ. A, which semantics is as expected: for example4 iflenotes a non-closed
formula3l'.«(Z), whereZ € Var occurs free imv(Z), the automatomZ..A de-
notes the sentengeZ.(3I".a(~)). Informally, our construction consists in three
main steps. First, we build the automaton &dt7). Second, using the projection
operation, we compute the automaton #t.«(Z). Third, and finally, we build
the automaton fop.Z.(3I.a(Z)). Notice that the automaton fer(Z) may not
be non-deterministic in general, either because®(4.) is of the form—-«a/(7),

or of the forma; (Z) A a(Z). Projecting to forget propositions &f may there-
fore require the preliminary application of the Simulatibmeorem, entailing one
exponential blow-up. We now turn to the formal argument.

Theorem 9. Letm > 1. For anya € QD,,, write s € N for the maximal number
of nested quantifiers in. Then, there exists an alternating parity tree automa-
ton A" with max(x, 0)-EXPTIME(|a|) states andnax(x — 1,0)-EXPTIME(|«|)
priorities, which accepts exactly the modelsxabf branching degreen.

Proof. Without loss of generality, we will assumein positive guarded normal
form, in the sense that (1) negation symbols are pushedmost possibly chang-
ing least fixed points into greatest fixed points, and exigkqguantifiers into uni-
versal ones, and (2) each occurrence of a variabie under the scope of some
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EX or AX operator. Formulas of the form(pl" are in normal form. The proof
if conducted by induction om, and the construction proceeds in a bottom-up
manner in the formula.

(1) Assumes = 0, henceforthe = 3 € D,,, with possibly with free variables.
As (3 is in positive normal form, each variahle € Var occurs positively. We
define the setl(3) of sub-formulas of? inductively:

A(Z)={2}, dlg) ={g},
(@) = {@rtu | J{f ~f1,

fer

cl(=@I) = {-@I', @'} u [ J{f, ~f1,

fer
cl(B1V B2) = {61V o} Ucl(Br) Ucl(By),

)
cl(B1 A Ba2) = {51 A Ba} Ucl(Br) Ucl(By),
c(EX ) = {EX 3} Ucl(8),
)
)

cA(pZ.p(2)) = {pz.6(2)} Ucl(B(2)[n2.5(2) [ 2]),
A(w2.6(2)) ={v2.6(2)} U(B(2)[vZ.3(2)/ Z]).

The set of states od;' is cl(3) and we distinguish between thencrete-states
as elements ofl(3) \ Var, and thevariable-statess elements aofl(5) N Var.

Regarding the transition function, we follow [13]. Howeyvere need to take
variable-states into account. Let us wiBe (([m] x cl(3)) U Var) for the set of
positive Boolean formulas ovépmn] x cl(3)) U Var; typical elements oB™ ([m] x
cl(B)UVar) aref, 05. Preliminarily to the definition of the transition functione
introduce a functiosplit : B (([m] x cl(3)) U Var) — BT (([m] x cl(3)) U Var)
which we will use to avoid Boolean combinations of sub-folasuas states: for
anyz € [m] and anys’ € cl(g) of the formg, g, EX 81, AX 51, uZ.p,vZ.531,
we setsplit((z, 3')) = (x, #'); alsosplit(z, 81 A (2) = split(z, B1) A split(zx, 52)
andsplit(x, 51 V B2) = split(x, B1) V split(x, B2); finally, for all Z € Var,
split(Z) = Z, and for allfy, 0, € BT ([m] x cl(3)), split(6y A Oy) = split(6y) A

The transition function of4} is a mapping : cl(8) x P(A) — B*(([m] x
cl(8)) U Var). It follows the same lines as for the classic mu-calculusengh
additionally free variables and decision modalities akemainto account. Let
[ € 2%, and letk < m; whenD C [k], write D for [k] \ D. Recall that in the
context of formulasl’ denotes/\ ;.. f. We define:
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o (@1, k) =V ppey B(D,T), where

B(D,T) = /\ split((z,T)) A /\ split(((y, -T))).

z€D yeD
o t(=@, 1, k)= N\p ey B(D,T) where

B(D,T) = \/ split((z,-I)) v Vsplit((y,F))

° t Aﬁg,l,k) = Spllt t( 1

(51 (B!
o t(B1V Ba, 1, k) = split(t(By, 1, k) V (B2, 1, k)).
o (EX 3,1, k) = split(V, (2, B)).
o ((AX 1, k) = split(/\,cp (. 3))-
o t(uZ.B(Z),1, k) =split(t(B(uZ.6(Z)), 1, k).
o L(vZ.0(Z),1,k) = split(t(B(vZ.5(2)),1, k)).

For all 3 € cl(3), andl € 2%, we definet(3,1) asVyepm (8, 1, k).

The initial state of Ay is 3, and concrete-states are assigned priorities in a
standard manner as for the mu-calculus, see for exampleH@pt€r 10]; it is
known that the number of priorities corresponds to the nurobéxed-point al-
ternations ing, hence it is linear in the size of the formula. On the contrary
variable-states do not have priority as they are meant toteepreted by valua-
tions.

We recall the principles for the acceptance by the automatfprof a given
input(S, so) with the valuationval : Var — 29 itis based on a two-players parity
game played ovetl(3) x S, and starting ir(3, so); call Player0 and Playen the
players. Giverns € S, let us writel(s) for {g € A|s € A(g)}. In position(', s),
Player0 chooses a subsgtof ([m] x cl(5)) U Var that satisfies(3’, ((s)), where
for eachZ € x it must be the case thate val(Z). If Player0 cannot make such
a choice, then Playdrwins. If y C Var, then Playef wins. Otherwise, Player

k) NE(B2, 1 K)).
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chooses an element @f, 5”) € xN[m|xcl(5) and the game continues in position
(87, (s)2) (where(s), is the successor agfalong the direction’). An infinite play

is winning for Player) whenever it satisfies the parity condition inferred by the
priorities of the concrete-state in the first component efgbsitions.

By the above A7}’ has a number of states and a number of priorities which are
linear in the size off. Notice that it is exponential im, which we assume fixed.
Correctness of the construction relies on a standard angisimgee for example
[7, Chapter 10].

(2) Assumes > 0. We proceed by inducting over the structurexofConstruc-
tions for3I".« consist in building a non-deterministic automatdhequivalent to
A and to project it in order to abstract from propositiondin.A’ has expo-
nentially more states thad', and its number of priorities is linear in the size
of A2 It is important to note that by [3, Chapter 9], the Simulatitheorem
remains valid for the class of automata with variables, &ad 4’ has the same
variable-states ad!”. ProjectingA’ is O(1). The case of/T".« is very similar:
sincevVI'.«o can be rewritten asdl'.—«a, we can use the same techniques but by
invoking twice the complementation operation for (altéimg) automata which is
linear time.

Constructions foy: 2.« does not induce any particular cost: the variable-state
Z is made a concrete-state with priorizy | + 1, whereM is the maximum
priority in A”". Constructions forZ.« is similar but using priorityz(%}. Also,
constructions for formulas of the formy, o V an, a1 A an, EX v, AX o are not
difficult, and the automata constructions correspondintpése logical operators
may increase in the size of the automata only with polynofmainds; we refer
to [3] for the formal definitions. O

Theorem 9 gives an upper bound for the complexity of the motetking
problem ofQD,, formulas: in the light of the complexity resulting from sivlg
two-players parity games [9], it is non-elementary, butypomial in the size of
the structureS (that is|S| + |A[). If we fix the maximal number. of 3 symbols
in the formulas, the model-checkingiasEXPTIME in the size of the formula. It
is k-EXPTIME-complete by [17] whose logic is containedad),,.

6.2 Automata for alternating time logics

Although our translatiofiof AMC or GL into QD,, may generate an arbitrary large
number of nested symbol§ the corresponding automata nevertheless remain
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small, if their construction is carefully conducted; appty Theorem 9 is actually
avoidable: because formulgsare obtained by bounded relativizations@b,,
formulas, a quantified proposition never occurs in stri@mgified sub-formulas.
This observation enables us to construct automata in adeymananner, as op-
posed to the bottom-up procedure of Theorem 9. ConsequémySimulation
Theorem applies independently on sub-formulas, leadirgggimgle exponential
blow-up in the size ofp. Notice however that foGL, ¢ is in QDCTL* which
causes an additional exponential blow-up in the constocti

Let us consider formulag € QD, wheny € AMC. We construct an au-
tomatonB7' equivalent ta4?’ (Theorem 9), whose size is only exponential in the
size of p, hence in the size af, as opposed tol7. The construction is done by
induction on the structure of. A

D) If o = (C)OY', thenp = 3fo.(AX @ | fc) can be rewritte& f-.3(Z, Y)[o],
wheres(Z,Y) € D, with free variables in Z)'Y C Var; Z contains the variables
that are meant to be bound by fixed point operators, whereasMins the vari-
ables that are mapped onto sub-formufasby the substitutionr, wherey, has
the form((C"))O¢” and is a maximal state sub-formula,afBy Theorem 9, build

AT, 5z the automaton foflfc.3(Z,Y); its number of states is i@ (21¢) and

its number of priorities irO(|¢|), since|3(Z,Y)| < |¢|, AG ((of€) is indepen-
dent of p, and we have applied the Simulation Theorem once. pllet the fol-
lowing valuation: each” € Y is mapped onto the automatdﬂ@l(y)], which exists
by induction hypothesis and whose size ISEXPTIME(|o(Y)|); Z € Z is left
unchanged. We apply the composition operation of [3, Chafjte A

| _ _ e BEZY)’
by settlngB§<m equalsA?, . [p]; notice that the size afl%, . [o] is
polynomial in(Sy ey [p(Y)[) - [A%, |-

Lemma 10. The models afd”™_ (from Theorem 9) an##™ __ coincide.
(Por (Do

Due to lack of space, we omit this proof which results fromractiapplication
of [3], and from the crucial fact that the alphabets of the-autbmateg(Y) =
Bfg(y)} (Y € Y) do not contain any propositions ¢f.. By construction, the size
of BZZ‘T@ is iINEXPTIME(|(C) Owl).

(2) For the formulas of the form, T, =, w1 V @2, Z, uZ.p(Z), itis routine
to run an inductive reasoningﬂv\here in the later case, thetoaction foruZ. 5™,
where3™ is the automaton fop(Z) € D,, given by Theorem 9, remains linear in
the size of3™.
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Regarding the logicL, let us only explain the construction for a formula
TBC.p. AformulaBC.p = 3fc.(3] f) can be rewritten a8f..0(Z, Y)[o], where
0 is acTL* formula with decision modalities, and with possibly freeiahles.
Following the same lines as fanic, the blow-up in the construction arises when
building the non-deterministic automaton f{Z, Y ), before applying the projec-
tion: first, by [13], it is possible to build an alternatingriig automaton of size
EXPTIME(|A(Z,Y)]|) (and 3 priorities, as a special case of hesitant alternating
tomata) equivalent t6(Z,Y); second, this automaton is conjunctively combined
with the one forAG ((9f¢); third, the Simulation Theorem is applied obtaining
the 2-EXPTIME blow-up in the size of(Z,Y).
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