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Abstract

TD(A) with functionapproximatiorhasprovedem-
pirically successfulfor some complex reinforce-
mentlearningproblems.For linearapproximation,
TD(A) hasbeenshowvn to minimisethe squarecer-

ror betweertheapproximatevalueof eachstateand
the true value. However, asfar as policy is con-

cernedi,it is errorin the relative orderingof states
thatis important,ratherthanerrorin the stateval-

ues.We illustratethis pointwith a simpletwo-state
systemin which TD(\) abandonghe optimal pol-

icy to corverge to a suboptimalpolicy. We also
obsenrethistrait of policy degradatiorby TD(A) in

backgammonWe thenpresenia modifiedform of

TD(A), calledSTD()), in which function approxi-
matorsaretrainedwith respecto relative stateval-

ues. We characteris¢he limiting behaviour of this

algorithm,andpresenta theoremguaranteein@p-

timality of the limiting parametewector for two-

stateBMDPs. A comparisorwith Bertsekasdif-

ferential training methodis also presentedwhich

highlights a significantdifferencebetweenthe al-

gorithms. This is followed by successfudemon-
strationsof STD(\) onthetwo-statesystemandthe
well known acrobotproblem.

1 Intr oduction

For comple reinforcementearning problems, TD(X) with

function approximation[Sutton, 1984 has proved empiri-
cally successfullts originsgo backasfarasSamuels Check-
ersProgram[Samuel, 1959, while perhapsts mostfamous
successhas been Tesauros TD-Gammon[Tesauro,1992;
1994. A variantof TD()) for minimaxsearchhasalsobeen
successfuin learningto play chesdBaxteretal., 2004.

For linear approximation,TD(\) hasbeenshavn to min-
imise the squarederror betweenthe approximatevalue of
eachstateandthe true value[Tsitsikilis andVVan Roy, 1997;
Dayan,1992;Gordon,1995;Singhetal., 1995. However, as
far aspolicy is concernedit is errorin the relative ordering
of statesthatis critical, ratherthanerrorin the statevalues.
Considera simplesystemconsistingof two-states:4 and B,
wherethe value of eachstateunderthe optimal policy is 10
and5 respectiely. A functionapproximatowhich estimated
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the statevaluesto be 15 and0, would implementthe optimal
policy whilst having a squarecerror of 52. However, a func-
tion approximatorestimatingthe valuesas 7 and 8, would
have asquarecerrorof only 32, yetwould notimplementthe
optimalpolicy.

We illustrate this point further in section2 with a sim-
ple two-statesystemin which TD(A), startingfrom the op-
timal policy, corvergesto a suboptimalpolicy. In section
3 we demonstratehat this also occursin a more comple
system: backgammon.In section4 we presenta modified
form of TD(}), calledState-EmporalDifferencef) (or sim-
ply STD())), in which function approximatorsare trained
with respecto relative statevalueson binary decisionprob-
lems. We characteris¢he limiting behaiour of STD()\) and
provide atheoremguaranteeingptimality of thelimiting pa-
rametervectorfor two-stateBMDPs. Section4.2 compares
STD(\) with differential training [Bertsekas, 1997, high-
lighting the differentdistributionsof statepairsusedin train-
ing. Experimentatesultsin sections demonstratéhesuccess
of STD()) in thetwo-statesystemandin avariantof thewell
known acrobotproblem.

1.1 Previouswork on StateDifferences.

Several researcherdiave previously consideredusing state
differenceinformation. Utgoff and Savena[Utgoff and Sax-
ena,1987 describedhe Best-FirstPreferenceé.earningAl-
gorithm for creatinga set of preferencepredicatesfrom a
previously known solution. Utgoff and Clouse[Utgoff and
Clouse,1991] shoved how a similar algorithm canbe used
to generateveight updatesfor a linear function approxima-
tor. The techniquerelies upon an external expert to nom-
inate the preferredstates,and thusis a form of supervised
learning. They have also constructedan algorithm which
hasa supervisedearningphaseto utilise expert preferences,
anda reinforcementearningphaseto make traditional TD-
styleupdatesvhich don't usetheexpertpreferencesTesauro
[Tesauro1989 describedginexperimenin which heusedex-
pertpreferenceso train a neuralnetwork to choosebetween
backgammompositions.

The approximationof cost-to-godifferences—rathethan
justthe cost-to-go—habeeninvestigatedy anumberof au-
thorsin the context of Q-learning. Werbos[Werbos,1990;
1997 discusseshe merits of approximatingthe gradientof
the @ function, whilst Baird [Baird, 1993, Harmon, and
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Figurel: Transitionsandrewardsin thetwo-statesystem.

Klopf [Harmonet al., 1994 introducedadvantaying updat-
ing which estimateghe value of eachstateandthe relative
adwantageof eachactionusingseparat@approximatiorarchi-
tectures.

More recentlyMcGovernandMoss[McGovernandMoss,
1999 have usedtemporaldifferencelearningto develop an
instructionschedulerfor an optimising compiler Their ap-
proachusegable-lookupratherthanfunctionapproximation,
and combinespossiblesuccessostatesinto a singlefeature
vectorwhichis mappedo apreferencendicator

Bertsekas'differential training [Bertsekas, 1997 is the
mostcloselyrelatedprevious work. We defer discussiorof
it until section4.2.

2 Generating Suboptimal Policies

Corvergenceby TD(A) to suboptimalpolicies canbe found
in eventhesimpleston-trivial system— a Markov Decision
Processwith only two states.Considerthe transitionmatrix
shavnin Tablel. Thecorrespondingnachine shavn in Fig-
urel, hastwo states A and B, andin eachstatetherearetwo
actionsto choosefrom. Action a; takesthe machineto state
B with probability% andactiona, takesit to stateA with the
sameprobability.

We denotethe rewardfor enteringstatez by r(z), andde-
finer(4) = 0, andr(B) = 1. If we assumeonly determin-
istic policies,therearefour possiblepoliciesfor this system:
alwayschooseactiona,, alwayschooseactiona,, chooseu;
in stateA anda, in stateB, or vice-versa.

In this papeme only consideiinfinite-horizon,discounted-
reward problems,so the value of a statex underpolicy u,
J#(x), is definedto be:

JH(z) = EF lz alr(zy)|zo = x] ,

t=0

wherez; is the currentstateat time ¢, E* denotesthe ex-
pectationover trajectorieszg, z1,... underpolicy u, and
a € [0,1) is thediscountfactor

For this simple systemthe optimal policy is to always
choosethe action leadingto stateB with highestprobabil-
ity, thatis to chooseactiona;. Let J*(z) denotethe value
of statexz underthe optimal policy. The following relations
between/*(A) andJ*(B) musthold:

J*(A) =r(A) + p(4, A)aJ" (4) + p(4, B)aJ"(B)
J*(B) =r(B) + p(B, A)aJ*(A) + p(B, B)aJ"(B),
wherep(z, z') denotesthe probability of a transitionfrom

stater to ' underthe optimalpolicy.
Substitutingfor p(-) from Table1 andsimplifying, we can
expressJ* () in termsof a:

. 2«
J*(A) = 31—a) 1)
J*(B) =1+ % )

Notethat,asexpected,J*(B) > J*(A) forall a € [0,1).
We defineour approximatdinear value function J(z, w)
by

k
J(z,w) =w- $(z) = Zwi@(m),

wherew = (w1, ..., wy) istheparametevector and¢(z) =
(1(z), ..., dr(x)) is a function mappingstatesto feature
vectors. In our simple two statesystemwe requirethe di-
mensionalityof w and ¢ to be1 (i.e. & = 1) in orderto
ensurethat J cannotapproximateall possiblevalue func-
tions (i.e. to ensurewe really arein an approximatevalue-
function setting). Henceour approximatevalue function is
simply J(z,w) = w¢(z) for scalarw and¢. For the two
stateexamplewetake ¢(A4) = 2 and¢(B) = 1.

If we generatea policy from J(z,w) by using one-step
greedylook-aheadthento preferactiona; over actionas,
we require J(B,w) > J(A,w), which will hold only if
w < 0. Hence for alearningalgorithmto yield an approx-
imator which implementsthe optimal policy (i.e. correctly
valuesstate B above state A), it musttunew to a negative
value.

Assumingthe optimal policy is beingfollowed, andwith
TD(1) asthe learningalgorithm, [Tsitsikilis and Van Roy,
1997, Theoreml] shavsthatw will corvergeto

Weo = argmin ||J(-,w) — J*||p,
where .
|J(-;w) = J*|lp = Erp(w),
with Erp(w) — theerrorfunction— definedas

Erp(w) =) n(z)(J(z,w) - J*(z))*, ®)
in which 7(z) is the stationaryprobability of statez. That
is, TD(1) corvergesto a parametewvector minimising the
weightedleast-squaredrror betweernthe approximatevalue
of a stateandits true value,whereeachstateis weightedby
its stationaryprobability.

With thestationarydistribution, [r(A4), 7(B)] = [5, 2], we
canfind thews, minimising (3) by solving 4£22(%) — g for
w, where

dEZiZ(“’) = 2m(A)[we(A) — J*(4)]p(A)

+2n(B)[wg(B) — J*(B)]4(B).
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Figure2: Evolution of (J(A4,w), J(B,w)) usingTD(1) and

startingfrom w = —10, i.e. (=20, —10), plotted every 50
iterations. The region above J(A) = J(B) givesoptimal
policy.

For « = £, a quick calculation gives wo, = ¥

— the wrong sign. Figure 2 shavs the evolution of
(J(A,w), J(B,w)) plotted after everg 50 iterations of
TD(1). The systemcorvergesto (%, ), minimising the
squarederrorto J*(4) = g andJ*(B) = £ — thetrue
valuesunderthe optimalpolicy.

Note that the systemstartsin the region of optimal pol-
icy, with w < 0 and (J(4,w), J(B,w)) above the line
J(A) = J(B). However, TD(1) movesit into the subopti-
mal policy region to minimisethe squarecderror on the state
valueapproximations.

The reasonfor this is perhapshestunderstoodyeometri-
cally. Figure3 shows the spaceof all valuefunctionsfor our
system,with axesweightedby the stationarydistribution of
the correspondingstateunderthe optimal policy, i.e. the z-
coordinatds weightedby % andthey-coordinateby % Value
functionsin the lighter region value stateB above stateA,
andhencegeneratean optimal greedypolicy, while thosein
the darker region generatesuboptimalpolicies. The bound-
ary crossingline representshe setof realisableapproximate
valuefunctions(w¢(A), wé(B)).

The TD(1) corvergencepoint is thensimply the approxi-
matevaluefunction found by projectingthe true valuefunc-
tion (J*(A), J*(B)) ontothe setof realisablefunctions. As
canbe seenin Figure3, TD(1) minimisesthe weighteddis-
tancebetweenthe true value function and the cornvergence
point, but takesno accountof the of the policy boundaryand
endsupin the suboptimalpolicy region.

3 Suboptimal Policiesin Backgammon
The exampleof the previous sectiondemonstrateghat it is
possiblefor TD(A) to degradethe policy whilst still minimis-

ing ||J — J*||p, where J* is the true value function of the
systembeing obsened! We now shaw that this behaiour

LIf the optimal policy is being obsered, asis the casein the
previoussectionthenJ = J*.
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Figure3: A geometridnterpretatiorof TD(1)'s behaiour in
thetwo-statesystem.

affects not only artificial examples,but is alsoevidentin a
realdomain; backgammonr— whereTD()\) hashadits most
famoussuccess.

Our backgammomlaying programhasbeencreatecalong
thelinesof Tesaurcs TD-Gammor Tesauro1992;1994. Its
neuralnetwork function approximatorhas209 input nodes,
no hiddenlayer, and1 outputnode,which is a squashedin-
earfunction of the inputs. The input vectorconsistsof 200
elementgdirectly representinghe board, 8 elementsrepre-
sentinghand-codedeaturesextractedfrom the board (e.g.
probability of hitting a blot), anda constantaluel.

We usedTD()) to train a large numberof randomlygen-
eratedneural networks using self-play and monitoredhow
their level of performancechangedas training progressed.
We measuregerformanceby playing the network againsta
hand-codedixed opponentfor at least2000gamesrecord-
ing the proportion of gameswaon, ignoring gammonsand
backgammonsThis fixed opponentvasbasedon Tesauros
PUBE\AL.2 About half of the runsexhibited an interesting
behaiour, wherebyperformancenitially increasesbut then
suffersanoticeabledropbeforerecoveringto plateauatabout
0.8 (winning 4 gamesn 5) againstthe benchmarlopponent.
The other runs shov generallymonotonicperformancen-
creaseshut alsoplateauat about0.8.

To ensurethat this behaiour was not an artefact of
the benchmarkopponent,we re-generatedhe performance
curveswith otherbenchmarlopponentsThesewerecreated
by randomlygeneratingunction approximatorsndtraining
them until they were of similar strengt§ to the fixed op-
ponent. The resultswere unchangedthe individual curves
shifting up or down slightly with the variationin the play-
ing strengthof thebenchmarlopponentput thecharacteristic

2Available  from  http://wwe cgi. cs. cmu. edu/
af s/ cs. cru. edu/ proj ect/ connect/ code/ tesauro

3This is necessarpecauséf they weresignificantlywealer or
stronger the detail of the effect we wish to obsere would be ob-
scuredasthe curve is compressetbwardsthetop or bottomaxis.
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Figure 4: Performanceof function approximator for
backgammonasit trainsby obsenationwith TD(A). Learn-
ing rate= 0.003, A = 0.0

policy degradationremained.

To be certainthatit is the effect obsenedin the previous
section,we needto shov that TD()\) is making progressin
minimising ||.J — J*#|| p whilst the policy is degrading. This
is not as straightforvard in the caseof a backgammorsys-
tem using TD()) to train by self-play becauserD()) does
not passiely obsene the play, but ratherregularly modifies
the player Hencethe policy 4 changesachtime the neural
network weightsare updated and so the existing theoretical
resultsno longerapply. To overcomethis, we modified our
systemto make the TD(\) updateson the parameterf a
non-playingsecondapproximatomwhich wasinitialised asa
copy of theonebeingobsened.

We usedthis modifiedsystento trainanetwork takenfrom
the original experiment.The network selectechadoriginally
beentrainedfor 6500 games(the performancepeakprior to
degradationsettingin) andwaschoserbecauseét wasoneof
thegroupof networkswhich wentonto exhibit policy degra-
dation,i.e. trainingit underthe original TD()\) regimehadre-
sultedin networksimplementinginferior policies. We called
this network wstart

To estimate||J — J#||p we needto estimateboth J* and
the distribution D. Sincethe performanceof the network
is being comparedto the fixed opponent,D is the distrib-
ution over statesgeneratedy play betweenws,t and this
opponent. So to estimateD, we collecteda large number
(2000) positionsS := {z1,...,z,} from mary gamesbe-
tweenwstartandthefixedopponentEachpositionz € S was
thenrolled-out200times,andtheresultsaveragedo form an

estimateJ(z) of J#(z). Thus||J — J#||p is estimatedby
I|J — J|| p, where

1= Jllp = % > [T w) - j(x)]2 _

€S

Notethat||J — J|| 5 is anunbiasedstimateof ||.J — J#||p.
Figure4 shavs a performanceurve for w, -+ againsthe
fixed opponent.Performancealropsfrom a high of 0.46to a
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Figure 5: Estimatederrorin the function approximatorfor
backgammonasit trainsby obserationwith TD(A). Learn-
ing rate= 0.003, A = 0.0.

low of 0.30,adeclineof aboutone-third.

In Figure5 we seethatour estimateof || J — J#||p (called
EstimatedError in Approximator), risesinitially and then
declineshroughoutheremaindeiof therun.

Togetherthesecurvesareextremelyinteresting.Normally
we would expectto find the errorfalling with the policy im-
proving concurrently However, thefiguresshaw notthis, but
two differenttypesof behaiour. Firstly, we seetheerrorris-
ing whilst policy degradesandsecondlywe seeerrorfalling
rapidly aspolicy continuesto degrade.

The first behaiour is not unexpected. If we believe that
policy improvesaserrordeclineswe shouldalsobelieve that
policy will degradeaserrorincreasesThe seconcbehaiour
however, clearly demonstrateshe policy degradationeffect
— approximatiorerrorfalls by half, whilst the performance
of the policy continuesto decline. Hence,in this case min-
imising error in the state-walue approximationdeadsto an
inferior policy.

4 Improving Policy - STD())

Theresultsof the previoustwo sectionsraisethe questionof
whetherthereis a betterway of doing TD-style updates.ls
thereanupdaterule which precludegolicy degradation?

The problemwith TD(}) is thatit takesno accountof the
policy implementedby the function approximator The up-
datesare not directly derived from the policy, and thereis
no consideratiorof the effect on policy thatthe updateswill
have. The updatesare calculatedwith the sole intention of
moving J closerto J#, but aswe have seenin section2, the
region aroundJ* mayimplementsuboptimalpolicies. Even
if the region to which we corverge hasgood policies, asin
the caseof backgammor{section3), the pathwhich TD()\)
follows maytraverseregionsof badpolicy.

The idea we have tried to capturewith our algorithm,
STD()), is to usethe temporaldifferenceso learnrelative
statevalues. This ende&oursto improve the policy directly,
ratherthan concentratingon approximatingindividual state
values. To simplify matterswe have restrictedour attention
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Figure6: A sequenceof statesin a Binary Markov Deci-
sion Proces(BMDP) and how they are viewed by TD())
andSTD()\). Thesolid linesrepresentshe pathtakenby the
process,A — B — D, with the dottedline representing
the alternatve pathsthat might have beenfollowed. TD())
only seesthe statesthe systemactually visited (A4, B, D),
and makes updatesbasedon the feature vectorsof those
states(¢(A), ¢(B), ¢(D)). STD(\) knows about the al-
ternatve paths,or sibling states and makes updatesbased
on the differencesbetweenfeaturevectorsof sibling states

(6(B) — ¢(C), ¢(D) — ¢(E)).

to Binary Markov DecisionProcesse¢§BMDPs) — loosely
speaking,at every statein a BMDP there are at mosttwo

statesthat the systemcan go to next. We call thesestates
sibling states. Unlike TD(A) which operateson the feature
vectorsof statesdirectly, STD(\) operateson the difference
betweerfeaturevectorsof sibling states Thisis illustratedin

Figure6.

4.1 The STD(A) algorithm
We considera linearapproximatiorto J* of theform

k
J(i,w) := de%(i); (4)
d=1
wherew := (w1, ...,wy) is a vectorof tunableparameters

and (i) = (¢1(i), .-
atedwith statei.

TheSTD(A) algorithmis describedn Algorithm 1. Note
thatwe canobtainaversionof STD(A) for nonlinear.J (i, w)
by replacingstep6 with

., ¢r(1)) is the featurevectorassoci-

Vj('rt-i-la w) - Vj(xé—i-law)
PH (T4, Tit1)
We now make thefollowing assumptions:

Assumption 1. Thestepsizesy, are positiveand predeter
minedwith 372 v = oo and ;2 77 < oo.

Assumption 2. TheMarkov chain geneatedby the BMDP
under policy p has a unique stationary distribution 7 =

(5)

Zt41 = Ot)\Zt +

(w(1),...,7(n)).
Assumption 3. Thematrix
¢1(1) $a(1)
P .=
¢1(n) $a(n)
hasfull rank.

Algorithm 1 TheSTD(A) algorithm
1: Given:
e Ae0,1],a €0,1)

e Statesequencery,z1,... generatecby a BMDP
undersomepolicy u.

e Stepsizesy; > 0.

e Linearfunctionapproximatot/ (-, w) parameterised
byw € RE.
2: Chooseary startingstatezy, initial parametewectorwy,
andsetzg = 0, (2o € RK).
3: for eachstatetransitionz; — x¢11 do
4 dp = [r(ze) —r(z)]

+a [j (Tpg1,we) — J (117,'5+1,wt)]

_ [j (4, w7) — J(x;,wt)]

5 Wiyl 1= Wy + Ve de 2t )

6 241 = Oé)\Zt + 7(75(;?:(;)1:;1&?;1)
7. t:=t+1

8: endfor

Sincewe have assumedhe existenceanduniquenessf a
stationarydistribution 7 (7) over statesthereexistsa station-
ary distribution 7 (7, i') over statesandtheir siblings. Thatis,
w(i,1") is thestationaryprobability of beingin state:, with 4’
asthesibling state.Notethatunderpolicy ,

w(i,i') = Y w(j)p" (5, 1)
J
wherethe sumis over all statesj with successostates and
i', andp*(j,1) is the probability of makinga transitionfrom
statej to state; undery.

Undertheabove assumptionsyith alinearvaluefunction
(4), andwith afixedpolicy u, thesequencef pairsof sibling
states(z;, 1), (Ti41,%441), ... formsaMarkov chainwith
transitionprobabilities

H(i,5) i j i follow ¢
Wil Y (i Y — )P (4,7) if bothj andj’ canfo 7,
P (@G = {0 e
anda stationanydistribution 7 (3, 7).

Applying the algumentsusedto supportthe corvergence

of TD()\) in the linear case[Tsitsikilis and Van Roy, 1997,

Theoremi], we canseethatfor STD()), the limiting vector
Wy Satisfies

3 ) [ wee) = (G, ws0)) = (76 = 1)

(2]

L—ad "9TD()) is aiming for a

11—

Thus, within a factor of



parameterectorw minimisingtheerrorfunction:

Estp(w) := Zﬁ(i;j)
2]
~ ~ 2
(TG w) = JGw) = (74G) - 7G| ©)
Comparethis with the correspondingerror function for
TD(X), equation(3). It is obviousthatwhen Erp = 0 (i.e.
thefunctionapproximatorieldsthetrue statevalues)anop-
timal greedypolicy will be implemented. Similarly, when
EsTp = 0 (i.e. thefunctionapproximatoyieldscorrectstate

valuedifferences)yn optimal greedypolicy will alsobeim-
plemented.

Definition 1. Giventwo error functionsE; and E,, we say
that By > Es if E5 = 0= E; =0andE; :O#EZZO
True statevaluesnecessarilymply correctstatevaluedif-
ferencessowe have Erp = 0 = Estp = 0. However,
thecornversedoesnothold, asthefunctionapproximatomay
yield correctstatevalue differenceswithout the statevalues
themselesbeing correct— hencewe have Esrp = 0 %
Erp = 0. For example,in the context of the two-statesys-
temof section2, a function approximatowhich valuesstate
A at-1 andstateB at0, would satisfy Es7p = 0 (andimple-
mentan optimal policy) without satisfyingErp = 0. Thus,
the errorfunction of STD(\) admits,asa corvergencepoint
of the STD(A) algorithm,parameterisationsf the statevalue

approximatomwhich correctlyrepresenthe statedifferences.

Thisis lessstrictthanthe TD(X) errorfunctionwhichonly ad-
mits parameterisationshich correctlyvaluethe stateshem-
sehes.HencewesayFEsrp > Erp.

The potentialsignificanceof Es7p > Erp canbe seen
in thetwo statesystem.TD(\) ende&oursto minimise Erp,
effectively seekinga singlew to solve two equationsimulta-
neously(i.e. thevaluesof thetwo states)In contrastSTD(\)
minimisesEsrp, Which reducedo seekinga w to solve the
equation

J(A) — J(B) = J*(A) — J*(B)
whichis equialentto
_ J*(4) - J*(B)
~ (#(4) - ¢(B))
Notethatw doesnot dependon the stationarydistribution
over statesThis leadsusto thefollowing theorem.
Theorem 1. Letthere beatwo-stateBMDP drivenbyanar-

bitrary but stationarypolicy. LetSTD(l) observehis process
and accoingly tunethe parametes of a linear statevalue
function approximator J(-,w;). Thenthe limiting parame-
ter vector w,, Will implementan optimal one-stepgreedy
lookaheadpolicy for thetwo-stateBMDP.

Obviously the samecannotbe said of TD(1) (recall the
discussiorin section2).

4.2 Comparisonwith Differential Training

As mentionedearlier the methodof differential training de-
scribedby BertsekagBertsekas]1997 is themostcloselyre-
latedto the STD()\) algorithmpresentedhere. During train-
ing, it requirestwo instance®f the systembeingobsenedto

runin lock-stepbut evolveindependentlyAt time ¢, the state
of oneof theinstancegchoserarbitrarily)is referredto asz;,
with the stateof the otherinstancebeingz;. Themethoduses
aTD()) approachto learnan approximationG(z, &, w), to
thetruedifferencesn thevaluesof thesestates:

G* (@, 80) = J* (1) — J*(81)-

G*" is viewed asthe reward function of a probleminvolving
thecompoundstateqz, &), andtherewardperstage:r(z;) —
r(Z:). HenceG* satisfieghe Bellmanequation:

G (¢, &) = E{r(z:) — r(&4) + aG* (Te41, Be41) }-

We will referto the differentialtraining algorithmthat uses
TD(A) updatesn aninfinite horizondiscountedeward set-
ting asDT(A).

AssumingG is linear, andunderAssumptionsl—3,DT(A)
will corverge (within a factorof 1=22) to a w which min-
imises:

Epr(w) = Y w(e)n(@) [Gle, &, w) - G4(z,2)]

z,&

=Y 7w(x)n(%)

((Fzw) = J(@,w) = (74(z) - (@)
™

(by [Tsitsikilis andVanRoy, 1997, Theoremi]).

Comparing(7) with (6), we seethat DT()\) is minimis-
ing the samequantitywe minimisewith STD()), exceptthat
DT(\) is working with adifferentdistribution over statepairs.
In particular thedistribution obsenedby DT()) givesanon-
zero probability to a pair (y, ), evenif the two component
statescannever occurassiblings. If y andg areboth high
probability statesthenn(y) () will berelatively largeand
theevolution of w will beinfluencedowardsachieving acor-
rectapproximatiorfor a pairthatwill neveroccuroutsidethe
trainingervironment.

In contrastSTD()\) obsenesonly a singleinstanceof the
systemduringtraining,andthustrainswith respecto thedis-
tribution of statepairsoccurringunderpolicy p. Statepairs
whosecomponentscan never occur as siblings will not be
obsenred,andwill notinfluencetheevolution of w.

Note that for mary dynamical systems(such as physi-
cal systems}he numberof sibling state-pairsvith non-zero
probabilityis O(n), while thetotal numberof state-pairgand
hencethe numberwith non-zeroprobabilityunderDT()\)) is
alwaysO(n?). In thesesystemsearlyall the state-pairgon-
sideredn DT()) aremisleading.

4.3 Policy degradationin DT(A)

In this sectionwe presenanexample3-statesystenin which
DT()\) corvergesto a suboptimalpolicy while STD()\) con-
vergesto the optimal policy. This exampleis designedsim-
ply to illustrate the pitfalls associatedvith training against
thewrongdistribution. In particular we donotclaimSTD()\)
alwaysdominateDT(\).



r(A)=0 r(B)=0 r(C)=1

Figure7: Transitionsandrewardsin the examplethree-state
system.

The Markov chainwith rewardsis shovn in Figure7. The
only statein which a decisionmustbe madeis stateB, and
in that statethereare two actions: a; goesto stateC' with
probability 0.9 and A with probability 0.1, while actiona,
goesto stateC' with probability 0.1 and state A with prob-
ability 0.9. Clearly the optimal policy is to always choose
action ay, which gives a stationarydistribution of 7(A) =
0.05,7(B) = 0.5,7(C) = 0.45. Underthis policy, andfor
agivendiscountfactora. € [0, 1), the relationshipsxisting
betweerthe statevaluesyield the following systemof equa-
tions.

0.902

T(4) = 1—a?

0.9a

B) =

J(B) o
0.90>
=14+ -
J(C) + =2

If we take our function approximatorto be one-dimensional
sothatJ(z,w) = wé(x), andsetp(A) = 1,¢(B) = 3 and
¢(C) = 2, thenary positive weightwill valuestateC' above
stateA andhencewill implementthe optimal policy, while
ary negative weightwill implementthe suboptimalpolicy. A
quick calculationshaws thatthe limiting weightw?2T of the
DT(1) algorithmsatisfies

or 0.18a—0.81
Woy = =
< 1391+ «)

whichis negativefor all a € [0, 1), i.e. thewrongsign,while
the limiting weight for STD(1) is w3I® = 1, which is the
right signfor « € [0, 1), andrepresentsanexactmodelingof
J(C)— J(A) by J(C) — J(A).

5 Experimental Results

The aim of our first setof experimentswas simply to illus-
trate Theorem1l of section4.1, i.e. when observinga two-
statesystem STD(1) will alwayscorvergeto anoptimalpol-
icy. Using STD(1), the systemwasstartedwith w = 0.777
(J(A4,w) = 1.555,J(B,w) = 0.777; the corvergence
point of TD(1) and a sub-optimalpolicy), it subsequently
crossednto the optimal policy region, with w approaching
-1 (J(4,w) = —-2,J(B,w) = —1) within 30,000itera-
tions. The sameresultis achiesed for every initial value of
w. Further we alsoranthis experimentwith STD(1) observ-
ing two otherpolicies: alwayschooses; (thecorverseof the
optimal policy), andrandomlychoose(with equalprobabil-
ity) betweena; andas. In both casesw corvergedto the

samevaluesaswhenobservingthe optimalpolicy. Hence,jir-
respectie of which policy wasbeingobsenedSTD(1) learnt
jthe correctorderingof the statevaluesunderthe optimal pol-

icy.

5.1 Acrobot

In our secondset of experiments,we applied both TD()\)
and STD()\) to the much studiedacrobotproblem[Dejong
and Spong, 1994; Sutton, 1996; Sutton and Barto, 1999.
This problemis analogoudo a gymnastswingingon a high
bar, andinvolvessimulatinga two-link underactuatedobot.
Torquecanbe appliedonly at the secondjoint. Our imple-
mentationis basedupon the equationsof motion and con-
stantsgivenin [SuttonandBarto,1998,page271] . However,
angularvelocitiesarerestrictedo theinterval [—4, 4r], and

bothd; andf, aremodifiedby addingin the dampingterm
—‘z—’"‘kéfn wherek is a constantandm is 1 or 2 asappro-

priaTe. The permittedactionsare alsorestrictedto applying
torquesof +1 or -1 atthe secondoint.

Actions are chosenevery 0.1 simulatedsecondsthough
motionis simulatedat a muchfiner granularity The system
is run continuouslywith reward givenaftersimulatingthe ef-
fect of eachaction;therewardbeingsimply the heightof the
acrobotstip aboveits lowestpossibleposition?

For ourfirst experimentthelearningalgorithmsobseneda
controllerwhich usedone-stepgook-aheado greedilychoose
betweentwo actionsbasedon the following evaluationfunc-
tion.

J(01,02,91,92) = |61 +02| (8)

This functionwaschoserbecausét implementsa goodpol-
icy which is significantly superiorto its corverse. Using a
discountfactorof a = 0.95, we have empirically estimated
thetotal discountedewardfor the policy to be24.4(the max-
imum possibles 80, whichrequireghetip to becontinuously
balancedat the highestpoint), with an estimatefor the con-
versebeing0.4. The natureof our functionapproximatomland
featurevectorlimit the learningalgorithmsto choosingbe-
tweenthe obsenedpolicy andits converse.

We useda linear function approximatoyanda single ele-
mentfeaturevectorg(-) (see(9) below) whichis restrictedo
therange[0, 1] andgiveshigh valuesto statesnot preferred
by thehand-codegbolicy basedon J(-) (see(8) above).

8(01,05,01,0) =1 - 1L L2 ©
73

With the acrobotstarting from restin the vertical hang-
ing position,andfollowing thehand-codegbolicy mentioned
above, the two learningalgorithmswere usedto train sep-
arate linear evaluators. In both casesA was setto 1.0.
Note that sincethe obsened policy is greedy the probabil-
ity of eachstatetransitionis 1; i.e. in the STD(\) algorithm
p*(@e, 241) = 1.

TD(A) corvergesto aweightof w = 27.3, whilst STD()\)
convergesto w = —2.7. Since¢(-) ordersstatesn the oppo-
siteorderto J(-), apositive valuefor w meanghatTD(\) has

“Both links are1 metrein length,sothe reward for eachstepis
betweerD and4.



corvergedto the corverseof the hand-codedolicy, i.e. the
inferior policy. STD(A\) however, hascorvergedto anegative
w andthusits function approximatorreversesthe ordering
imposedby ¢(-) andimplementshe superiompolicy.

We subsequentlyepeatedhis experimentwith the learn-
ing algorithmsobservinga randompolicy (actionschosen
with equalprobability; i.e. p*(z¢, ¢41) = 0.5). AgainTD()\)
corvergedto a positive w whilst STD(A) corvergedto aneg-
ative w. Hence,irrespectve of whethera good policy, or
simply a randompolicy is beingobsenred, STD()\) learnsa
function approximatorfor this problemwhich implementsa
good setof relative statevalues(and hencea good policy),
whilst TD(\) learnsanapproximatowhoserelative stateval-
uesgenerataninferior policy.

6 Conclusion

We have shown that TD()) updateswhich seekto improve
the statevalue approximation(by minimising || - ||p) can
leadto inferior policies. For the systemdetailedin section2,
TD(X) causeghe function approximatorto abandonan op-
timal policy. In section3 we saw thatin a real application,
the TD()) updatescan take the function approximatorinto
regionsof parametespacewith policiesinferior to thosethat
hadalreadybeenachieved.

For Binary Markov DecisionProcessewe presente@dnew
algorithm, STD()), that retainsthe advantagesf TD()) in
termsof on-line operationand small memoryrequirements
(only theeligibility traceandcurrentparametevectorneecto
bestored) but operateslirectlyonthedifferencen valuesbe-
tweensibling states ratherthanthe statevaluesthemseles.
Thelimiting behaviour of STD()\) wascharacterisedor lin-
earfunction approximatorsyielding Theoreml coveringits
performanceon two-stateBMDPs,andaninterpretatiorthat
STD(\) actsto improve policiesratherthanthe statevalues
themseles.A comparisorwasmadewith BertsekasDT()),
anda three-statexamplepresentedvhich demonstratethe
differencebetweerDT(\) andSTD()).

We have alsosuccessfulljdemonstratethat STD(\) con-
vergesto optimalpoliciesfor thetwo-statesystem(consistent
with Theoreml) andthe acrobotproblem.
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