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Abstract

TD( � ) with functionapproximationhasprovedem-
pirically successfulfor somecomplex reinforce-
mentlearningproblems.For linearapproximation,
TD( � ) hasbeenshown to minimisethesquareder-
rorbetweentheapproximatevalueof eachstateand
the true value. However, as far as policy is con-
cerned,it is error in the relative orderingof states
that is important,ratherthanerror in the stateval-
ues.We illustratethispointwith asimpletwo-state
systemin which TD( � ) abandonsthe optimalpol-
icy to converge to a suboptimalpolicy. We also
observethis trait of policy degradationby TD( � ) in
backgammon.We thenpresenta modifiedform of
TD( � ), calledSTD(� ), in which functionapproxi-
matorsaretrainedwith respectto relativestateval-
ues.We characterisethe limiting behaviour of this
algorithm,andpresenta theoremguaranteeingop-
timality of the limiting parametervector for two-
stateBMDPs. A comparisonwith Bertsekas’dif-
ferential training methodis alsopresented,which
highlightsa significantdifferencebetweenthe al-
gorithms. This is followed by successfuldemon-
strationsof STD(� ) onthetwo-statesystemandthe
well known acrobotproblem.

1 Intr oduction
For complex reinforcementlearningproblems,TD( � ) with
function approximation[Sutton, 1988] has proved empiri-
cally successful.Its originsgobackasfarasSamuel’sCheck-
ersProgram[Samuel,1959], while perhapsits mostfamous
successhas been Tesauro’s TD-Gammon[Tesauro,1992;
1994]. A variantof TD( � ) for minimaxsearchhasalsobeen
successfulin learningto play chess[Baxteretal., 2000].

For linear approximation,TD( � ) hasbeenshown to min-
imise the squarederror betweenthe approximatevalue of
eachstateandthe truevalue[Tsitsikilis andVanRoy, 1997;
Dayan,1992;Gordon,1995;Singhetal., 1995]. However, as
far aspolicy is concerned,it is error in the relative ordering
of statesthat is critical, ratherthanerror in the statevalues.
Considera simplesystemconsistingof two-states:� and � ,
wherethe valueof eachstateunderthe optimalpolicy is 10
and5 respectively. A functionapproximatorwhichestimated

thestatevaluesto be15 and0, would implementtheoptimal
policy whilst having a squarederrorof ��� . However, a func-
tion approximatorestimatingthe valuesas 7 and 8, would
haveasquarederrorof only ��� , yetwould not implementthe
optimalpolicy.

We illustrate this point further in section2 with a sim-
ple two-statesystemin which TD( � ), startingfrom the op-
timal policy, convergesto a suboptimalpolicy. In section
3 we demonstratethat this also occursin a more complex
system: backgammon.In section4 we presenta modified
form of TD( � ), calledState-TemporalDifference(� ) (or sim-
ply STD(� )), in which function approximatorsare trained
with respectto relative statevalueson binarydecisionprob-
lems. We characterisethe limiting behaviour of STD(� ) and
provideatheoremguaranteeingoptimalityof thelimiting pa-
rametervectorfor two-stateBMDPs. Section4.2 compares
STD(� ) with differential training [Bertsekas,1997], high-
lighting thedifferentdistributionsof statepairsusedin train-
ing. Experimentalresultsin section5 demonstratethesuccess
of STD(� ) in thetwo-statesystemandin avariantof thewell
known acrobotproblem.

1.1 Previous work on StateDifferences.
Several researchershave previously consideredusing state
differenceinformation. Utgoff andSaxena[Utgoff andSax-
ena,1987] describedthe Best-FirstPreferenceLearningAl-
gorithm for creatinga set of preferencepredicatesfrom a
previously known solution. Utgoff andClouse[Utgoff and
Clouse,1991] showed how a similar algorithmcanbe used
to generateweight updatesfor a linear function approxima-
tor. The techniquerelies upon an external expert to nom-
inate the preferredstates,and thus is a form of supervised
learning. They have also constructedan algorithm which
hasa supervisedlearningphaseto utilise expertpreferences,
anda reinforcementlearningphaseto make traditionalTD-
styleupdateswhichdon’t usetheexpertpreferences.Tesauro
[Tesauro,1989] describedanexperimentin whichheusedex-
pertpreferencesto train a neuralnetwork to choosebetween
backgammonpositions.

The approximationof cost-to-godifferences—ratherthan
just thecost-to-go—hasbeeninvestigatedby anumberof au-
thors in the context of 	 -learning. Werbos[Werbos,1990;
1992] discussesthe meritsof approximatingthe gradientof
the 	 function, whilst Baird [Baird, 1993], Harmon, and



Current DestinationStateProbabilities
State Action � �� or � 
�� �
 �
� or � 
 � �
 �


Table1: TransitionMatrix of thetwo-stateSystem
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Figure1: Transitionsandrewardsin thetwo-statesystem.

Klopf [Harmonet al., 1994] introducedadvantaging updat-
ing which estimatesthe valueof eachstateandthe relative
advantageof eachactionusingseparateapproximationarchi-
tectures.

MorerecentlyMcGovernandMoss[McGovernandMoss,
1998] have usedtemporaldifferencelearningto develop an
instructionschedulerfor an optimisingcompiler. Their ap-
proachusestable-lookupratherthanfunctionapproximation,
andcombinespossiblesuccessorstatesinto a singlefeature
vectorwhich is mappedto apreferenceindicator.

Bertsekas’differential training [Bertsekas,1997] is the
mostcloselyrelatedprevious work. We deferdiscussionof
it until section4.2.

2 Generating Suboptimal Policies
Convergenceby TD( � ) to suboptimalpoliciescanbe found
in eventhesimplestnon-trivial system— aMarkov Decision
Processwith only two states.Considerthe transitionmatrix
shown in Table1. Thecorrespondingmachine,shown in Fig-
ure1, hastwo states,� and � , andin eachstatetherearetwo
actionsto choosefrom. Action 
 � takesthemachineto state� with probability �
 andaction 
 � takesit to state� with the
sameprobability.

We denotetherewardfor enteringstate� by ������� , andde-
fine ����������� , and ����������� . If we assumeonly determin-
istic policies,therearefour possiblepoliciesfor this system:
alwayschooseaction 
�� , alwayschooseaction 
 � , choose
��
in stateA and 
 � in stateB, or vice-versa.

In thispaperweonly considerinfinite-horizon,discounted-
reward problems,so the value of a state � underpolicy � , "! ���#� , is definedto be: ! ���#�$�&% !('*)+ ,�-/.10 , ����� , �32 � . �&��465
where � , is the currentstateat time 7 , % ! denotesthe ex-
pectationover trajectories � . 58� � 5:939:9 under policy � , and0<;<= ��53�>� is thediscountfactor.

For this simple systemthe optimal policy is to always
choosethe action leadingto stateB with highestprobabil-
ity, that is to chooseaction 
 � . Let

 @? ���#� denotethe value
of state� underthe optimal policy. The following relations
between

 @? ����� and
 A? ���6� musthold:

 ? �����B�&�������@CED@�F�G58��� 0  ? �����@CHDI���G5J��� 0  ? ���6� ? ���6�B�&�����6�@CED@�F�K58��� 0  ? �F���ICHDI���K5J��� 0  ? ���6�L5
where D@���A58�NMO� denotesthe probability of a transition from
state� to � M undertheoptimalpolicy.

Substitutingfor D@�QP � from Table1 andsimplifying, we can
express

 ? �QP � in termsof
0

: ? �F���$� R 0�N�S�UT 0 � (1) ? �F���$�V�*C R 0�W�Q�UT 0 � (2)

Notethat,asexpected,
 A? �F���YX  A? ����� for all

0Z;[= �W53�>� .
We defineour approximatelinear valuefunction \ ���@5Q]��

by \ ���@5Q]��Y�&]&P_^@�����Y� `+ a - � ] a ^ a �����b5
where]V�c��] � 5:939:9b5Q] ` � is theparametervector, and ^I���#�$��F^ � ���#�L539:939_5J^ ` �����Q� is a function mappingstatesto feature
vectors. In our simple two statesystemwe requirethe di-
mensionalityof ] and ^ to be � (i.e. de�f� ) in order to
ensurethat \ cannotapproximateall possiblevalue func-
tions (i.e. to ensurewe really are in an approximatevalue-
function setting). Henceour approximatevalue function is
simply \ ���@5Q]��g�h]�^I����� for scalar ] and ^ . For the two
stateexamplewe take ^I�����$� R and ^I�����Y�i� .

If we generatea policy from \ ���A58]�� by using one-step
greedylook-ahead,then to preferaction 
 � over action 
 � ,
we require \ ���j5Q]��iX \ ���G58]�� , which will hold only if]lk�� . Hence,for a learningalgorithmto yield an approx-
imator which implementsthe optimal policy (i.e. correctly
valuesstate � above state � ), it must tune ] to a negative
value.

Assumingthe optimal policy is beingfollowed, andwithmUn �S�_� as the learningalgorithm, [Tsitsikilis andVan Roy,
1997,Theorem1] shows that ] will convergeto] ) � argminoYpq\ �QPr58]��sT  ? p3t�5
where pU\ �SPu5Q]��1T  ? p t �wvyx t ��]��L5
with vqx t ��]�� — theerrorfunction— definedasvqx t ��]��Y� +>z�{ ���#�b�I\ ���A58]��sT  ? �����8� � 5 (3)

in which
{ ���#� is the stationaryprobability of state � . That

is,
mUn �Q�_� convergesto a parametervector minimising the

weightedleast-squarederrorbetweentheapproximatevalue
of a stateandits truevalue,whereeachstateis weightedby
its stationaryprobability.

With thestationarydistribution,
= { �����L5 { �����}|@� = �
 5 �
 | , we

canfind the ] ) minimising(3) by solving ~��/���s� o/�~ o ��� for] , where� v x tG��]��� ] � R { ����� = ]�^I�����BT  ? �F����|�^I�����C R { �F��� = ]�^I�F���$T  ? �����}|O^I�F���L9
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Figure2: Evolution of �A\ �F�G58]��L5Y\ ���K58]��Q� usingTD( � ) and
startingfrom ]���T��:� , i.e. �QT R �W53T��:��� , plotted every 50
iterations. The region above

 �������  ���6� givesoptimal
policy.

For
0 � �� , a quick calculation gives ] ) � ��

— the wrong sign. Figure 2 shows the evolution of� \ �F�G5Q]��L5 \ ���K58]��Q� plotted after every 50 iterations of
TD( � ). The systemconverges to � �}�� 5 �� � , minimising the
squarederror to

 A? ���������� and
 A? �F����� �Q�� — the true

valuesundertheoptimalpolicy.
Note that the systemstartsin the region of optimal pol-

icy, with ]�k�� and �@\ ���G58]��L5�\ ���j5Q]��8� above the line �������  �F��� . However, TD( � ) movesit into the subopti-
mal policy region to minimisethe squarederror on the state
valueapproximations.

The reasonfor this is perhapsbestunderstoodgeometri-
cally. Figure3 shows thespaceof all valuefunctionsfor our
system,with axesweightedby the stationarydistribution of
the correspondingstateunderthe optimal policy, i.e. the � -
coordinateis weightedby �
 andthey-coordinateby �
 . Value
functionsin the lighter region valuestateB above stateA,
andhencegenerateanoptimalgreedypolicy, while thosein
the darker region generatesuboptimalpolicies. The bound-
ary crossingline representsthesetof realisableapproximate
valuefunctions ��]�^I�����L58]�^I�����8� .

The TD( � ) convergencepoint is thensimply the approxi-
matevaluefunction foundby projectingthetruevaluefunc-
tion �  @? �F���b5  @? �����8� ontothesetof realisablefunctions.As
canbe seenin Figure3, TD( � ) minimisesthe weighteddis-
tancebetweenthe true value function and the convergence
point,but takesno accountof theof thepolicy boundaryand
endsup in thesuboptimalpolicy region.

3 Suboptimal Policiesin Backgammon
The exampleof the previous sectiondemonstratesthat it is
possiblefor TD( � ) to degradethepolicy whilst still minimis-
ing p�\ T  ! p t , where

 !
is the true valuefunction of the

systembeingobserved.1 We now show that this behaviour

1If the optimal policy is being observed, as is the casein the
previoussection,then �N�����#� .
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Figure3: A geometricinterpretationof TD( � )’sbehaviour in
thetwo-statesystem.

affectsnot only artificial examples,but is also evident in a
realdomain:backgammon— whereTD( � ) hashadits most
famoussuccess.

Our backgammonplayingprogramhasbeencreatedalong
thelinesof Tesauro’sTD-Gammon[Tesauro,1992;1994]. Its
neuralnetwork function approximatorhas209 input nodes,
no hiddenlayer, and1 outputnode,which is a squashedlin-
ear function of the inputs. The input vectorconsistsof 200
elementsdirectly representingthe board,8 elementsrepre-
sentinghand-codedfeaturesextractedfrom the board (e.g.
probabilityof hitting ablot), anda constantvalue1.

We usedTD( � ) to train a largenumberof randomlygen-
eratedneuralnetworks using self-play, and monitoredhow
their level of performancechangedas training progressed.
We measuredperformanceby playing the network againsta
hand-codedfixed opponentfor at least2000games,record-
ing the proportion of gameswon, ignoring gammonsand
backgammons.This fixedopponentwasbasedon Tesauro’s
PUBEVAL.2 About half of the runsexhibited an interesting
behaviour, wherebyperformanceinitially increases,but then
suffersanoticeabledropbeforerecoveringto plateauatabout
0.8 (winning 4 gamesin 5) againstthebenchmarkopponent.
The other runs show generallymonotonicperformancein-
creases,but alsoplateauat about0.8.

To ensure that this behaviour was not an artefact of
the benchmarkopponent,we re-generatedthe performance
curveswith otherbenchmarkopponents.Thesewerecreated
by randomlygeneratingfunctionapproximatorsandtraining
them until they were of similar strength3 to the fixed op-
ponent. The resultswere unchanged,the individual curves
shifting up or down slightly with the variation in the play-
ing strengthof thebenchmarkopponent,but thecharacteristic

2Available from http://www-cgi.cs.cmu.edu/
afs/cs.cmu.edu/project/connect/code/tesauro

3This is necessarybecauseif they weresignificantlyweaker or
stronger, the detail of the effect we wish to observe would be ob-
scuredasthecurve is compressedtowardsthetopor bottomaxis.
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Figure 4: Performance of function approximator for
backgammon,asit trainsby observationwith TD( � ). Learn-
ing rate ����9 ����� , ���w��9 �
policy degradationremained.

To be certainthat it is the effect observed in the previous
section,we needto show that TD( � ) is makingprogressin
minimising pq\ T  "! pbt whilst thepolicy is degrading.This
is not asstraightforward in the caseof a backgammonsys-
tem usingTD( � ) to train by self-play, becauseTD( � ) does
not passively observe the play, but ratherregularly modifies
theplayer. Hencethepolicy � changeseachtime theneural
network weightsareupdated,andso the existing theoretical
resultsno longerapply. To overcomethis, we modifiedour
systemto make the TD( � ) updateson the parametersof a
non-playingsecondapproximatorwhich wasinitialisedasa
copy of theonebeingobserved.

Weusedthismodifiedsystemto trainanetwork takenfrom
theoriginal experiment.Thenetwork selectedhadoriginally
beentrainedfor 6500games(theperformancepeakprior to
degradationsettingin) andwaschosenbecauseit wasoneof
thegroupof networkswhichwenton to exhibit policy degra-
dation,i.e. trainingit undertheoriginalTD( � ) regimehadre-
sultedin networksimplementinginferior policies.We called
this network ] start.

To estimatepU\ T  "! p t we needto estimateboth
 /!

and
the distribution   . Since the performanceof the network
is being comparedto the fixed opponent,  is the distrib-
ution over statesgeneratedby play between] start and this
opponent. So to estimate  , we collecteda large number
(2000)positions ¡£¢¤��¥_� � 5:939:935Q��¦�§ from many gamesbe-
tween] start andthefixedopponent.Eachposition � ; ¡ was
thenrolled-out200times,andtheresultsaveragedto form an
estimate ¨ ���#� of

 /! ����� . Thus pU\ T  "! p t is estimatedbypU\ T©¨ p$ªt , wherepU\ T©¨ p$ªt ¢«� �¬ +z�­�®K¯ \ ���@5Q]��BT©¨ ���#��° � 9
Notethat pq\ T�¨ pBªt is anunbiasedestimateof pU\ T  "! pbt .

Figure4 showsa performancecurvefor ]q± ,�²b³Q, againstthe
fixedopponent.Performancedropsfrom a high of 0.46to a
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Figure 5: Estimatederror in the function approximatorfor
backgammon,asit trainsby observationwith TD( � ). Learn-
ing rate ����9 ����� , ���w��9 � .
low of 0.30,a declineof aboutone-third.

In Figure5 weseethatour estimateof p \ T  /! p t (called
EstimatedError in Approximator), rises initially and then
declinesthroughouttheremainderof therun.

Togetherthesecurvesareextremelyinteresting.Normally
we would expectto find theerror falling with thepolicy im-
proving concurrently. However, thefiguresshow not this,but
two differenttypesof behaviour. Firstly, we seetheerrorris-
ing whilst policy degrades,andsecondlywe seeerrorfalling
rapidlyaspolicy continuesto degrade.

The first behaviour is not unexpected. If we believe that
policy improvesaserrordeclines,weshouldalsobelievethat
policy will degradeaserrorincreases.Thesecondbehaviour
however, clearly demonstratesthe policy degradationeffect
— approximationerror falls by half, whilst theperformance
of the policy continuesto decline. Hence,in this case,min-
imising error in the state-value approximationsleadsto an
inferior policy.

4 Impr oving Policy - STD(́ )
Theresultsof theprevioustwo sectionsraisethequestionof
whetherthereis a betterway of doing TD-style updates.Is
thereanupdaterule whichprecludespolicy degradation?

Theproblemwith TD( � ) is that it takesno accountof the
policy implementedby the function approximator. The up-
datesare not directly derived from the policy, and thereis
no considerationof theeffect on policy that theupdateswill
have. The updatesarecalculatedwith the sole intentionof
moving \ closerto

 "!
, but aswe have seenin section2, the

region around
 "!

mayimplementsuboptimalpolicies. Even
if the region to which we converge hasgoodpolicies,as in
the caseof backgammon(section3), the pathwhich TD( � )
followsmaytraverseregionsof badpolicy.

The idea we have tried to capturewith our algorithm,
STD(� ), is to usethe temporaldifferencesto learn relative
statevalues.This endeavoursto improve thepolicy directly,
ratherthanconcentratingon approximatingindividual state
values.To simplify matterswe have restrictedour attention
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Figure 6: A sequenceof statesin a Binary Markov Deci-
sion Process(BMDP) and how they are viewed by TD( � )
andSTD(� ). Thesolid linesrepresentsthepathtakenby the
process,�¶µ ��µ   , with the dotted line representing
the alternative pathsthat might have beenfollowed. TD( � )
only seesthe statesthe systemactually visited ( �G58�j58 j� ,
and makes updatesbasedon the featurevectorsof those
states( ^I�����b5J^I���6�L5�^@�F j� ). STD(� ) knows about the al-
ternative paths,or sibling states, and makes updatesbased
on the differencesbetweenfeaturevectorsof sibling states
( ^@�F���1T<^I�F·��b5J^I�� j�$T<^@�Fv¸� ).
to Binary Markov DecisionProcesses(BMDPs) — loosely
speaking,at every statein a BMDP thereare at most two
statesthat the systemcan go to next. We call thesestates
sibling states. Unlike TD( � ) which operateson the feature
vectorsof statesdirectly, STD(� ) operateson the difference
betweenfeaturevectorsof siblingstates.This is illustratedin
Figure6.

4.1 The ¹Bºj»w¼3½�¾ algorithm
We considera linearapproximationto

 @?
of theform\ ��¿�5Q]��Y¢¤� `+~ - � ] ~ ^ ~ ��¿S�L5 (4)

where ]À¢¤�h��]y��539:939358] ` � is a vectorof tunableparameters
and ^@��¿S�K¢«�©�F^/����¿S�L5:939:935J^ ` ��¿S�Q� is the featurevectorassoci-
atedwith state¿ .

The Á mUn �F��� algorithmis describedin Algorithm 1. Note
thatwecanobtainaversionof Á mUn �F��� for nonlinear \ ��¿�5Q]��
by replacingstep6 withÂ ,�Ã ��¢«� 0 � Â , C�Ä \ ��� ,�Ã ��5Q]��BT Ä \ ��� M,�Ã � 5Q]��D ! ��� , 5Q� ,�Ã � � (5)

We now make thefollowing assumptions:
Assumption 1. ThestepsizesÅ , are positiveand predeter-
minedwith Æ ),�-/. Å , ��Ç and Æ ),�-". Å#�, k&Ç .

Assumption 2. TheMarkov chain generatedby the BMDP
under policy � has a unique stationary distribution

{ �� { �Q�_�b53939:935 { � ¬ �Q� .
Assumption3. Thematrix^ � �S�>�ÈP3P3PÉ^ ~ �S�>�Ê ¢¤� ...

. . .
...^/��� ¬ �ËP3P3PÌ^ ~ � ¬ �

hasfull rank.

Algorithm 1 The Á mUn �Í�N� algorithm
1: Given:Î � ;Ï= ��5:�b|�5 0<;[= ��53�>�Î Statesequence� . 5Q�/�Ð5:93939 generatedby a BMDP

undersomepolicy � .Î StepsizesÅ , X(� .Î Linearfunctionapproximator \ �SPu5Q]�� parameterised
by ] ;gÑ ` .

2: Chooseany startingstate� . , initial parametervector ] . ,
andset Â . �&�W5:� Â . ;gÑ1Ò � .

3: for eachstatetransition� , µÓ� ,�Ã � do
4:

� , ¢«� = ����� , �sT������ M, ��|C 0 ¯ \ ��� ,�Ã �Ð58] , �ITÔ\ HÕ � M,�Ã � 5Q] ,QÖ °T ¯ \ ��� , 58] , �sT \ ��� M, 5Q] , � °
5: ] ,�Ã ��¢«�&] , C[Å , � , Â ,
6: Â ,�Ã ��¢¤� 0 � Â , Cc× � z_ØÚÙ�Û ��Ü × � z_ÝØÚÙ�Û �Þ3ß � z Ø}à z ØuÙáÛ �7: 7*¢«�w7/Cw�
8: end for

Sincewe have assumedtheexistenceanduniquenessof a
stationarydistribution

{ ��¿S� overstates,thereexistsa station-
ary distribution

{ ��¿�58¿ M � overstatesandtheir siblings.Thatis,{ ��¿�58¿ M � is thestationaryprobabilityof beingin state¿ , with ¿ M
asthesibling state.Notethatunderpolicy � ,{ ��¿�5Q¿ M �B� +Ðâc{ �rãá�OD ! �rã�5Q¿S�
wherethesumis over all statesã with successorstates¿ and¿ M , and D ! �rã�58¿}� is theprobabilityof makinga transitionfrom
stateã to state¿ under� .

Undertheaboveassumptions,with a linearvaluefunction
(4), andwith afixedpolicy � , thesequenceof pairsof sibling
states��� , 5Q� M, �L5_��� ,�Ã � 58� M,�Ã � �L539:939 forms a Markov chainwith
transitionprobabilitiesD ! �Q��¿�5Q¿ M �b5:�uã�5�ã M �8�$�åä D ! ��¿J5�ãá� if both ã and ã M canfollow ¿ ,� otherwise

andastationarydistribution
{ ��¿�5Íãá� .

Applying the argumentsusedto supportthe convergence
of TD( � ) in the linear case[Tsitsikilis andVan Roy, 1997,
Theorem1], we canseethat for STD(� ), the limiting vector] ) satisfies+ a à â�{ ��¿J5�ãá� ¯ �"\ ��¿�5Q] ) �sTÔ\ �rã�58] ) �Q�1Tæ�  ! ��¿S�IT  ! �rãá�Q�}° �ç �UT 0 ��UT 0Àèué�êo + a à âë{ ��¿�5Íãá�¯ �A\ ��¿�5Q]��1T©\ �rã�5Q]��Q�$T(�  ! ��¿S�IT  ! �rãá�8� ° �

Thus, within a factor of � Ü/ì�í� Ü#ì , Á mUn �Í�N� is aiming for a



parametervector ] minimisingtheerrorfunction:v ® x t ��]���¢«� + a à â6{ ��¿�5�ã��¯ � \ ��¿�58]��sT \ �rã�5Q]��8�sTæ�  ! ��¿S�IT  ! �rãá�Q� ° � (6)

Compare this with the correspondingerror function for
TD( � ), equation(3). It is obvious thatwhen v x te�î� (i.e.
thefunctionapproximatoryieldsthetruestatevalues)anop-
timal greedypolicy will be implemented. Similarly, whenv ® x t �w� (i.e. thefunctionapproximatoryieldscorrectstate
valuedifferences)an optimalgreedypolicy will alsobe im-
plemented.
Definition 1. Giventwo error functions v�� and v � , wesay
that v���X(v � if v � ���Gï©v��q�w� and v��q�&��ðï©v � �w� .

Truestatevaluesnecessarilyimply correctstatevaluedif-
ferences,so we have vyx t �À�ZïËv ® x t �ñ� . However,
theconversedoesnothold,asthefunctionapproximatormay
yield correctstatevaluedifferenceswithout the statevalues
themselvesbeingcorrect— hencewe have v ® x t �ñ��ðïvqx t �å� . For example,in thecontext of the two-statesys-
temof section2, a functionapproximatorwhich valuesstate
A at -1 andstateB at0, wouldsatisfy v ® x t �&� (andimple-
mentanoptimalpolicy) without satisfying vqx t �ò� . Thus,
theerror functionof STD(� ) admits,asa convergencepoint
of theSTD(� ) algorithm,parameterisationsof thestatevalue
approximatorwhich correctlyrepresentthestatedifferences.
Thisis lessstrictthantheTD( � ) errorfunctionwhichonly ad-
mitsparameterisationswhichcorrectlyvaluethestatesthem-
selves.Hence,wesay v ® x t�Xæv x t .

The potentialsignificanceof v ® x t X�vqx t canbe seen
in thetwo statesystem.TD( � ) endeavoursto minimise vqx t ,
effectively seekingasingle ] to solvetwo equationssimulta-
neously(i.e. thevaluesof thetwo states).In contrast,STD(� )
minimisesv ® x t , which reducesto seekinga ] to solve the
equation \ �����1TÔ\ �F���$�  ! �F���1T  ! ���6�
which is equivalentto]V�  ! �����1T  ! �F����Í^I�����BT[^I�F���Q�

Notethat ] doesnot dependon thestationarydistribution
overstates.This leadsusto thefollowing theorem.
Theorem1. Let therebea two-stateBMDPdrivenbyanar-
bitrary but stationarypolicy. LetSTD(� ) observethisprocess
and accordingly tunethe parameters of a linear statevalue
functionapproximator, \ �SPu5Q] , � . Thenthe limiting parame-
ter vector, ] ) , will implementan optimal one-stepgreedy
lookaheadpolicy for thetwo-stateBMDP.

Obviously the samecannotbe said of
mUn �S�_� (recall the

discussionin section2).

4.2 Comparisonwith Differential Training
As mentionedearlier, themethodof differential training de-
scribedby Bertsekas[Bertsekas,1997] is themostcloselyre-
latedto the Á mUn �Í�N� algorithmpresentedhere.During train-
ing, it requirestwo instancesof thesystembeingobservedto

run in lock-stepbut evolveindependently. At time 7 , thestate
of oneof theinstances(chosenarbitrarily) is referredto as � , ,
with thestateof theotherinstancebeing ¨� , . Themethoduses
a TD( � ) approachto learnan approximation, \ó ���A5 ¨�I58]�� , to
thetruedifferencesin thevaluesof thesestates:ó ! ��� , 5 ¨� , �B�  ! ��� , �IT  ! � ¨� , �b9ó !

is viewedasthe reward functionof a probleminvolving
thecompoundstates( �@5 ¨� ), andtherewardperstage:�á��� , �WT��� ¨� , � . Hence

ó !
satisfiestheBellmanequation:ó ! ��� , 5 ¨� , �B�&%1¥:����� , �1TÏ�á� ¨� , �@C 0 ó ! ��� ,�Ã � 5 ¨� ,�Ã � ��§�9

We will refer to the differential training algorithmthat uses
TD( � ) updatesin an infinite horizondiscountedreward set-
ting asDT( � ).

Assuming \ó is linear, andunderAssumptions1–3,DT( � )
will converge (within a factorof � Ü#ì�í� Ü#ì ) to a ] which min-
imises:vqt x ��]��$� + z à ªz { ���#� { � ¨�A� ¯ \ó ���A5 ¨�@58]��sT ó ! ���@5 ¨�/��° �� + z à ªz { ���#� { � ¨�A�¯ �"\ ���@5Q]��BTÔ\ � ¨�I5Q]��Q�sTæ�  ! �����1T  ! � ¨���8��° �

(7)

(by [Tsitsikilis andVanRoy, 1997,Theorem1]).
Comparing(7) with (6), we seethat DT( � ) is minimis-

ing thesamequantitywe minimisewith STD(� ), exceptthat
DT( � ) is workingwith adifferentdistributionoverstatepairs.
In particular, thedistributionobservedby DT( � ) givesanon-
zeroprobability to a pair ( ô#5 ¨ô ), even if the two component
statescannever occurassiblings. If ô and ¨ô areboth high
probabilitystates,then

{ ��ô�� { � ¨ô�� will berelatively largeand
theevolutionof ] will beinfluencedtowardsachieving acor-
rectapproximationfor apair thatwill neveroccuroutsidethe
trainingenvironment.

In contrast,STD(� ) observesonly a singleinstanceof the
systemduringtraining,andthustrainswith respectto thedis-
tribution of statepairsoccurringunderpolicy � . Statepairs
whosecomponentscan never occur as siblings will not be
observed,andwill not influencetheevolutionof ] .

Note that for many dynamicalsystems(such as physi-
cal systems)the numberof sibling state-pairswith non-zero
probabilityis õ�� ¬ � , while thetotalnumberof state-pairs(and
hencethenumberwith non-zeroprobabilityunderDT( � )) is
always õ�� ¬ �>� . In thesesystemsnearlyall thestate-pairscon-
sideredin DT( � ) aremisleading.

4.3 Policy degradation in DT( ö )
In thissectionwepresentanexample3-statesystemin which
DT( � ) convergesto a suboptimalpolicy while STD(� ) con-
vergesto theoptimal policy. This exampleis designedsim-
ply to illustrate the pitfalls associatedwith training against
thewrongdistribution. In particular, wedonotclaimSTD(� )
alwaysdominatesDT( � ).



A B C

r(C)=1r(B)=0r(A)=0

Figure7: Transitionsandrewardsin theexamplethree-state
system.

TheMarkov chainwith rewardsis shown in Figure7. The
only statein which a decisionmustbe madeis state� , and
in that statethereare two actions: 
 � goesto state · with
probability 0.9 and � with probability 0.1, while action 
 �
goesto state · with probability 0.1 andstate � with prob-
ability 0.9. Clearly the optimal policy is to always choose
action 
 � , which givesa stationarydistribution of

{ �F���H���9 ����5 { �F�����e��9¤��5 { �F·����î�W9 ÷á� . Underthis policy, andfor
a givendiscountfactor

0i;V= ��53�>� , the relationshipsexisting
betweenthestatevaluesyield thefollowing systemof equa-
tions.  �����$� �W9 ø 0 ��UT 0 � ���6�$� ��9 ø 0�UT 0 � �Í·��$�i�*C ��9 ø 0 ��UT 0 �
If we take our function approximatorto be one-dimensional
so that

 ���@5Q]����ù]�^@����� , andset ^I�������ú��5J^I�F�����c� and^I�F·��U� R , thenany positive weightwill valuestate· above
state � andhencewill implementthe optimal policy, while
any negativeweightwill implementthesuboptimalpolicy. A
quick calculationshows that the limiting weight ] DT) of then�m �S�_� algorithmsatisfies] DT) � ��9u�:û 0 TÏ�W9 ûW���9 ��øN�S�$C 0 �
which is negativefor all

0Z;[= ��53�>� , i.e. thewrongsign,while
the limiting weight for Á mUn �S�>� is ] STD) �ü��5 which is the
right signfor

0Z;<= ��5:�_� , andrepresentsanexactmodelingof �F·��1T  ����� by \ �F·��sTÔ\ ����� .
5 Experimental Results
The aim of our first setof experimentswassimply to illus-
trate Theorem1 of section4.1, i.e. when observinga two-
statesystem,STD(� ) will alwaysconvergeto anoptimalpol-
icy. Using STD(� ), the systemwasstartedwith ]��ú�W9¤ý�ý�ý
( \ �F�G58]��£� ��9¤������5 \ ���j5Q]��l� �W9¤ý�ý�ý ; the convergence
point of TD( � ) and a sub-optimalpolicy), it subsequently
crossedinto the optimal policy region, with ] approachingT�� ( \ ���¸5Q]��[�þT R 5 \ �F�K5Q]����þT�� ) within 30,000itera-
tions. The sameresult is achieved for every initial valueof] . Further, we alsoranthis experimentwith STD(� ) observ-
ing two otherpolicies:alwayschoose
 � (theconverseof the
optimal policy), andrandomlychoose(with equalprobabil-
ity) between
�� and 
 � . In both cases,] convergedto the

samevaluesaswhenobservingtheoptimalpolicy. Hence,ir-
respectiveof whichpolicy wasbeingobservedSTD(� ) learnt
thecorrectorderingof thestatevaluesundertheoptimalpol-
icy.

5.1 Acrobot
In our secondset of experiments,we applied both TD( � )
and STD(� ) to the much studiedacrobotproblem[Dejong
and Spong,1994; Sutton, 1996; Sutton and Barto, 1998].
This problemis analogousto a gymnastswingingon a high
bar, andinvolvessimulatinga two-link underactuatedrobot.
Torquecanbe appliedonly at the secondjoint. Our imple-
mentationis basedupon the equationsof motion and con-
stantsgivenin [SuttonandBarto,1998,page271] . However,
angularvelocitiesarerestrictedto theinterval

= TU÷ { 5Q÷ { | , and
both ÿ� � and ÿ� � aremodifiedby addingin the dampingtermT ������ �

���� d �� �� where d is a constantand 	 is 1 or 2 asappro-
priate. The permittedactionsarealsorestrictedto applying
torquesof +1 or -1 at thesecondjoint.

Actions are chosenevery 0.1 simulatedseconds,though
motion is simulatedat a muchfiner granularity. Thesystem
is runcontinuouslywith rewardgivenaftersimulatingtheef-
fect of eachaction;therewardbeingsimply theheightof the
acrobot’s tip aboveits lowestpossibleposition.4

For ourfirst experimentthelearningalgorithmsobserveda
controllerwhichusedone-steplook-aheadto greedilychoose
betweentwo actionsbasedon thefollowing evaluationfunc-
tion.  � � ��5 � � 5 �� �Ð5 �� � �B��2 �� �$C �� � 2 (8)

This functionwaschosenbecauseit implementsa goodpol-
icy which is significantlysuperiorto its converse. Using a
discountfactorof

0 ����9 ø�� , we have empirically estimated
thetotaldiscountedrewardfor thepolicy to be24.4(themax-
imumpossibleis 80,whichrequiresthetip to becontinuously
balancedat the highestpoint), with an estimatefor the con-
versebeing0.4.Thenatureof our functionapproximatorand
featurevector limit the learningalgorithmsto choosingbe-
tweentheobservedpolicy andits converse.

We useda linear function approximator, anda singleele-
mentfeaturevector ^I�SP¤� (see(9) below) which is restrictedto
the range

= �W53�b| andgiveshigh valuesto statesnot preferred
by thehand-codedpolicy basedon

 �SP¤� (see(8) above).^I� � � 5 � � 5 �� � 5 �� � �$�i�UT 2 �� � C �� � 2û { (9)

With the acrobotstarting from rest in the vertical hang-
ing position,andfollowing thehand-codedpolicy mentioned
above, the two learningalgorithmswere usedto train sep-
arate linear evaluators. In both cases � was set to 1.0.
Note that sincethe observed policy is greedy, the probabil-
ity of eachstatetransitionis 1; i.e. in theSTD(� ) algorithmD ! ��� , 5Q� ,�Ã �:�B�ù� .

TD( � ) convergesto a weightof ]�� R ýá9 � , whilst STD(� )
convergesto ]V�ùT R 9«ý . Since ^I�QP � ordersstatesin theoppo-
siteorderto

 �QP � , apositivevaluefor ] meansthatTD( � ) has

4Both links are1 metrein length,so thereward for eachstepis
between0 and4.



convergedto the converseof the hand-codedpolicy, i.e. the
inferior
 policy. STD(� ) however, hasconvergedto anegative] and thus its function approximatorreversesthe ordering
imposedby ^I�SP¤� andimplementsthesuperiorpolicy.

We subsequentlyrepeatedthis experimentwith the learn-
ing algorithmsobservinga randompolicy (actionschosen
with equalprobability, i.e. D ! ��� , 58� ,�Ã �:�B�w�W9 � ). AgainTD( � )
convergedto a positive ] whilst STD(� ) convergedto a neg-
ative ] . Hence,irrespective of whethera good policy, or
simply a randompolicy is beingobserved,STD(� ) learnsa
functionapproximatorfor this problemwhich implementsa
goodsetof relative statevalues(andhencea goodpolicy),
whilst TD( � ) learnsanapproximatorwhoserelativestateval-
uesgenerateaninferior policy.

6 Conclusion
We have shown that TD( � ) updateswhich seekto improve
the statevalue approximation(by minimising pæP6pbt ) can
leadto inferior policies.For thesystemdetailedin section2,
TD( � ) causesthe function approximatorto abandonan op-
timal policy. In section3 we saw that in a real application,
the TD( � ) updatescan take the function approximatorinto
regionsof parameterspacewith policiesinferior to thosethat
hadalreadybeenachieved.

For BinaryMarkov DecisionProcesseswepresentedanew
algorithm,STD(� ), that retainsthe advantagesof TD( � ) in
termsof on-line operationandsmall memoryrequirements
(only theeligibility traceandcurrentparametervectorneedto
bestored),butoperatesdirectlyonthedifferencein valuesbe-
tweensibling states, ratherthanthe statevaluesthemselves.
The limiting behaviour of STD(� ) wascharacterisedfor lin-
earfunctionapproximators,yielding Theorem1 coveringits
performanceon two-stateBMDPs,andaninterpretationthat
STD(� ) actsto improve policiesratherthanthe statevalues
themselves.A comparisonwasmadewith Bertsekas’DT( � ),
anda three-stateexamplepresentedwhich demonstratesthe
differencebetweenDT( � ) andSTD(� ).

We have alsosuccessfullydemonstratedthatSTD(� ) con-
vergesto optimalpoliciesfor thetwo-statesystem(consistent
with Theorem1) andtheacrobotproblem.
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