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Abstract

Thereexist a numberof reinforcementlearning
algorithmswhich learnby climbing thegradient
of expectedreward. Their long-runconvergence
hasbeenproved,evenin partiallyobservableen-
vironmentswith non-deterministicactions,and
without the need for a systemmodel. How-
ever, the varianceof the gradientestimatorhas
beenfoundto bea significantpracticalproblem.
Recentapproacheshave discountedfuture re-
wards,introducinga bias-variancetrade-off into
the gradientestimate.We incorporatea reward
baselineinto the learningsystem,andshow that
it affects variancewithout introducing further
bias. In particular, as we approachthe zero-
bias,high-varianceparameterization,theoptimal
(or varianceminimizing) constantreward base-
line is equalto the long-termaverageexpected
reward. Modified policy-gradientalgorithmsare
presented,anda numberof experimentsdemon-
stratetheir improvementoverpreviouswork.

1 INTRODUCTION

Thereexist a numberof reinforcementlearningalgorithms
which learnby climbing the gradientof expectedreward,
andarethuscategorizedaspolicy-gradientmethods.The
earliestof thesewasREINFORCE, whichsolvedtheimmedi-
atereward learningproblem,andin delayedrewardprob-
lems it provided gradientestimateswhenever the system
enteredan identified recurrentstate(Williams, 1992). A
numberof similar algorithmsfollowed, including thosein
(Glynn, 1986;CaoandChen,1997;CaoandWan, 1998;
Fu andHu, 1994; Jaakkola et al., 1995). The technique
of discountingfuture rewardswas introducedin (Kimura
etal.,1995;Kimuraetal.,1997),andits effecton reducing
variancewasnotedin (MarbachandTsitsiklis,1998).The
GPOMDP andOLPOMDP algorithmsin (BaxterandBartlett,
1999;Baxteret al., 1999)arethemostrecent,andremove

therelianceonbothasystemmodelandaneedto identify a
specificrecurrentstate,andoperatein partially observable
environmentswith non-deterministicactions(

���������
s).

However, the varianceof the gradientestimatorremains
a significantpracticalproblemfor policy-gradientapplica-
tions,althoughdiscountingis aneffective technique.Dis-
countingfuture rewardsintroducesa bias-variancetrade-
off: variancein the gradientestimatescanbe reducedby
heavily discountingfuture rewards,but the estimateswill
be biased;the biascanbe reducedby not discountingso
heavily, but thevariancewill behigher. Our work comple-
mentsthe discountingtechniqueby introducinga reward
baseline1 which is designedto reducevariance,especially
aswe approachthe zero-bias,high-variancediscountfac-
tor.

The useof a reward baselinehasbeenconsidereda num-
berof timesbefore,but wearenotawareof any analysisof
its effect on variancein the context of the recentpolicy-
gradientalgorithms. (Sutton, 1984) empirically investi-
gatedthe inclusion of a reinforcementcomparisonterm
in severalstochasticlearningequations,andarguedthat it
shouldresult in fasterlearningfor unbalancedreinforce-
menttasks.He proposed(andit is widely believed,though
without proof) that the averagereward would be an intu-
itiveandgoodvaluefor thecomparisonterm,but hedid not
provide ananalyticalreasonfor it. Williams subsequently
demonstratedfurther algorithmsthat benefittedfrom this
approach(Williams, 1988),andprovedthata baselinedid
not introduceany bias. Dayan’s work (Dayan,1990) is
more closely relatedto what we presenthere, in that he
explicitly consideredtheeffectof thebaselineonvariance,
althoughhe limits himself to ‘2-armedbandits’,or binary
immediatereward problems. His result is summarizedin
section2.1.

In the context of the more recentpolicy-gradientalgo-
rithms; (Williams, 1992) focuseson the immediatere-
ward problem,andwhilst noting that the differentreward
baselinesdid not introducebias, he found “no basisfor

1Also calledreinforcementcomparisonandreferencereward.



choosingamongvarious choicesof reinforcementbase-
line.” (MarbachandTsitsiklis,1998)employ a differential
reward, which is the expectationof the sumof the differ-
encesbetweentherewardsreceivedandtheaveragereward
(i.e. they useanaveragerewardbaseline)overthesequence
of statesbetweenthecurrentandthenext occurrenceof the
identifiedrecurrentstate.Theuseof theaveragereward ��
as the baseline	 hassomenice mathematicalproperties,
suchas the differential reward of the recurrentstatebe-
comeszero,andthatthevaluefunction 
�� ��
����������� ��� 	����
is well defined.They notethat thechoiceof analternative
baselineintroducesa biaswhich is linear in thedifference
( 	 � �� ). However, they fail to noticethat the linearity co-
efficient is a sumof termsof the form 
�� � ��!#"%$!#"&$ � , which
is shown in thenext sectionto bezero. The recentresults
of Baxteret. al. do not considera rewardbaselinein their
analysisor algorithms(BaxterandBartlett, 1999; Baxter
et al., 1999).

2 BACKGROUND

2.1 THE IMMEDIATE REWARD PROBLEM

Considerascenariowhereaconnectionistnetworkmapsan
inputvector ' to anoutputvector ( , which thendetermines
the reward � . The input-outputmappingis stochastic,and
let ) � (�* '�+�,-� denotetheprobabilityof theoutputvectorbe-
ing ( , giventhattheinput vectoris ' , andsomeparameter, (e.g. link weightsfor a neuralnetwork).

The learningtask is to find a , which maximizesthe ex-
pectedreward �/.&0 
�� � * ,1� , andgradientascentin , -space
is appropriate,provided that 2 � can be accuratelyesti-
mated. (Williams, 1992)introducedthe REINFORCEal-
gorithm,andshowedthat,for anarbitraryconstant	
�� � � � 	���3 2 ��465#7 )8��� 0 2 �
Notethat � 2 465#7 )8� � (9� 0 ��:<;6=?>:<;6=?> , andthat
�� 	@3 2�)) � 0 	@3?A = ) � (B�?3 � 2�)8� � (9�) � (9� 0 	13CA = � 2�)8� � (B�
which is zero, since ) is a probability massfunction, so� = ) � (B� 0ED , andtherefore� 2�) 0 2 � ) 0 2 DF0�G .
Thus,thechoiceof 	 , known asthe rewardbaseline,does
not biasthegradientestimate� � � 	��?3H2 ��465#7 )8� . However,
it doeshave aneffect on thevarianceof theestimate.The
optimalrewardbaseline	JI is theonewhichminimizesthis
variance.(Dayan,1990)consideredthe problemof deter-
mining 	KI for a binary(2-output)system,andfoundthat	 I 0 ) � (<L@�?3 
�� � * (NM?�BOP) � (NM���3 
�� � * (<LJ� (1)

where(-L-+Q(NM arethetwo possibleoutputs.His experiments
showedthatthisbaselinewasbetterthanthemoreintuitive��R0 
�� � � 0 ) � ( L �?3 
�� � * ( L �SOT) � ( M ��3 
�� � * ( M � proposedby
(Sutton,1984).

2.2 THE DELAYED REWARD PROBLEM

A moregeneralreinforcementlearningproblemis thatof a
Markov DecisionProcess(MDP), in which anagent’sout-
put (or action) affects not only the next reward, but also
subsequentrewards. In our notation,thereis a statespaceU

, andan actionspaceV . An agentreactsto the system
stateWXM@+�WZY1+QWZ[\+K3J3K3 with actions]^M1+Q]FY#+_]`[\+J3K3J3 accord-
ing to its policy function ) (with parameter, ):) � (�* '8+Q,-� .&0bac�1d 	��N] � 0 (^*eW � 0 '/�
There is also a reward function f , such that the reward
process� M@+ � Y#+ � [\+J3K3K3 is givenby � � 0 f � W ��g M�� , which
reflectsthevalueof choosingaction ] � . An agentattempts
to learnthe , which maximizestheexpectedlong-termav-
eragereward ��.&0 4ih6jkSl 
 
nm Do 3 kA ��� M � �qp
Webaseourwork ontheGPOMDP algorithmof (Baxterand
Bartlett, 1999;Baxteret al., 1999). They presenta gradi-
entestimator, which we denoter � , basedon thesequenceW M +_] M + � M , W Y +_] Y + � Y , 3K3J3 , W � +Q] � + � � , and a discount
factor sRtu� G + D � . In essence,theGPOMDP algorithmmain-
tainsaneligibility tracevector v � , andperformsthefollow-
ing updates:v ��g M 0 sw3&v � Oyx ��g M (2)r ��g M 0 r � O Dz O D 3 ��� ��g M 3Hv ��g M � r � � (3)

wherex � is arandomvariablegivenby x � .&0 ;{��:1>�;i|�}_~ �w}�� �_>:<;i|�}_~ ��}e� �_> .
We thenhave thefollowing two identities:

v � 0 �A � � M s ��� � 3 x � (4)

r � 0 D z 3 �A � � M � � 3&v � (5)

Baxter and Bartlett show that 4ih6j�� l M 4ih6j � l 
 r � 02 � w.p. 1, andthatthevarianceof r � increaseswith s .
3 THE OPTIMAL BASELINE

It is straightforwardto includeaconstantbaseline	 into the
GPOMDP algorithm, in that the updaterule (3) is simply
replacedby r ��g M 0 r � O M��g M 3�� ��� ��g M � 	���3Hv ��g M � r ���
and note that, similar to the immediatereward case,the
inclusionof abaselinedoesnotaffect 
�� r � � , since
�� x � � 0
�� 
�� x � * W � �i� 0�G , asbefore,sothat 
�� v � � 0bG .



The remainderof this sectionconfirmsDayan’s ‘2-armed
bandit’ resultandalsomotivatesthefollowing theorem2:

Theorem 1. The constant baseline, 	KI , which mini-
mizesthe varianceof the gradient estimate, r � , satisfies46hij � l 
 46hij�� l M 	JI 0 �� .
3.1 MOTIVATION OF THEOREM 1

With a constantbaseline	 , equation(5) becomesr � 0M � 3 � � � � M ��� � � 	K�?3&v � . Rewriting this with equation(4)
yieldsthat

z 3 r �
0 ��� M � 	��?3 s L 3 x M O��� Y � 	��?3 s M 3 x M O ��� Y � 	��?3 s L 3Hx Y O��� [ � 	��?3 s Y 3 x M O ��� [ � 	��?3 s M 3Hx Y O ��� [ � 	���3 s L 3Hx [ O3K3J30 �A � � M�� �

where � � is thesumof column � :
� � 0 x � 3 �A � � � ��� � � 	��?3 s � � �0 mex � 3 �A � � � � � 3 s � � � p���� 	13 x � 3 D � s ��� � g MD � s �

which givesusthat�
� �� 	 0 � x � 3 D � s ��� � g MD � s (6)

andrecallthat 
�� x � � 0�G , sowe havethat� 
�� � � �� 	 0 
 �
�
� �� 	R� 0 � 
�� x � ��3 D � s ��� � g MD � s 0�G (7)

Wewill now show thatunderthelimits s/� D and
z ��� ,

the varianceof � � is minimized at 	KI 0 �� . The proof
of theorem1 (regardingvarianceminimization of r � 0� � � � M � � ) is more complicated,due to covarianceterms� d@� � � � + �F� � , andis not coveredhere. The full resultcan
befoundin (WeaverandTao,2001).

3.1.1 Minimizing the Variance in � �
Now, ��( � �%� � 0 
��%� Y � � 
��%� � Y , andso the 	 I which mini-
mizesthevarianceof � � satisfiesG�0 � ��( � � � � �� 	 0 �� 	X� 
�� � Y � � � 
�� � � � Y?� 0

�� 	 
�� � Y � � � G
2This theoremis subjectto thesameregularity conditionsas

imposedin (MarbachandTsitsiklis, 1998; Baxter andBartlett,
1999).

by equation(7). Our optimality criterion is thereforeG�0��?  
�� � Y � � 0 
 � ��? <� � Y � � � 0 
�� ¡B3 � � 3 �C¢w£�?  � . Substituting
equation(6) andcancelingout theconstanttermsgivesG�0 
¤m�x Y� 3C¥ �A � � � � 	 I � � � �?3 s � � �C¦ p (8)

3.1.2 Binary Immediate Reward Problems

For an immediatereward problem we have s 0§G andz 0 D . In this case, equation(8) simplifies to G¨0
 � x YM 3 � 	KI � � M � � . Now, for a binarysystem(with exactly
two possibleactions ( L and ( M ), we have that ) � ( L �`O) � ( M � 0©D , and that x � ( M � 0 ;6��:1>�;{=Kªe>:<;6= ª > 0 � ;6��:1>«;6=?¬_>M � :<;{= ¬ > .
Rewriting 
��i� � as � = ) � (B��3 
����@*e] M 0 (­� and some
straightforwardalgebraiccalculationsreducethe optimal-
ity criterionto equation(1), which is Dayan’sbasicresult.

3.1.3 The Optimal Baseline as s�� D
We canrewrite equation(8) with � � .&0 � �®� �� , andthen
solve for 	JI � �� , takingthelimit

z ��� , whichgives	 I � ��¯0 
 � x Y� 3 � 
� � � � � 3 s � � � �
¤� x Y� 3?��
� � � D 3 s � � � �0 
 � x Y� 3 � D � s°�?3 � 
� � � � � 3 s � � � �
¤� x Y� �
Let ± � bethedistributionof W � , andlet ²± bethesteadystate
distribution,which we assumeto beunique.We thenhave
�� � � � 0 �b³ ± � � '���3 f � 'S� , and ��´0 �b³ ²± � '���3 f � 'S� , where
thesumsareoverall 'µt U . Now, regardlessof theinitial
conditions,the probability distribution of the systemstateW � tendstowardsthe steadystatedistribution as ���©� .
We thenhave 4ih6j � l 
 ± � � '�� 0 ²± � 'S� . Consequently,46hij� l 
 
�� � � � � ��¶0 46hij� l 
 A ³ � � ± � � '�� � ²± � 'S� � 3 f � '�� 0 A ³ G 3 f � 'S�
so that 4ih6j � l 
 
��{* � � * � 0·G , and so ¸�¹Pº G 3¼»N½�3/�R¾½ ¿ 
��6* � � * � 0�À � ¹?� . Sinceweassumex to bebounded,
we alsohave 
�� x Y� 3Á* � � * � 0bÀ � ¹C� .
We canthenbound 	JI � �� byD � s
�� x Y� � 3�ÂSÃ � MA � � L 
�� x Y� 3Á* � � g � * �q3 s � O �A� � Ã 
�� x Y

� 3Á* � � g � * ��3 s ��Ä0 D � s
�� x Y� � 3�Â Ã � MA � � L 
�� x Y� 3Á* � � g � * �q3 s ��ÄO D � s
�� x Y� � 3 Â �A� � Ã 
�� x Y
� 3 À � ¹?����3 s � Ä

Now, we have assumedthat x and � arebounded,so the
first term is boundedby � D � s°�?3 À � ½R� , which goesto 0



as sÅ� D . The secondterm is equalto À � ¹?� , regardless
of s . Thus,as sy� D , thedifferencebetweentheoptimal
baselineandtheaveragereward( 	JI � �� ), canbebounded
by anarbitrarily smallnumber. Thus,in thelimit, 	KI 0 �� .
4 ALGORITHMS

Theorem1 tellsusthatasweincreases (thusreducingbias
in our gradientestimate),theoptimalvarianceminimizing
constantbaselineapproaches�� . In general,we may not
beableto analyticallydetermine�� for the

���������
sweare

workingwith. However, wecanestimateit from simulation
by maintainingan adaptive estimate,Æ � , of �� , suchthatÆ � 0 M � � � � � M � � .
The GARB algorithm presentedin Figure 1 is a variation
on the GPOMDP algorithm in (BaxterandBartlett, 1999),
which hasbeenmodifiedto usethis onlineestimateof the
averagerewardasa baseline.The intuition is thatas

z �� , �Ç( � � Æ � ��� G . Hence,as
z

grows large, Æ � behavesas
a constant,andby definitionwill approachthevalue �� .
The OLPOMDP algorithm, also presentedin (Baxter and
Bartlett, 1999), is an online learningversionof GPOMDP

that doesnot explicitly storea gradientestimate,but in-
steadupdatesthepolicy parameters, directlyateverytime
step. It wasproven to converge to a local maximumfor�� in (Bartlett andBaxter, 2000). Applying the modifica-
tion mentionedabove to OLPOMDP yields the OLGARB al-
gorithm,shown in Figure2.

5 EXPERIMENTS

5.1 THE 3-STATE SYSTEM

In (Baxter et al., 1999), a simple three-statesystemis
usedto demonstratethatthegradientestimatesproducedby
GPOMDP convergewith respectto the true gradient.Their
experimentsalso illustratethe bias-variancetrade-off that
is introducedwith theuseof adiscountfactor.3

5.1.1 Variance Reduction

We haveexperimentedwith thesamethree-statesystemto
comparethegradientestimatesgeneratedby GPOMDP and
GARB. The two graphson the left of Figure3 show that
for a mid-rangediscountfactorof 0.4, therelative error in
the estimatesproducedby both algorithmsis comparable.
The variancein the GARB estimatesappearsto be slightly
lower, but a more interestingpoint to observe is that de-
spiteTheorem1 only holding in the limit as sÈ� D , i.e.
for s8É G 3 Ê , GARB hasnot performedworsethanGPOMDP.
Note that we do not make a claim for this relationshipin
general,but merelyobservethatfor somesystemsGARB is

3Biasis measuredby relative error, i.e. Ë�Ì }�ÍBÎ Ï ËË Î Ï Ë .

GARB: GPOMDP with an AverageRe-
wardBaseline.

Given:Ð A
���������

with observationsW L +QW M +�W Y +J3K3J3 .Ð A controller with policy function ) 0ac�1d 	1� ]�* WR+�,1�
Algorithm parameters:Ð z : thenumberof iterationsto run for.Ð s : thediscountfactor.Ð ,#Ñ : a specificpolicy parameterization.

Variables(all initialized to zero):Ð Æ : thebaseline(estimatedaveragereward).ÐÓÒv : theeligibility tracevector.Ð Òr : thegradientestimatevector.

1. For Ô from 1 to
z

do:

(a) Receiveobservation W � .
(b) Chooseaction ] � accordingto ) � �Á* W � +�,#Ñ{� .
(c) Apply action ] � .
(d) Receivereward � � .
(e) Updatevariablesaccordingto:Æ .&0 ÆÕO ��� � � Æ��QÖ\ÔÒv .&0 s�3 ÒvyO �Ø×_:: � ] � * W � +�,#Ñ{�Òr .H0 ÒrTO ����� � � Æ���3 Òv � Òr��_Ö\Ô

2. Return Òr
Figure 1: The GARB algorithm for estimatingthe gradi-
entof thelong termexpectedaveragereward,with repsect
to policy parameters, , for a Partially ObservableMarkov
DecisionProcess(POMDP).Thegradientestimateis for a
particularpoint ,#Ñ in , -space.



OLGARB: On-LineGARB.

Given:Ð A POMDPwith observationsW�L-+�WXM@+QWZY\+K3J3K3 .Ð A controller with policy function ) 0ac�1d 	1� ]�* WR+�,1�
Algorithm parameters:Ð z : thenumberof iterationsto run for.Ð s : thediscountfactor.Ð¤Ù : thestepsizefactor.

Globalvariables:Ð ,#Ñ : a specificpolicy parameterization.

Localvariables(all initialized to zero):Ð Æ : thebaseline(estimatedaveragereward).ÐÓÒv : theeligibility tracevector.

1. For Ô from 1 to
z

do:

(a) Receiveobservation W � .
(b) Chooseaction ] � accordingto ) � �Á* W � +�,#Ñ{� .
(c) Apply action ] � .
(d) Receivereward � � .
(e) Updatevariablesaccordingto:Æ .&0 ÆÕO ��� � � Æ��QÖ\ÔÒv .&0 s�3 ÒvyO �Ø×_:: � ] � * W � +�,#Ñ{�,#Ñ .&0 ,#Ñ<O Ù 3 ��� � � Æ��?3 Òv

Figure2: TheOLGARB algorithmfor updatingthespecific
policy parameters,,#Ñ , in the estimatedgradientdirection.,#Ñ is a globalvariablewhich is modifiedduringthecourse
of this algorithm.

competitive with GPOMDP for s8Ú D . Of moresignificance
arethe two graphson the right of the figure. With a dis-
countrateof 0.99,thevarianceexhibitedby GPOMDP hasa
seriousdetrimentalimpacton the gradientestimates.The
estimatesfrom GARB suffer anoticeable,but nowherenear
asdetrimental,increasein variance.Thisaccordswell with
Theorem1, in thatusingthe averagerewardasa baseline
shouldyield reducedvariancein comparisonto azerobase-
line (for discountfactorsapproaching1).

5.1.2 Demonstrating Theorem 1

For our secondexperimentwe replacedthe adaptive es-
timate of �� in GARB, with constants4 from the interval� G + D 3 Ê��� � , andfor eachconstantanddiscountfactorpairing,
we generated300gradientestimates(eachafter100 itera-
tionsof thesystem)andcalculatedtheir relativeerrorswith
respectto the true gradient. After calculatingthe means
andstandarddeviationsof thesegroupsof 300 errors,we
coulddeterminewhichconstantrewardbaselineminimizes
themeanerrorandthevariancefor agivendiscountfactor.
Figure4 shows the resultsfor four valuesof s . The opti-
malbaselinemoveswith s , from aboutG 3 Û��� for s 0�G 3 Ê , to
verynear �� for s 0�G 3 Ü#Ü . This is anexplicit demonstration
of Theorem1, showing that the varianceminimizing con-
stantreward baselineapproaches�� as the discountfactor
approaches1.

Theseresultsstrongly suggestthat GARB will be useful
for
�w�������

s wherelarge discountfactorsare necessary,
dueto smallerdiscountfactorsintroducinganunacceptable
level of biasto thegradientestimates.

5.2 PUCKWORLD

In (Baxteret al., 1999)the GPOMDP algorithmis success-
fully demonstratedon thePuckworld system— a continu-
oustaskin which thecontrollerhasto navigateapuckover
a planesurfaceto a target point. The puck is controlled
by applying a 5 unit force in either the positive or nega-
tive ' direction,andalsoin eitherthe positive or negativeÝ direction,for a total of four distinct controls. The con-
troller receivesa reward at eachdecisionpoint (every 0.1
seconds)of � � (thedistancebetweenthepuckandthetar-
get). Periodically, both the puck and the target point are
transportedto new randomlydeterminedlocations. The
controller is trainedby CONJPOMDP, which usesGPOMDP

to generategradientestimatesandGSEARCH to find a local
maximumin thegradientdirection.

Initial experimentationfor (Baxteret al., 1999)foundthat
this systemwas besttrainedwith a discountfactor close
to 1, indicating significantbias in gradientestimatesfor
lower valueddiscountfactors. Hence,we would now ex-

4 Þß canbeanalyticallydeterminedfor thissystem,but for illus-
trative purposeswe expressthebaselinesasmultiplesof Þß .
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GPOMDP is moreprominentfor thehigherdiscountfactor s 0�G 3 Ü#Ü .
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approaches� .
pecttheuseof GARB to resultin moreconsistentlearning.
Consequently, we have repeatedthe previous experiment
with CONJPOMDP usingeachof GPOMDP andGARB to sup-
ply gradientestimates,andwith a discountfactorof 0.95
(as usedin (Baxteret al., 1999)). Figures5 and6 show
the averagerewardsexperiencedby controllerstrainedby
CONJPOMDP, with GPOMDP and GARB eachsupplyingthe
gradientestimates. It is clear from the figures that us-
ing GARB yieldsmoreconsistentlearning,bothduring the
initial performanceimprovementphase,andafter thecon-
trollershaveconvergedto agoodpolicy. In particular, Fig-
ure 7 shows the advantageof GARB in the early stagesof
training,with therebeinga statisticallysignificantsepara-
tion betweenthemeansof theGARB andGPOMDP groups.

5.3 ACROBOT

In orderto demonstratetheOLGARB algorithm,we applied
it to the acrobotproblem,which is analogousto a gym-
nastswingingon a high bar. It involvessimulatinga two-
link underactuatedrobot, with torqueappliedonly at the
secondjoint . Our implementationis baseduponthe de-
scriptiongivenin (SuttonandBarto,1998),with theminor
modificationsmentionedin (WeaverandBaxter, 1999).

Actions are chosenevery 0.1 simulatedseconds,though
motion is simulatedat a muchfiner granularity. The sys-
tem is run continuouslywith reward given after simu-
lating the effect of each action; the reward being sim-
ply the height of the acrobot’s tip above its lowest pos-
sible position. Since both links are 1 metre in length,
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Figure5: Puckworld controllerstrainedusingGPOMDP.
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Figure6: Puckworld controllerstrainedusingGARB.

the reward for each step is between 0 and 4. The
controller choosesactionsprobabilistically accordingto) � ] � � 0áà�â�ãåä " × "�æ çC"�èHé £qê ª?ë é £?ì í<£�îï�ðCñKò à�â�ã ä " × " æ ç " è ð î , where ó is the feature

vector � ó�M1+Có�Y\+_ó�[-+_óõôJ� k 0 �6* öØM#*&+@*K÷ö­M\*%+å* öwY<*&+@*?÷ö�Y-* � k .
Figures8 and9 show the averagerewardsexperiencedby
100controllerswhose, vectorswereupdatedby OLPOMDP

and OLGARB respectively. Elementsof , were initialised
randomlyto valuesin � � G 3HøB+ G 3Hø@� , the stepsize( Ù ) wasa
0.01,andthe discountfactor ( s ) was0.99. It canreadily
beseenin thefiguresthatwith theexceptionof a few bad
runs,thecontrollerstrainedwith OLGARB convergewell to
policies returningan averagereward just over 1.2, which
is equalto the besthand-codedcontrollerwe have devel-
oped.In contrast,controllerstrainedby OLPOMDP converge
far lessreliably to thesegoodpolicies. Figure10 further
demonstratesthis,showing a comparisonof themeansand
standarddeviationsof theaveragerewardsexperiencedby
thetwo groups,with thelowervarianceof theOLGARB con-
trollersclearlyevident.
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Figure7: Puckworld: a comparisonof CONJPOMDP using
GPOMDP andGARB. Errorbarsareonestandarddeviation.

6 CONCLUSION

Several researchershave previously shown that the useof
a reward baselinedoesnot biasthe gradientestimate,but
motivation for using the long-term averageexpectedre-
ward as a baselinehasmainly beenbasedon qualitative
argumentsandempiricalsuccess.In section3.1.2weshow
how Dayan’s resultfor binaryimmediaterewardproblems
(importantasa counterexampleto theintuition mentioned
above) is relatedto, andis thusnot inconsistentwith, our
theorem.

The theorem we have presentedprovides guidance in
choosinga baselinefor discountfactorsapproaching1, by
justifying �� asavarianceminimizer. Wehavedemonstrated
this usingthethree-statesystem,by comparingGARB with
a baselineof �� to GPOMDP (section5.1),andalsoby illus-
tratingthat thevarianceminimizing baselineapproaches��
asthediscountfactorincreases(Figure4).

We have derived variationson existing algorithmswhich
take advantageof theorem1, and demonstratedthe ad-
vantagegiven by the variancereductionthesealgorithms
exhibit. Our demonstrationsincludecalculatingandcom-
paringgradientestimatesfor three-statesystem,andonline
policy improvementwith the continuousstate-spaceacro-
bot system.In particular, we have demonstrated,usingthe
Puckworld system,that our resultcanbe of benefitwhen
working with

�w�������
s that requirelargediscountfactors

to avoid unacceptablelevelsof bias.
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