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Abstract

In [2] we introduced
�����������

, an algorithmfor computingarbitrarily ac-
curateapproximationsto theperformancegradientof parameterizedpartially ob-
servableMarkov decisionprocesses(

���������
s).

Thealgorithm’s chief advantagesarethatit requiresonly a singlesamplepath
of theunderlyingMarkov chain,it usesonly onefreeparameter	�
�� 
������ which
hasa naturalinterpretationin termsof bias-variancetrade-off, andit requiresno
knowledgeof the underlyingstate. In addition, the algorithmcanbe appliedto
infinite state,controlandobservationspaces.

In this paperwe present� ��������������� , a conjugate-gradientascentalgo-
rithm that uses

�����������
as a subroutineto estimatethe gradientdirection.� ��������������� usesa novel line-searchroutinethatreliessolelyon gradientes-

timatesandhenceis robust to noisein theperformanceestimates.
�������������

,
anon-linegradientascentalgorithmbasedon

�����������
is alsopresented.

The chief theoreticaladvantageof this gradientbasedapproachover value-
function-basedapproachesto reinforcementlearningis thatit guaranteesimprove-
mentin theperformanceof thepolicy at everystep. To show that this advantage
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is real, we give experimentalresultsin which � ��������������� wasusedto op-
timize a simplethree-stateMarkov chaincontrolledby a linear function, a two-
dimensional“puck” controlledby a neuralnetwork, a call admissionqueueing
problem,anda variationof theclassical“mountain-car”task. In all casestheal-
gorithmrapidly foundoptimalor near-optimalsolutions.

1 Introduction

Functionapproximationis necessaryto avoid the curseof dimensionalityassociated
with large-scaledynamicprogrammingand reinforcementlearningproblems. The
dominantparadigmis to usethe function to approximatethe state(or stateand ac-
tion) values.Most algorithmsthenseekto minimizesomeform of errorbetweenthe
approximatevaluefunctionandthetruevaluefunction,usuallyby simulation(see[13]
and[4] for comprehensive overviews). While therehave beena multitudeof empir-
ical successesfor this approach(seee.g [10, 14, 15, 3, 18, 11] to namebut a few),
thereareonly weaktheoreticalguaranteeson theperformanceof thepolicy generated
by theapproximatevaluefunction. In particular, thereis no guaranteethat thepolicy
will improveastheapproximatevaluefunctionis trained(see[2, Section1] for further
discussion).

Motivatedby thesedifficulties,in [2] weintroduced
�����������

, anew algorithmfor
computingarbitrarily accurateapproximationsto theperformancegradientof param-
eterizedpartially observableMarkov decisionprocesses(

���������
’s). Our algorithm

is essentiallyanextensionof Williams’ ��� � ��!�� �"�#� algorithm[17] andsimilarmore
recentalgorithms[7, 5, 9, 8]. See[2, Section1.1] for amorecomprehensivediscussion
of this relatedwork.

Morespecifically, suppose$&%('#) aretheparameterscontrollingthe
���������

. For
example, $ couldbetheparametersof anapproximateneural-network value-function
thatgeneratesa stochasticpolicy by someform of randomizedlook-ahead,or $ could
betheparametersof anapproximate* functionusedto stochasticallyselectcontrols1.
Let +-,.$0/ denotetheaveragerewardof the

���������
with parametersetting$ . �����������

computesanapproximation1324+-,5$0/ to 16+-,.$0/ basedonasinglecontinuoussamplepath
of the underlyingMarkov chain. The accuracy of the approximationis controlledby
theparameter78%:9 ;4<>=?/ . It wasprovedin [2, Theorem3] that16+-,.$0/"@BADCFE23G6H 1 2 +I,.$0/�J
The trade-off preventingus choosing 7 arbitrarily closeto 1 is that the varianceof�����������

’s estimatesof 1 2 +-,5$3/ increasewith 7 . However, on the bright side, [2,
Theorem4] showedthattheapproximationerroris proportionalto=�KL7=�KNM OQPRM <

1Stochasticpoliciesarenot strictly necessaryin our framework, but thepolicy mustbe“dif ferentiable”
in thesensethat S�TVUDW�X exists.
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where OQP is thesubdominanteigenvalueof theMarkov chainunderlyingthe
���������

.
Thusfor “rapidly mixing”

���������
’s (for which OQP is significantlylessthan = ), esti-

matesof theperformancegradientwith acceptablebiasandvariancecanbeobtained.
Provided 1324+-,5$0/ isasufficientlyaccurateapproximationof 1Y+I,.$0/ —in fact, 1324+-,5$0/

needonly bewithin Z0;0[ of 1Y+I,.$0/ —adjustmentsto theparameters$ of theform $]\$_^a` 1324+-,5$0/ for smallstep-sizè , will guaranteeimprovementin theaveragereward+-,5$0/ . In this case,gradient-basedoptimizationalgorithmsusing 1324+-,5$3/ astheir gra-
dient estimatewill be guaranteedto improve the averagereward +-,5$0/ on eachstep.
Exceptin thecaseof table-lookup,mostvalue-functionbasedapproachesto reinforce-
mentlearningcannotmake this guarantee.See[16] for someanalysisin the caseofb�c ,dO�/ anda demonstrationof performancedegradationduringthecourseof training
aneuralnetwork backgammonplayer.

In thispaperwepresent� ��������������� , aconjugate-gradientascentalgorithmthat
usestheestimatesof 1 2 +-,5$0/ providedby

�����������
. Critical to thesuccessfulopera-

tion of � ��������������� is a novel line searchsubroutinethat reducesnoiseby relying
solelyupongradientestimates.We alsopresent

�������������
, anon-linevariantof our

algorithm that updatesthe parametersat every time step.
���e���������

is similar to
algorithmsproposedin [7] and[9].

The two algorithmsareappliedto a varietyof problems,beginningwith a simple
3-stateMarkov decisionprocess(MDP) controlledby a linear function for which the
true gradientcanbe exactly computed.We show rapid convergenceof the gradient
estimates1 2 +-,5$3/ to thetruegradient,in thiscaseoveralargerangeof valuesof 7 . With
thissimplesystemweareableto illustratevividly thebias/variancetradeoff associated
with the selectionof 7 . We thenuse � �����?��������� and

���e���������
to find a good

policy for the MDP. � ��������������� reliably finds a near-optimal policy in lessthan
100iterationsof theMarkov chain,anorderof magnitudefasterthan

���e���������
.

Next we demonstratethe effectivenessof � ��������������� in traininga neuralnet-
work controllerto controla “puck” in a two-dimensionalworld. Thetaskin this case
is to reliably navigatethe puck from any startingconfigurationto an arbitrarytarget
locationin theminimumtime,while only applyingdiscreteforcesin the f and g direc-
tions.

In the third experiment,we use � ��������������� to train a controller for the call
admissionqueueingproblemtreatedin [8]. In this case � ��������������� finds near-
optimalsolutionswithin about2000iterationsof theunderlyingqueue.

In thefourthandfinalexperiment,� �����?��������� isusedto trainaswitchedneural-
network controllerfor atwo-dimensionalvariationontheclassical“mountain-car”task
[13, Example8.2].

The restof this paperis organizedasfollows. In Section2 we introducethedefi-
nitionsneededto understand

�����������
. In Section3 we describe� �����?��������� , the

gradient-basedline-searchsubroutine,and
���e���������

. In Section4 we presentour
experimentalresults.
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2 The h6ikjmlon�i algorithm

A partiallyobservable,Markov decisionprocess(
���������

) consistsof astatespacep ,
observationspaceq andacontrolspacer . For eachstates"%tp thereis adeterministic
reward uR,.sv/ . Althoughtheresultsin [2] only guaranteeconvergenceof

�����������
in the

caseof finite p (but ratherarbitrary r and q ), thealgorithmcanbeappliedregardless
of thenatureof p sowedo not restrictthecardinalityof p , r or q .

Considerfirst the caseof discretep , r and q . Eachcontrol wN%:r determinesa
stochasticmatrix xy,5w-/z@{9 |�}�~0,.wI/�� giving thetransitionprobabilityfrom states to state�

( s�< � %ap ). For eachstatesm%�p , anobservation g�%�q is generatedindependently
accordingto aprobabilitydistribution �-,5sv/ overobservationsin q . Wedenotetheprob-
ability of g by ���R,5sv/ . A randomizedpolicy is simplyafunction � mappingobservations
into probabilitydistributionsover thecontrolsr . That is, for eachobservation g�%�q ,�z,5g4/ is a distributionover thecontrolsin r . Denotetheprobabilityunder� of controlw givenobservation g by � �I,5g4/ .

For continuousp�<�q and r , | }�~ ,.wI/ becomesa kernel � }�~ ,5w-/ giving theprobability
densityof transitionsfrom s to

�
, �-,.sv/ becomesa probability densityfunction on q

with ����,5sv/ thedensityat g , and �z,.g4/ becomesaprobabilitydensityfunctionon r with� ��,5g4/ thedensityat w .
To eachrandomizedpolicy � therecorrespondsa Markov chain in which state

transitionsaregeneratedby first selectinganobservation g in states accordingto the
distribution �-,5sv/ , then selectinga control w accordingto the distribution �z,5g4/ , and
finally generatinga transitionto state

�
accordingto theprobability |e}�~0,5w-/ .

At presentweareonly dealingwith afixed
���������

. To parameterizethe
���������

we parameterizethe policies, so that � now becomesa function �z,5$4<�g�/ of a set of
parameters$�%�'#) , aswell asof theobservation g . TheMarkov chaincorresponding
to $ hasstatetransitionmatrix xy,5$0/"@{9 | }�~ ,5$0/�� givenby| }�~ ,5$0/"@�� �>����� }F� � ��� �3�D��� � � | }�~ ,.wI/�J (1)

Thefollowing technicalassumptionsarerequiredfor theoperationof
�����������

.

Assumption 1. Thederivatives, �¡ � � ,5$4<�g�/¡ $�¢ £ ¢�¤ H�¥�¥�¥ )
exist for all w¦%&r , g]%(q and $y%�'#) .

Assumption 2. Theratios §¨�©©©«ª ��¬3�D��� � �ª ��­ ©©©� � ,5$4<�g�/6®¯ ¢�¤ H�¥�¥�¥ )
areuniformlyboundedby °²±N³ , for all w�%yr , g]%(q and $y%�'�) .

Assumption 3. Themagnitudesof therewards, M u�,5sv/�M , are uniformlyboundedby ´{±³ for all statess .
4



Assumption 4. Each xy,5$0/�<�$y%�'#) , hasa uniquestationarydistribution, µz,5$3/ .
Theaveragereward +-,5$3/ is simply theexpectedrewardunderthestationarydistri-

bution µz,.$0/ : +-,5$0/"@¶� } ��·R�D� � uR,.sv/�J (2)

Becauseof Assumption4, for any startingstate s , +-,.$0/ is alsoequalto the expected
long-termaverageof thereward,ADCFE¸ Gº¹ �¼» =½ ¸ ¾ H¿ } ¤-À u�,5sÂÁ�/ ©©©©© sÂÀÃ@�sÂÄN<
wherethe expectationis over sequencesof statessÂÀ0<�J�J>J-<�s ¸�¾ H of the Markov chain
specifiedby xy,5$0/ .�����������

([2, Algorithm 2] andreproducedin Algorithm 1) is an algorithmfor
computinganapproximationÅ ¸ to 1Y+-,5$3/ . In [2, Theorem7] we proved:AFCDE¸ Gº¹ Å ¸ @Æ1 2 +-,5$0/�<
where 132Q+-,5$0/ ( 7:%�9 ;4<>=?/ ) is anapproximationto 1Y+-,5$0/ satisfying16+-,.$0/"@BADCFE23G6H 1 2 +I,.$0/�<
[2, Theorem3]. Note that

�����������
reliesonly upona singlesamplepathfrom the

POMDP. Also, it doesnot requireknowledgeof the transitionprobability matrix x ,
nor of theobservationprocess� ; it only requiresknowledgeof therandomizedpolicy� .

We cannotset 7 arbitrarily closeto = in
�����������

, sincethevarianceof theesti-
mate Å ¸ increaseswith increasing7 . Thus 7 hasa naturalinterpretationin termsof a
bias-variancetrade-off: smallvaluesof 7 give lowervariancein theestimatesÅ ¸ , but
higherbiasin that Å ¸ may be far from 1Y+-,5$3/ , whereasvaluesof 7 closeto = yield
smallbiasbut correspondinglylargervariance.This bias/variancetrade-off is vividly
illustratedin theexperimentsof Section4.

3 Stochastic gradient ascent algorithms

In this sectionwe introducetwo algorithms: � ��������������� , a variantof the Polak-
Ribiereconjugategradientalgorithm(seee.g. [6, S5.5.2]),and

�������������
, a fully

on-linealgorithmthatupdatestheparameters$ at eachiterationof the
���������

.

3.1 The ÇÈjÈÉYÊeikjÈlNn�i algorithm� �����?��������� , describedin Algorithm 2, is aversionof thePolak-Ribiereconjugate-
gradientalgorithmthat is designedto operateusingonly noisy (andpossibly)biased
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Algorithm 1
����������� ,57"< ½ <�$0/"ËÌ'#) [2, Algorithm 2].

1: Given:Í 7�%:9 ;4<>=?/ .Í ½ÏÎ ; .Í
Parameters$&%�'#) .Í
Randomizedpolicy �z,.$4<�Ð�/ satisfyingAssumptions1 and2.Í ���������

with rewardssatisfyingAssumption3, andwhich whencontrolled
by �z,.$4<�Ð�/ generatesstochasticmatricesxy,5$0/ satisfyingAssumption4.Í
Arbitrary (unknown) startingstates À .

2: Set Ñ>À�@�; and ÅYÀ_@�; ( Ñ?À�<ÒÅYÀm%�'#) ).
3: for Óz@Ô; to

½ Ko= do
4: Observe g Á (generatedaccordingto �-,.s Á / )
5: Generatecontrol w Á accordingto �z,.$4<�g Á /
6: Observe u�,.s Á5Õ H�/ (where the next state s Á5Õ H is generatedaccording to|e}DÖd}DÖØ×3Ù�,5w Á / ).
7: Set Ñ Á5Õ H�@Ô7�Ñ Á ^ÛÚ � ¬ Ö �Ø��� ��Ö �� ¬ Ö �D��� ��Ö �
8: Set ÅYÁ5Õ H @ÆÅYÁ-^�u�,5sÂÁ5Õ H /vÑ?Á5Õ H
9: end for

10: Å ¸ \ÜÅ ¸#Ý ½
11: return Å ¸
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estimatesof thegradientof theobjective function(for example,theestimatesÅ ¸ pro-
videdby

�����������
). Thenovel featureof � ��������������� is

��Þ ��ß��"��à , a linesearch
subroutinethatusesonly gradientinformationto find thelocalmaximumin thesearch
direction. The useof gradientinformationensures

��Þ ��ß"�"��à is robust to noisein
theperformanceestimates.Both � ��������������� and

��Þ ��ß"�"��à canbeappliedto any
stochasticoptimizationproblemfor which noisy (andpossibly)biasedgradientesti-
matesareavailable.

The argument á>À to � ��������������� providesan initial step-sizefor
��Þ ��ß"�"��à .

When â � ��ß � ,5$0/>â P fallsbelow theargumentã , � ��������������� terminates.

Algorithm 2 � �����?��������� , � ��ß � <�$4<Òá À <Òã�/
1: Given:Í � ��ß �tä '#)åËæ'�) : a (possiblynoisyandbiased)estimateof thegradient

of theobjectivefunctionto bemaximized.Í
Startingparameters$&%�'#) (setto maximumon return).Í
Initial stepsize á>À Î ; .Í
Gradientresolutionã .

2: ç&@¶è]@ � ��ß � ,.$0/
3: while â�ç-â P�é ã do
4:

��Þ ��ß"�"��à_, � ��ß � <�$4<�è <�á>ÀV<�ã�/
5: ÅÛ@ � ��ß � ,.$0/
6: `�@ê,«ÅëKLç4/�Ð?Å Ý â�ç-â P
7: è]@�Åì^�`-è
8: if èyÐ?Åí±N; then
9: èt@�Å

10: end if
11: ç&@�Å
12: end while

3.2 The h&îeï�ðYñmÇ�ò algorithm

The key to the successfuloperationof � �����?��������� is the linesearchalgorithm��Þ ��ß��"��à (Algorithm 3).
��Þ ��ß��"��à usesonly gradientinformationto bracket the

maximumin thedirection$Ró , andthenquadraticinterpolationto jumpto themaximum.
We found the useof gradientsto bracket the maximumfar morerobust than the

useof function values. To bracket the maximumusingfunction values,threepoints$ H <�$�PV<�$�ô , all lying in the direction $ ó from $ , must be found such that +I,.$ H /¶±+-,5$�P>/ and +-,5$�ô>/ë±õ+I,.$�P>/ . Thus, we needto estimate ö�CD÷Vø 9 +-,5$ H /6Kë+-,5$�P�/Â� (andö�CF÷0ø 9 +-,5$�ô�/ùK�+-,5$�P�/Â� ). If we only have accessto noisyestimatesof +-,.$0/ (for example,
estimatesobtainedby simulation),thenregardlessof themagnitudeof thevarianceof+-,5$0/ , thevarianceof ö�CD÷Vøm9 +-,5$ H /ùKL+-,5$�P?/Â� approaches= (themaximumpossible)as $ H
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approaches$�P . Thus,to reliably bracket the maximumusingnoisyestimatesof +-,5$0/
we needto be ableto reducethe varianceof the estimateswhen $ H and $�P areclose.
In ourcasethismeansrunningthesimulationfrom which theestimatesarederivedfor
longerandlongerperiodsof time.

An alternative approachto bracketing the maximumin the direction $ ó from $
is to find two points $VH and $ P in that directionsuchthat

� ��ß � ,5$VH�/ÃÐR$3ó Î ; and� ��ß � ,5$ P /ÃÐ0$3ó8±ú; . The maximummust then lie between$VH and $ P . The advan-
tageof this approachis that even if the estimates

� ��ß � ,5$0/ arenoisy, the variance
of ö�CD÷Vøm9 � ��ß � ,.$ H /#Ð>$3ó�� (and ö�CD÷Vøm9 � ��ß � ,5$�P�/#Ð�$3ó�� ) is independentof thedistancebe-
tween$ H and$�P , andin particulardoesnotgrow asthetwo pointsapproachoneanother.
Thedisadvantageis that it is not possibleto detectextremeovershootingof themax-
imum usingonly gradientestimates.However, with carefulcontrolof the line search
wedid not find this to bea problem.

In Algorithm 3, lines 5–25bracket the maximumby finding a parametersetting$ ¾ @û$?Àm^Ïá ¾ $3ó suchthat
� ��ß � ,5$ ¾ /�Ð3$3ó Î KÃã , anda secondparametersetting$ Õ @�$ À ^�á Õ $3ó suchthat

� ��ß � ,5$ Õ /�Ð�$3óÈ±oã . Thereasonfor ã ratherthan ; in these
expressionsis to provide somerobustnessagainsterrorsin the estimates

� ��ß � ,.$0/ .
It also preventsthe algorithm “steppingto ³ ” if thereis no local maximumin the
direction $3ó . Notethatweusethesameã asusedin � ��������������� to determinewhen
to terminatedueto smallgradient(line 4 in � ��������������� ).

Provided that the signsof the gradientsat the bracketingpoints $ ¾ and $ Õ show
that themaximumof thequadraticdefinedby thesepointslies betweenthem,line 27
will jump to the maximum. Otherwisethe algorithm simply jumps to the midpoint
between$ ¾ and $�Õ .

3.3 jÈü�ikjÈlNnYi : updating the parameters ý at every time step� �����?��������� operatesby iteratively choosing“uphill” directionsandthensearching
for a localmaximumin thechosendirection.If the

� ��ß � argumentto � ���������������
is
�����������

, theoptimizationwill involvemany iterationsof theunderlying
���������

betweenparameterupdates.
An alternative approach,similar in spirit to algorithmsdescribedin [7, 9, 8], is to

adjusttheparametervectorat every iterationof theunderlying
���������

. Algorithm 4,�������������
, presentsonesuchalgorithmalongtheselines. We arecurrentlyworking

on aconvergenceproof for this algorithm.

4 Experiments

In this sectionwe presentseveral setsof experimentalresults. Throughoutthis sec-
tion, wherewe referto � ��������������� we mean� ��������������� with

�����������
asits� ��ß � argument.

In thefirst setof experiments,we considera systemin which a controlleris used
to selectactionsfor a3-stateMarkov DecisionProcess(

�����
). For thissystemwe are

8



Algorithm 3
��Þ ��ß��"��à�, � ��ß � <�$�À0<�$3óV<Òá>À0<�ã�/

1: Given:Í � ��ß �tä '#)åËæ'�) : a (possiblynoisyandbiased)estimateof thegradient
of theobjectivefunction.Í
Startingparameters$�Àm%�'#) (setto maximumon return).Í
Searchdirection $3óÈ%�'#) with

� ��ß � ,5$�À�/�Ð>$3ó Î ; .Í
Initial stepsize á À Î ; .Í
Innerproductresolutionã Î @�; .

2: á_@�á>À
3: $6@�$?À�^aá>$3ó
4: Å¼@ � ��ß � ,5$0/
5: if Å{Ð�$3óm±o; then
6: Stepbackto bracket themaximum:
7: repeat
8: á Õ @¶á
9: | Õ @ÆÅêÐ>$ ó

10: á_@¶á ÝVþ
11: $6@�$�À�^aá>$3ó
12: Å¼@ � ��ß � ,5$3/
13: until ÅëÐ�$3ó Î KÃã
14: á ¾ @Æá
15: | ¾ @�Å{Ð�$Ró
16: else
17: Stepforwardto bracket themaximum:
18: repeat
19: á ¾ @Æá
20: | ¾ @�Å{Ð�$3ó
21: á_@ þ á
22: $6@�$ À ^aá>$3ó
23: Å¼@ � ��ß � ,5$3/
24: until ÅëÐ�$3ó_±Nã
25: á?Õ8@Æá
26: |eÕ�@�Å{Ð�$3ó
27: end if
28: if | ¾ Î ; and|eÕ�±�; then
29: á�@ ÿ � � × ¾ ÿ × � �� × ¾ � �
30: else
31: á�@ ÿ � Õ ÿ ×P
32: end if
33: $�À�@�$?À�^�á>$3ó

9



Algorithm 4
������������� ,57z< ½ <�$�À?/zË '�) .

1: Given:Í 7�%:9 ;4<>=?/ .Í ½ÏÎ ; .Í
Initial parametervalues$ À %�'#) .Í
Randomizedparameterizedpolicies

� �z,5$4<>Ð / ä $&%�'#)�� satisfyingAssump-
tions1 and2.Í ���������

with rewardssatisfyingAssumption3, andwhich whencontrolled
by �z,.$4<�Ð�/ generatesstochasticmatricesxy,5$0/ satisfyingAssumption4.Í
Stepsizes̀3Á�<�Óù@¶;4<>=V<�J>J�J satisfying �B`RÁ#@Ï³ and �ú` PÁ ±N³ .Í
Arbitrary (unknown) startingstatesÂÀ .

2: Set Ñ À @�; ( Ñ À %�' ) ).
3: for Óz@Ô; to

½ Ko= do
4: Observe g�Á (generatedaccordingto �-,.s«Á�/ ).
5: Generatecontrol w�Á accordingto �z,.$4<�g�Á�/
6: Observe u�,.s«Á5Õ H / (wherethenext statesÂÁ5Õ H is generatedaccordingto | } Ö } ÖD×RÙ�,.weÁv/ .
7: Set Ñ?Á5Õ H @Ô7�Ñ?Á-^ÛÚ ��¬ Ö �Ø��� � Ö5���¬ Ö �D��� � Ö5�
8: Set $�Á5Õ H @�$�ÁI^�`3Á�u�,5sÂÁ5Õ H /vÑ?Á5Õ H
9: end for

10: return $ ¸

10



ableto computethetruegradientexactlyusingthematrixequation1Y+-,5$3/�@Nµ��Â,.$0/�1�xy,5$3/-9
	mK8xy,5$0/�^��?µ��d,.$0/Â� ¾ H u�< (3)

wherexy,5$0/ is thetransitionmatrixof theunderlyingMarkov chainwith thecontroller’s
parameterssetto $ , µ � ,5$0/ is thestationarydistribution correspondingto xy,5$0/ (written
asa row vector), �?µ � ,5$0/ is thematrix in which eachrow is thestationarydistribution,
and u is the(column)vectorof rewards(see[2, S2.1]for aderivationof (3)). Hencewe
cancomparetheestimatesÅ ¸ generatedby

�����������
with thetruegradient1Y+I,.$0/ ,

both as a function of the numberof iterations
½

and as a function of the discount
parameter7 . We also optimize the performanceof the controller using the on-line
algorithm,

�������������
, and � ��������������� . � �����?��������� reliably convergesto a

nearoptimalpolicy with around100iterationsof the
�����

, while theon-linemethod
requiresapproximately1000iterations.Thisshouldbecontrastedwith trainingalinear
value-functionfor this systemusing

b�c ,v=�/ [12], which canbeshown to convergeto a
valuefunctionwhoseone-steplookaheadpolicy is suboptimal[16].

In the secondsetof experiments,we considera simple“puck-world” problemin
which a small puck mustbe navigatedarounda two-dimensionalworld by applying
thrustin the f and g directions. We train a 1-hidden-layerneural-network controller
for the puck using � ��������������� . Again the controller reliably convergesto near
optimality.

In the third setof experimentswe use � ��������������� to optimizethe admission
thresholdsfor thecall-admissionproblemconsideredin [8].

In the final setof experimentswe use � ��������������� to train a switchedneural-
network controllerfor a two-dimensionalvariantof the “mountain-car”task[13, Ex-
ample8.2].

4.1 A three-state MDP

In this sectionwe considera three-state
�����

, in eachstateof which thereis a choice
of two actions 
 H and 
RP . Table1 shows the transitionprobabilitiesasa function of
thestatesandactions.Eachstatef hasanassociatedtwo-dimensionalfeaturevector� ,5fI/�@Ì, � H ,5f�/�< � P3,5f�/�/ andreward u�,5f�/ which aredetailedin Table2. Clearly, the
optimal policy is to always selectthe action that leadsto state � with the highest
probability, which from Table1 meansalwaysselectingaction 
 P .

This ratherodd choiceof featurevectorsfor the statesensuresthat a valuefunc-
tion linear in thosefeaturesand trainedusing

b�c ,�=?/ —while observingthe optimal
policy—will implementasuboptimalone-stepgreedylookaheadpolicy itself (see[16]
for a proof). Thus,in contrastto thegradientbasedapproach,for this system,

b�c ,v=?/
traininga linearvaluefunction is guaranteedto producea worsepolicy if it startsout
observingtheoptimalpolicy.

4.1.1 Training a controller

Our goal is to learna stochasticcontrollerfor this systemthat implementsanoptimal
(or near-optimal)policy. Givena parametervector $]@ ,5$VH�<�$ P <�$ ô <�$���/ , we generatea
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Origin DestinationStateProbabilities
State Action � ° �� 
�= 0.0 0.8 0.2� 
 þ 0.0 0.2 0.8° 
�= 0.8 0.0 0.2° 
 þ 0.2 0.0 0.8� 
�= 0.0 0.8 0.2� 
 þ 0.0 0.2 0.8

Table1: Transitionprobabilitiesof thethree-stateMDPu�,��_/�@¶; � H�,���/"@ H PH�� � P ,���/"@��H��u�,.°�/�@¶; � H ,.°�/"@ �H�� � P3,.°�/"@ H PH��u�,��m/�@ê= � H ,��m/"@��H�� � P0,��m/"@��H��
Table2: Three-staterewardsandfeatures.

policy asfollows. For any statef , letá H ,5fI/ ä @Ô$ H � H ,5fI/�^�$�P � P3,5fI/á?PV,5fI/ ä @Ô$�ô � H ,5fI/�^�$ � � P3,5fI/�J
Thentheprobabilityof choosingaction 
 H in statef is givenby����Ù�,5f�/�@ � ÿ ÙÒ��� �� ÿ Ù���� � ^�� ÿ! ��� � <
while theprobabilityof choosingaction 
RP is givenby���  ,5fI/"@ � ÿ! ��� �� ÿ Ù���� � ^�� ÿ! ��� � @ì=�K:����Ù�,.f�/�J
Theratios Ú �#"%$���� �� "%$ ��� � neededby Algorithms1 and4 aregivenby,1Y����Ù�,5fI/� � Ù�,.f�/ @ � ÿ  ��� �� ÿ Ù ��� � ^&� ÿ  ��� � 9 � H ,5fI/�< � PR,.f�/�<>K � H ,.f�/�<>K � P0,.f�/Â� (4)1Y���  ,5fI/� �  ,.f�/ @ � ÿ Ù ��� �� ÿ Ù ��� � ^&� ÿ  ��� � 9FK � H ,5fI/�<>K � P3,5fI/�< � H ,.f�/�< � P0,.f�/Â� (5)

4.1.2 Gradient estimates

With a parametervector2 of $(@B9F=V<>=V<�Km=0<�Km=�� , estimatesÅ ¸ of 1324+ weregenerated
using

�����������
, for variousvaluesof

½
and 7¶%Æ9 ;Q<�=?/ . To measuretheprogressof

2Otherinitial valuesof theparametervectorwerechosenwith similar results.Note that ' (*)%(*),+-(*)%+-(!.
generatesasuboptimalpolicy.
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Figure1: Angle betweenthetruegradient1Y+ andtheestimateÅ ¸ for thethree-state
Markov chain,for variousvaluesof thediscountparameter7 . Å ¸ wasgeneratedby
Algorithm 1. Averagedover500independentruns.Notethehighervarianceat large

½
for thelargervaluesof 7 . Errorbarsareonestandarddeviation.

Å ¸ towardsto thetruegradient1Y+ , 1Y+ wascalculatedfrom(3)andthenfor eachvalue
of
½

theanglebetweenÅ ¸ and 1Y+ andtherelativeerror 0�132 ¾ Ú54 00 Ú54 0 wererecorded.The
anglesandrelativeerrorsareplottedin Figures1, 2 and3.

Thegraphsillustratea typical trade-off for the
�����������

algorithm:smallvalues
of 7 give higherbias in the estimates,while larger valuesof 7 give highervariance
(thebiasis only shown in Figure3 for thenormdeviation becauseit wastoo small to
measurefor theangulardeviation). Thatsaid,thebiasintroducedby having 7o±Û= is
very small for this system.In the worst case,7�@í;QJ ; , the final gradientdirection is
indistinguishablefrom thetruedirectionwhile therelative deviation 0 Ú54 ¾ 132600 Ú54 0 is only7 J 798 .

4.1.3 Training via conjugate-gradient ascent� �����?��������� with
�����������

asthe“
� ��ß � ” argumentwasusedto traintheparame-

tersof thecontrollerdescribedin theprevioussection.Following thelow biasobserved
in theexperimentsof theprevioussection,theargument7 of

�����������
wassetto ; .

After a small amountof experimentation,the argumentsá À and ã of � ���������������
weresetto =>;0; and ;4J ;V;V;Q= respectively. Noneof thesevalueswerecritical, although
theextremelylargeinitial step-size( á>À ) did considerablyreducethetime requiredfor
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Figure2: A plot of 0 Ú54 ¾ 132600 Ú54 0 for the three-stateMarkov chain,for variousvaluesof
the discountparameter7 . Å ¸ was generatedby Algorithm 1. Averagedover 500
independentruns.Notethehighervarianceat large

½
for thelargervaluesof 7 . Error

barsareonestandarddeviation.

thecontrollerto convergeto near-optimality.
We testedtheperformanceof � ��������������� for a rangeof valuesof theargument½

to
�����������

from = to ;3;VZ9< . Since
��Þ ��ß��"��à only uses

�����������
to determine

thesignof theinnerproductof thegradientwith thesearchdirection,it doesnot need
to run

�����������
for asmany iterationsas � ��������������� does.Thus,

��Þ ��ß��"��à de-
terminedits own

½
parameterto

�����������
asfollows. Initially, (somewhatarbitrarily)

thevalueof
½

within
��Þ ��ß��"��à wassetto = Ý =>; thevalueusedin � ��������������� (or

1 if thevaluein � �����?��������� waslessthan10).
��Þ ��ß"�"��à thencalled

�����������
to obtainanestimateÅ ¸ of thegradientdirection.If Å ¸ ÐÂ$ ó ±o; ( $ ó beingthedesired
searchdirection)then

½
wasdoubledand

��Þ ��ß��"��à wascalledagainto generatea
new estimateÅ ¸ . This procedurewas repeateduntil Å ¸ Ð0$3ó Î ; , or

½
hadbeen

doubledfour times.If Å ¸ Ð�$3ó wasstill negativeat theendof thisprocess,
��Þ ��ß"�"��à

searchedfor a local maximumin the direction K�$Ró , andthe numberof iterations
½

usedby � ��������������� wasdoubledon the next iteration(the conclusionbeingthat
thedirection $3ó wasgeneratedby overly noisyestimatesfrom

�����������
).

Figure 4 shows the averagereward +-,.$0/ of the final controller producedby� �����?��������� , as a function of the total numberof simulationstepsof the under-
lying Markov chain. The plots representan averageover =�;0; independentruns of� �����?��������� . Notethat ;4J > is theaveragerewardof theoptimalpolicy. Theparam-
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Figure3: Graphshowing thefinal biasin theestimateÅ ¸ (asmeasuredby 0 Ú54 ¾ 132600 Ú54 0 )
asa functionof 7 for the three-stateMarkov chain. Å ¸ wasgeneratedby Algorithm
1. Notebothaxesarelog scales.

etersof the controllerwere(uniformly) randomlyinitialized in the range 9 KÃ;QJF=0<�;QJF=��
beforeeachcall to � �����?��������� . After eachcall to � ��������������� , theaveragere-
ward of the resultingcontroller was computedexactly by calculatingthe stationary
distribution for the controller. From Figure 4, optimality is reliably achieved using
approximately100iterationsof theMarkov chain.

4.1.4 Training directly on-line with jÈü�ikjÈlNn�i
The controller was also trainedon-line using Algorithm 4 (

�������������
) with fixed

step-sizes̀ Á @A@ with @Y@¼;4JD=V<>=V<�=?;4<>=>;V; . Reducingstep-sizesof the form ` Á @A@ Ý Ó
weretried, but causedintolerablyslow convergence.Figure5 shows theperformance
of thecontroller(measuredexactlyasin theprevioussection)asa functionof thetotal
numberof iterationsof the Markov chain,for differentvaluesof the step-size@ . The
graphsareaveragesover100runs,with thecontroller’sweightsrandomlyinitializedin
therange9FKÃ;4JD=V<Ò;4JD=�� at thestartof eachrun. Fromthefigure,convergenceto optimalis
aboutanorderof magnitudeslower thanthatachievedby � ��������������� , for thebest
step-sizeof @�@Û=VJ ; . Step-sizesmuchgreaterthat @_@{=>;QJ ; failedto reliably converge
to anoptimalpolicy.
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Figure4: Performanceof the3-stateMarkov chaincontrollertrainedby � ���������������
asa functionof the total numberof iterationsof theMarkov chain. Theperformance
wascomputedexactly from the stationarydistribution inducedby the controller. ;4J >
is theaveragerewardof theoptimalpolicy. Averagedover500independentruns.The
errorbarswerecomputedby dividing theresultsinto two separatebinsdependingon
whetherthey wereaboveor below themean,andthencomputingthestandarddeviation
within eachbin.
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Figure5: Performanceof the3-stateMarkov chaincontrollerasafunctionof thenum-
ber of iteration stepsin the on-line algorithm, Algorithm 4, for fixed stepsizesof;4JD=V<>=V<>=>; , and =?;V; . Errorbarswerecomputedasin Figure4.

4.2 Puck World

In this section,experimentsaredescribedin which � ��������������� and
���e���������

wereusedto train 1-hidden-layerneural-network controllersto navigatea smallpuck
arounda two-dimensionalworld.

4.2.1 The World

Thepuckwasa unit-radius,unit-masssectionof a cylinder constrainedto move in the
planein a region 100units square.Thepuck hadno internaldynamics(i.e rotation).
Collisionswith the region’s boundarieswere inelasticwith a (tunable)coefficient of
restitution � (set to ;4J Z for the experimentsreportedhere). The puck wascontrolled
by applyinga 5 unit force in either the positive or negative f direction,anda 5 unit
force in either the positive or negative g direction, giving four different controlsin
total. Thecontrolcouldbechangedevery = Ý =>; of asecond,andthesimulatoroperated
at a granularityof = Ý =?;V; of a second.The puckalsohada retardingforcedueto air
resistanceof ;4J ;V;B=DC speedP . Therewasno friction betweenthepuckandtheground.

The puck wasgiven a reward at eachdecisionpoint ( = Ý =?; of a second)equaltoKFE where E wasthedistancebetweenthepuckandsomedesignatedtargetpoint. To
encouragethe controller to learnto navigate the puck to the target independentlyof
the startingstate,the puck statewasresetevery 30 (simulated)secondsto a random
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locationandrandomf and g velocitiesin therange9FKm=>;Q<�=?;�� , andat thesametimethe
targetpositionwassetto a randomlocation.

Note that the sizeof the state-spacein this exampleis essentiallyinfinite, being
of the order of þ PRECISION wherePRECISIONis the floating point precisionof the
machine( <#; bits).

4.2.2 The controller

A one-hidden-layerneural-network with six input nodes,eighthiddennodesandfour
outputnodeswasusedto generatea probabilisticpolicy in a similar mannerto the
controllerin thethree-stateMarkov chainexampleof theprevioussection.Fourof the
inputsweresetto the raw f and g locationsandvelocitiesof the puck at the current
time-step,theothertwo werethedifferencesbetweenthepuck’s f and g locationand
thetarget’s f andg locationrespectively. Thelocationinputswerescaledto lie betweenKm= and = , while thevelocity inputswerescaledsothata speedof =?; unitspersecond
mappedto a valueof = . Thehiddennodescomputeda GIH�øKJ squashingfunction,while
the outputnodeswerelinear. Eachhiddenandoutputnodehadthe usualadditional
offsetparameter. Thefour outputnodeswereexponentiatedandthennormalizedasin
theMarkov-chainexampleto producea probabilitydistribution over thefour controls
( LM= units thrustin the f direction, LM= units thrustin the g direction). Controlswere
selectedat randomfrom this distribution.

4.2.3 Conjugate gradient ascent

We trainedtheneural-network controllerusing � ��������������� with thegradientesti-
matesgeneratedby

�����������
. After someexperimentationwe chose7�@²;QJ ZN= and½ @Û=V<Ò;V;0;4<�;0;V; astheparameters� ��������������� suppliedto

�����������
.
��Þ ��ß"�"��à

usedthesamevalueof 7 andthe schemediscussedin Section4.1.3to determinethe
numberof iterationswith which to call

�����������
.

Due to the saturatingnatureof the neural-network hiddennodes(and the expo-
nentiatedoutputnodes),therewasa tendency for thenetwork weightsto convergeto
local minima at “infinity”. That is, the weightswould grow very rapidly early on in
the simulation,but towardsa suboptimalsolution. Largeweightstendto imply very
small gradientsandthusthe network becomes“stuck” at thesesuboptimalsolutions.
We have observeda similar behaviour whentrainingneuralnetworksfor patternclas-
sificationproblems.To fix theproblem,we subtracteda smallquadraticpenaltyterm`zâ�$eâ P from theperformanceestimatesandhencealsoasmallcorrectionþ `I$�} from the
gradientcalculation3 for $�} .

We useda decreasingschedulefor the quadraticpenalty weight ` (arrived at
throughsomeexperimentation). ` was initialized to ;QJ = and thenon every tenth it-
erationof � �����?��������� , if the performancehad improved by lessthan10% from
the value ten iterationsago, ` wasreducedby a factorof 10. This schedulesolved
nearlyall the local minimaproblems,but at theexpenseof slower convergenceof the
controller.

3Whenusedasa techniquefor capacitycontrol in patternclassification,this techniquegoesby thename
“weight decay”.Hereweusedit to conditiontheoptimizationproblem.
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Figure6: Performanceof theneural-network puckcontrollerasa functionof thenum-
berof iterationsof the puck world, whentrainedusing � ��������������� . Performance
estimatesweregeneratedby simulatingfor =0<�;0;V;4<Ò;V;0; iterations.Averagedover 100
independentruns(excludingthefour badrunsin Figure7).

A plot of theaveragerewardof theneural-network controlleris shown in Figure6,
asa functionof thenumberof iterationsof the

���������
. Thegraphis anaverageover

100independentruns,with theparametersinitializedrandomlyin therange9 KÃ;QJF=0<�;QJF=��
at thestartof eachrun. Thebadrunsshown in Figure7 wereomittedfrom theaverage
becausethey gavemisleadinglylargeerrorbars.

Note that the optimal performance(within the neural-network controller class)
seemsto be around KF> for this problem,dueto the fact that the puck andtarget lo-
cationsareresetevery OV; simulatedsecondsandhencethereis a fixedfractionof the
time that thepuckmustbeaway from thetarget. FromFigure6 we seethefinal per-
formanceof the puck controller is closeto optimal. In only 4 of the 100 runs did� �����?��������� get stuckin a suboptimallocal minimum. Threeof thosecaseswere
causedby overshootingin

��Þ ��ß��"��à (seeFigure 7), which could be preventedby
addingextra checksto � ��������������� .

Figure8 illustratesthebehaviour of a typical trainedcontroller. For thepurposeof
the illustration,only the target locationandpuck velocity wererandomizedevery 30
seconds,not thepucklocation.

4.3 Call Admission Control

In thissectionwereporttheresultsof experimentsin which � ��������������� wasapplied
to thetaskof trainingacontrollerfor thecall admissionproblemtreatedin [8, Chapter
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Figure7: Plotsof theperformanceof theneural-network puckcontrollerfor the four
runs(out of 100)thatconvergedto substantiallysuboptimallocalminima.

target

Figure8: Illustrationof thebehaviour of a typical trainedpuckcontroller.
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Call Type 1 2 3
BandwidthDemand P 1 1 1
Arrival Rate Q =VJ > =VJ < =0J ;
AverageHoldingTime è ;4J < ;4J
= ;QJ ;
Reward u 1 2 4

Table3: Parametersof thecall admissioncontrolproblem.

7].

4.3.1 The Problem

The call admissioncontrol problemtreatedin [8, Chapter7] modelsthe situationin
which a telecommunicationsprovider wishesto sell bandwidthon a communications
link to customersin suchaway asto maximizelong-termaveragereward.

Specifically, theproblemis a queuingproblem.Therearethreedifferenttypesof
call, eachwith its own call arrival rate Q�,�=?/ , Q�, þ / , Q�,�O0/ , bandwidthdemandP�,�=?/ , P�, þ / ,P�,�O0/ andaverageholding time è�,v=?/ , è�, þ / , è�,�O0/ . The arrivalsarePoissondistributed
while theholdingtimesareexponentiallydistributed.Thelink hasa maximumband-
width of 10 units. Whena call arrivesandthereis sufficient availablebandwidth,the
serviceprovidercanchooseto acceptor rejectthecall (if thereis notenoughavailable
bandwidththe call is alwaysrejected).Upon acceptinga call of type R , the service
provider receivesa rewardof u�,SR�/ units. Thegoalof theserviceprovider is to maxi-
mizethelong-termaveragereward.

The parametersassociatedwith eachcall type are listed in Table 3. With these
settings,theoptimalpolicy (foundby dynamicprogrammingin [8]) is to alwaysaccept
callsof type 2 and3 (assumingsufficient availablebandwidth)andto acceptcalls of
type 1 if the availablebandwidthis at least3. This policy hasan averagereward of;4J >V;9; , while the“alwaysaccept”policy hasanaveragereward4 of ;4J 7 >9; .
4.3.2 The Controller

As in [8], the controllerhadthreeparameters$�@ ,5$ H <�$�P�<�$�ô?/ , onefor eachtype of
call. Upon arrival of a call of type R , the controllerchoosesto acceptthe call with
probability �z,5$0/�@ T HH Õ6UWVYX�� H�¥ � ��Z ¾ ��[ �5� if Pù^�P�,SR�/]\Æ=?; ,; otherwise,

where P is thecurrentlyusedbandwidth.This is theclassof controllersstudiedin [8].
4Thereis somediscrepancy betweenour averagerewardsandthosequotedin [8]. This is probablydue

to adiscrepancy in theway thestatetransitionsarecounted,whichwasnot clearfrom thediscussionin [8].
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Figure9: Performanceof thecall admissioncontrollertrainedby � �����?��������� asa
functionof thetotalnumberof iterationsof thequeue.Theperformancewascomputed
by simulatingthecontrollerfor 100,000iterations.Theaveragerewardof theglobally
optimal policy is ;4J >V;9; , the averagereward of the optimal policy within the classis;4J > , andtheplateauperformanceof � ��������������� is ;QJ 7 >#; . Thegraphsareaverages
from 100independentruns.

4.3.3 Conjugate gradient ascent� �����?��������� wasusedto train theabove controller, with
�����������

generatingthe
gradientestimatesfrom a rangeof valuesof 7 and

½
. The influenceof 7 on the

performanceof thetrainedcontrollerswasmarginal,soweset 7¦@�;QJ ; whichgavethe
lowest-varianceestimates.We usedthesamevalueof

½
for calls to

�����������
within� �����?��������� andwithin

��Þ ��ß��"��à , andthis wasvariedbetween=>; and =>;Q<�;V;0; .
The controllerwasalwaysstartedfrom the sameparametersetting $�@Ì,�>4<,>Q<,>3/ (as
wasdonein [8]). The valueof this initial policy is ;4J <VZQ= . The graphof the average
reward of the final controller producedby � ��������������� as a function of the total
numberof iterationsof thequeueis shown in Figure9. A performanceof ;QJ 7 >#; was
reliablyachievedwith lessthan þ ;0;V; iterationsof thequeue.

Note that the optimalpolicy is not achievablewith this controllerclasssinceit is
incapableof implementingany thresholdpolicy otherthanthe“alwaysaccept”and“al-
waysreject” policies. Athoughnot provably optimal,a parametersettingof $VH_^ 7 J
=
andany suitablylargevaluesof $ P and $ ô (we chose$ P @ê$ ô @ =`= ) generatessome-
thing closeto theoptimalpolicy within thecontrollerclass,with anaveragerewardof;4J > . Figure10 shows theprobabilityof acceptinga call of eachtypeunderthis policy,
asa functionof theavailablebandwidth.

Thecontrollersproducedby � ��������������� with 7�@Ï;4J ; andsufficiently large
½
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Figure10: Probabilityof acceptinga call of eachtypeunderthecall admissionpolicy
with near-optimalparameters$VH_@ 7 J
=�<�$ P @Ï$ ô @Û=�= . Notethatcallsof type2 and3
areessentiallyalwaysaccepted.

areessentially“alwaysaccept”controllerswith anaveragerewardof ;QJ 7 >#; , within 2%
of theoptimumachievablein theclass.To producepoliciesevennearerto theoptimal
policy in performance,� ��������������� mustkeep $VH closeto its startingvalueof > ,
andhencethe gradientestimateÅ ¸ @æ,dÅyH�<ÒÅ P <�Å ô / producedby

�����������
must

havea relatively smallfirst component.Figure11 showsa plot of normalizedÅ ¸ asa
functionof 7 , for

½ @ë=V<�;0;V;Q<�;V;0; (sufficiently largeto ensurelow variancein Å ¸ ) and
thestartingparametersetting $]@ ,�>Q<,>4<b>0/ . Fromthefigure, Å H startsat a high value
whichexplainswhy � ��������������� produces“alwaysaccept”controllersfor 7L@Ô;QJ ; ,
anddoesnot becomenegative until 7c^ ;4J Z9O , a valuefor which the variancein Å ¸
evenfor moderatelylarge

½
is relatively high.

A plot of theperformanceof � �����?��������� for 7o@¼;QJ Z and 7N@{;QJ ZN= is shown
in Figure12. Approximatelyhalf of theremaining2%in performancecanbeobtained
by setting 7Ï@ú;4J Z , while for 7Ï@B;4J ZB= a sufficiently large choicefor

½
givesmost

of the remainingperformance.For this problem,thereis a hugedifferencebetween
gaining98% of optimal performance,which is achieved for 7¼@ ;4J ; and lessthan
2000iterationsof thequeue,andgaining99%of theoptimalwhich requires7a@{;4J Z
and of the order of 500,000queueiterations. A similar convergencerate and final
approximationerror to the latter casewerereportedfor the on-line algorithmsin [8,
Chapter7], althoughtheresultsof only onerunweregivenin eachcase.
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Figure11: Plot of the threecomponentsof Å ¸ for the call admissionproblem,asa
function of the discountparameter7 . The parametersweresetat $�@ ,�>Q<,>4<b>0/ . ½
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Figure12: Performanceof thecall admissioncontrollertrainedby � ��������������� asa
functionof thetotalnumberof iterationsof thequeue.Theperformancewascalculated
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independentruns.
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Figure13: The classical“mountain-car”taskis to apply forwardor reversethrustto
thecarto getit over thecrestof thehill. Thecarstartsat thebottomanddoesnothave
enoughpower to drivedirectly up thehill.

4.4 Mountainous Puck World

The“mountain-car”taskis a well-studiedproblemin thereinforcementlearningliter-
ature[13, Example8.2]. As shown in Figure13, the taskis to drive a car to the top
of a one-dimensionalhill. Thecaris not powerful enoughto acceleratedirectly up the
hill againstgravity, soany successfulcontrollermustlearnto “oscillate” backandforth
until it buildsup enoughspeedto crestthehill.

In thissectionwedescribeavariantof themountaincarproblembasedonthepuck-
world exampleof Section4.2.With referenceto Figure14,in ourproblemthetaskis to
navigatea puckout of a valley andontoa plateauat thenorthernendof thevalley. As
in themountain-cartask,thepuckdoesnothavesufficientpower to acceleratedirectly
up the hill, andso hasto learnto oscillatein orderto climb out of the valley. Once
againwe wereable to reliably train near-optimal neural-network controllersfor this
problem,using � ��������������� and

��Þ ��ß��"��à , and with
�����������

generatingthe
gradientestimates.

4.4.1 The World

Theworld dimensions,physics,puckdynamicsandcontrolswereidenticalto theflat
puck world describedin Section4.2, except that the puck wassubjectto a constant
gravitationalforceof =?; units,themaximumallowedthrustwas O units(insteadof = ),
andtheheightof theworld variedasfollows:

height,5f�<�g4/z@gfh iI=�= if gt± þ = or g Îj7 =7 J =   =�Kk@ml�áDn · ,po ¾ � À /P � q £ otherwiseJ
25



Figure14: In ourvariantof themountain-carproblemthetaskis to navigateapuckout
of a valley andonto the northernplateau.Thepuckstartsat thebottomof thevalley
anddoesnot haveenoughpower to drivedirectly up thehill.

With only O units of thrust, a unit masspuck can not acceleratedirectly out of the
valley.

Every 120 (simulated)seconds,the puck wasinitialized with zerovelocity at the
bottomof thevalley, with a randomf location. Thepuckwasgivenno rewardwhile
in thevalley or onthesouthernplateau,andarewardof =>;V;�K�á P while onthenorthern
plateau,where á was the speedof the puck. We found the speedpenaltyhelpedto
improvetherateof convergenceof theneuralnetwork controller.

4.4.2 The controller

After someexperimentationwe found that a neural-network controllercould be reli-
ably trainedto navigateto thenorthernplateau,or to stayon thenorthernplateauonce
there,but it wasdifficult to combineboth in the samecontroller (this is not so sur-
prisingsincethetwo tasksarequitedistinct). To overcomethis problem,we traineda
“switched” neural-network controller:thepuckusedonecontrollerwhenin thevalley
andon thesouthernplateau,andthenswitchedto a secondneural-network controller
while onthenorthernplateau.Bothcontrollerswereone-hidden-layerneural-networks
with nineinput nodes,five hiddennodesandfour outputnodes.Thenineinputswere
thenormalized( 9FKm=V<>=�� -valued) f , g and Ñ puck locations,thenormalizedf , g and Ñ
locationsrelativeto centerof thenorthernwall, andthe f , g and Ñ puckvelocities.The
four outputswereusedto generatea policy in the samefashionas the controllerof
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Figure15: Performanceof theneural-networkpuckcontrollerasafunctionof thenum-
ber of iterationsof the mountainouspuck world, whentrainedusing � ��������������� .
Performanceestimatesweregeneratedby simulatingfor =0<�;0;V;4<Ò;V;0; iterations.Aver-
agedover100independentruns.

Section4.2.2.

4.4.3 Conjugate gradient ascent

Theswitchedneural-network controllerwastrainedusingthesameschemediscussed
in Section4.2.3,exceptthis time thediscountfactor 7 wassetto ;4J Z9> .

A plot of theaveragerewardof theneural-networkcontrolleris shown in Figure15,
as a function of the numberof iterationsof the

���������
. The graphis an average

over 100 independentruns,with the neural-network controllerparametersinitialized
randomlyin the range 9FKÃ;4JD=V<�;QJF=�� at the startof eachrun. In this caseno run failed
to convergeto near-optimalperformance.Fromthe figurewe canseethat thepuck’s
performanceis nearlyoptimalafterabout40 million total iterationsof thepuckworld.
Although this figure may seemratherhigh, to put it in someperspective notethat a
randomneural-network controllertakesabout10,000iterationsto reachthe northern
plateaufrom a standingstartat the baseof the valley. Thus,40 million iterationsis
equivalentto only about4,000trips to thetop for a randomcontroller.

Note that the puck convergesto a final averageperformancearound75, which
indicatesit is spendingat least75% of its time on the northernplateau.Observation
of thepuck’s final behaviour shows it behavesnearlyoptimally in termsof oscillating
backandforth to getoutof thevalley.
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5 Conclusion

This paper showed how to use the performancegradient estimatesgeneratedby
the

�����������
algorithm from [2] to optimize the averagereward of parameterized���������

s. Theoptimizationrelieson theuseof
��Þ ��ß��"��à , a robustline-searchalgo-

rithm thatusesgradientestimates,ratherthanvalueestimatesto bracketthemaximum.� �����?��������� and
��Þ ��ß��"��à werefoundto performwell onfour quitedistinctprob-

lems:optimizingacontrollerfor a three-state
�����

, optimizinganeural-network con-
troller for navigatinga puckarounda two-dimensionalworld, optimizinga controller
for acall admissionproblem,andoptimizingaswitchedneural-network controllerin a
variationof theclassicalmountain-cartask.Wealsopresented

���e���������
, anon-line

versionof � ��������������� .
For thethree-state

�����
andthecall admissionproblemswe wereableto provide

graphicillustrationsof how the biasandvarianceof the gradientestimates1 2 + can
betradedagainstoneanotherby varying 7 between; (low variance,high bias)and =
(highvariance,low bias).

Relatively little tuning was requiredto generatetheseresults. In addition, the
controllersoperatedon direct andsimple representationsof the state,in contrastto
the muchmorecomplex representationsusuallyrequiredof value-functionbasedap-
proaches.

An interestingavenuefor further researchwould be an empirical comparisonof
value-functionbasedmethodsandthe algorithmsof this paperin domainswherethe
formerareknown to producegoodresults.

Despitethe successof � ��������������� /
��Þ ��ß��"��à in the experimentsdescribed

here,theon-linealgorithm
�������������

hasadvantagesin othersettings.In particular,
whenit is appliedto multi-agentreinforcementlearning,both gradientcomputations
andparameterupdatescanbeperformedfor distinctagentswithoutany communication
beyondtheglobaldistribution of therewardsignal.This ideahasled to a biologically
plausibleparameteroptimizationprocedurefor spikingneuralnetworks(see[1]), and
we arecurrentlyinvestigatingthe applicationof the on-line algorithmin multi-agent
reinforcementlearningproblems.
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