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Abstract

In [2] we introducedGPOMDP, an algorithmfor computingarbitrarily ac-
curateapproximationgo the performanceagradientof parameterizegartially ob-
senableMarkov decisionprocesse§POMDPS).

Thealgorithm’ chief advantagesrethatit requiresonly a singlesamplepath
of theunderlyingMarkov chain,it usesonly onefreeparameteg € [0, 1) which
hasa naturalinterpretationin termsof bias-\ariancetrade-of, andit requiresno
knowledge of the underlyingstate. In addition, the algorithm canbe appliedto
infinite state,controlandobsenrationspaces.

In this paperwe presentCONJPOMDP, a conjugate-gradierascentalgo-
rithm that usesGPOMDP as a subroutineto estimatethe gradientdirection.
CONJPOMDP usesanovel line-searchroutinethatreliessolely on gradientes-
timatesandhenceis robustto noisein the performancesstimates OLPOMDP,
anon-linegradientascentlgorithmbasecon GPOMDP is alsopresented.

The chief theoreticaladvantageof this gradientbasedapproachover value-
function-basedpproacheto reinforcementearningis thatit guaranteesnprove-
mentin the performanceof the policy at every step. To shav thatthis advantage



is real, we give experimentalresultsin which CONJPOMDP was usedto op-
timize a simplethree-statéMarkov chaincontrolledby a linear function, a two-
dimensional“puck” controlled by a neuralnetwork, a call admissionqueueing
problem,anda variationof the classical‘mountain-car”task. In all caseshe al-
gorithmrapidly found optimal or nearoptimalsolutions.

1 Introduction

Functionapproximationis necessaryo avoid the curseof dimensionalityassociated
with large-scaledynamic programmingand reinforcementearning problems. The
dominantparadigmis to usethe function to approximatethe state(or stateand ac-
tion) values. Most algorithmsthenseekto minimize someform of error betweernthe
approximatevaluefunctionandthetruevaluefunction,usuallyby simulation(se€[13]
and[4] for comprehensie overviens). While therehave beena multitude of empir
ical successefor this approach(seee.g[10, 14, 15, 3, 18, 11] to namebut a few),
thereareonly weaktheoreticalguaranteesn the performanceof the policy generated
by the approximatevaluefunction. In particular thereis no guaranteehatthe policy
will improve astheapproximatevaluefunctionis trained(se€[2, Sectionl] for further
discussion).

Motivatedby thesdlifficulties,in [2] weintroducedGPOMDP, anew algorithmfor
computingarbitrarily accurateapproximationdo the performancegradientof param-
eterizedpartially obsenable Markov decisionprocesse$POMDP’s). Our algorithm
is essentiallyan extensionof Williams’ REINFORCE algorithm[17] andsimilar more
recentalgorithmg[7, 5,9, 8]. Se€[2, Sectionl.1] for amorecomprehensiediscussion
of thisrelatedwork.

More specifically suppos# € RX aretheparametersontrollingthePOMDP. For
example,d could be the parametersf anapproximateneural-netwrk value-function
thatgeneratesa stochastigolicy by someform of randomizedook-aheador 6 could
betheparametersf anapproximate functionusedto stochasticallyselectcontrols.
Letn(#) denoteheaveragaewardof thePOMDP with parametesettingd. GPOMDP
computesinapproximatiorivzn(d) to Vn(6) basednasinglecontinuousamplepath
of the underlyingMarkov chain. The accurag of the approximationis controlledby
theparametep € [0, 1). It wasprovedin [2, Theorem3] that

Vn(6) = lim Vsn(6).

B—1

The trade-of preventingus choosingg arbitrarily closeto 1 is that the varianceof
GPOMDP's estimatesof Vzn() increasewith 3. However, on the bright side, [2,
Theoremd] shavedthatthe approximatiorerroris proportionalto

1-p
1— x|’

1Stochastigoliciesarenot strictly necessaryn our framework, but the policy mustbe “differentiable”
in thesensahatVn(9) exists.




where)\; is the subdominaneigervalueof the Markov chainunderlyingthe POMDP.
Thusfor “rapidly mixing” POMDP'’s (for which Az is significantlylessthan1), esti-
matesof the performancegradientwith acceptabléiasandvariancecanbeobtained.

Provided V7 (0) is asufficiently accuratepproximatiorof Vi (6)—in fact, Vzn ()
needonly bewithin 90° of Vr(§)—adjustmentdo the parameter$ of theform 6 «
6 + vVn(6) for smallstep-sizey, will guaranteémprovementin the averagereward
n(6). In this case gradient-basedptimizationalgorithmsusing Vs7(6) astheir gra-
dient estimatewill be guaranteedo improve the averagereward n(#) on eachstep.
Exceptin the caseof table-lookupmostvalue-functiorbasedapproacheto reinforce-
mentlearningcannotmake this guarantee See[16] for someanalysisin the caseof
TD(A) anda demonstratiomf performancelegradationduring the courseof training
aneuralnetwork backgammaorplayer

In this papemwe presenCONJPOMDP, aconjugate-gradierdgscentlgorithmthat
usesthe estimatef Vzn(8) providedby GPOMDP. Critical to the successfubpera-
tion of CONJPOMDP is a novel line searchsubroutinethat reducesoiseby relying
solelyupongradientestimatesWe alsopresenfOLPOMDP, anon-line variantof our
algorithmthat updatesthe parameterst every time step. OLPOMDP is similar to
algorithmsproposedn [7] and[9].

Thetwo algorithmsare appliedto a variety of problems beginning with a simple
3-stateMarkov decisionprocesgMDP) controlledby a linear function for which the
true gradientcan be exactly computed. We show rapid corvergenceof the gradient
estimate§/;n(6) tothetruegradientjn thiscaseoveralargerangeof valuesof 3. With
this simplesystemwe areableto illustratevividly thebiasharianceradeof associated
with the selectionof 5. We thenuse CONJPOMDP and OLPOMDP to find a good
policy for the MDP. CONJPOMDP reliably finds a nearoptimal policy in lessthan
100iterationsof the Markov chain,anorderof magnitudeasterthanOLPOMDP.

Next we demonstratehe effectivenesof CONJPOMDP in training a neuralnet-
work controllerto controla “puck” in atwo-dimensionaivorld. Thetaskin this case
is to reliably navigatethe puck from ary startingconfigurationto an arbitrary target
locationin the minimumtime, while only applyingdiscreteforcesin thex andy direc-
tions.

In the third experiment,we use CONJPOMDP to train a controller for the call
admissiongueueingproblemtreatedin [8]. In this caseCONJPOMDP finds near
optimalsolutionswithin about2000iterationsof the underlyingqueue.

In thefourthandfinal experimentCONJPOMDP is usedo trainaswitchedneural-
network controllerfor atwo-dimensionavariationontheclassical'mountain-car'task
[13, Example8.2].

The restof this paperis organizedasfollows. In Section2 we introducethe defi-
nitionsneededo understandsPOMDP. In Section3 we describeCONJPOMDP, the
gradient-basedine-searchsubroutineand OLPOMDP. In Section4 we presentour
experimentakesults.



2 Thegrompr algorithm

A partially obsenable,Markov decisionproces§POMDP) consistof a statespaceS,
obsenationspace€) andacontrolspacd/. For eachstate; € S thereis adeterministic
rewardr(i). Althoughtheresultsin [2] only guaranteeonvergenceof GPOMDP in the
caseof finite S (but ratherarbitraryl/ and)), thealgorithmcanbeappliedregardless
of thenatureof S sowe do notrestrictthe cardinalityof S, i or ).

Consideffirst the caseof discreteS, U/ and). Eachcontrolu € U determinesa
stochastianatrix P(u) = [p;;(u)] giving thetransitionprobability from state; to state
j (4,7 € S). For eachstatei € S, anobsenationy € ) is generatedndependently
accordingo aprobabilitydistributionv (i) overobsenationsin ). We denotetheprob-
ability of y by v, (¢). A randomizegbolicy is simply afunctiony mappingobsenations
into probability distributionsover the controlsi/. Thatis, for eachobserationy € Y,
u(y) is adistribution over the controlsin /. Denotethe probabilityundery of control
u givenobsenationy by p., (v).

For continuousS, Y andi/, p;;(u) becomesakernelk;; (u) giving the probability
densityof transitionsfrom 7 to j, v(¢) becomesa probability densityfunctionon Y
with v, (i) thedensityaty, andy(y) becomesa probability densityfunctionon/ with
uy(y) thedensityatu.

To eachrandomizedpolicy p therecorresponds Markov chainin which state
transitionsare generatedy first selectingan obsenrationy in statei accordingto the
distribution v (i), then selectinga control u accordingto the distribution u(y), and
finally generatingatransitionto statej accordingto the probability p;; (u).

At presenive areonly dealingwith afixedPOMDP. To parameterizéhe POMDP
we parameterizehe policies, so that 4 now becomesa function (8, y) of a setof
parameterd € RX, aswell asof the obsenationy. The Markov chaincorresponding
to 6 hasstatetransitionmatrix P(6) = [p;;(6)] givenby

Dij (0) = EyNV(i) Eu~u(9,y)p‘ij (U) (1)
Thefollowing technicalassumptionsrerequiredfor the operationof GPOMDP.

Assumption 1. Thederivatives,

[auu(ﬂ,y)]
06k k=1..K

existforall u € U,y € Y andd € RX .

‘mzu(e,y)
B0
pu(6,y)
k=1...K

are uniformlyboundeddy B < oo, forall u € U4,y € Y andf € RX.

Assumption 2. Theratios

Assumption 3. Themagnitudesof therewards, |r(4)|, are uniformlyboundedby R <
oo for all statesi.



Assumption 4. Each P(6),6 € RX, hasa uniquestationarydistribution, 7 (6).

Theaverage reward n)(6) is simply the expectedreward underthe stationarydistri-
bution 7 (8):

n(0) = Eiur(oyr(i)- 2

Becauseof Assumption4, for ary startingstates, n(6) is alsoequalto the expected
long-termaverageof thereward,

1 T—1
fim B (TZT(“) =>
=
wherethe expectationis over sequencesf statesig, ... ,i7_; of the Markov chain
specifiedby P(6).

GPOMDP ([2, Algorithm 2] andreproducedn Algorithm 1) is an algorithmfor
computinganapproximatiomAr to Vy(6). In [2, Theorem7] we proved:

Jim Az = Vin(),
whereVn(0) (8 € [0, 1)) is anapproximatiorto V7(6) satisfying
Vn(6) = lim Vsn(6),
B—1

[2, Theorem3]. Notethat GPOMDP reliesonly upona single samplepathfrom the
POMDR Also, it doesnot requireknowledgeof the transitionprobability matrix P,
nor of the obsenationprocesy; it only requiresknowledgeof the randomizedolicy
M.

We cannotsetg arbitrarily closeto 1 in GPOMDP, sincethe varianceof the esti-
mateAr increasewvith increasing3. Thusg hasa naturalinterpretatiorin termsof a
bias-\ariancerade-of: smallvaluesof 3 give lower variancein the estimates\ -, but
higherbiasin that Ar may be far from Vn(6), whereasvaluesof g3 closeto 1 yield
small biasbut correspondinglyarger variance.This biashariancetrade-of is vividly
illustratedin the experimentsof Sectiond.

3 Stochastic gradient ascent algorithms

In this sectionwe introducetwo algorithms: CONJPOMDP, a variantof the Polak-
Ribiere conjugategradientalgorithm (seee.g. [6, S5.5.2]),and OLPOMDP, a fully
on-linealgorithmthatupdateghe parameter§ at eachiterationof the POMDP.

3.1 TheconNspoMDP algorithm

CONJPOMDP, describedn Algorithm 2, is aversionof the Polak-Ribiereconjugate-
gradientalgorithmthatis designedo operateusingonly noisy (andpossibly)biased



Algorithm 1 GPOMDP(3, T, 8) — RK [2, Algorithm 2].

1

o9k wbd

N

10:
11:

Given:
e 3€0,1).
e T >0.

e Parameter® € RX.

Randomizedgolicy pu(6, -) satisfyingAssumptionsl and2.

POMDP with rewardssatisfyingAssumption3, andwhich whencontrolled
by (6, -) generatestochastianatricesP(6) satisfyingAssumptiord.

e Arbitrary (unknawvn) startingstatei.

. Setzg = 0andAg = 0 (20, Ag € RX).
cfort=0t0oT —1do

Obseney, (generatecccordingo v(i;))
Generateontrolu; accordingo (8, v;)
Obsere r(i;+1) (where the next state i;1; is generatedaccording to
Disiz1 (ut))
Setz 1 = 20 + Lol
SetAt+1 =A; + r(it+1)zt+1
end for
AT < AT/T
returnAr




estimate®f the gradientof the objective function (for example the estimates\ pro-
videdby GPOMDP). The novel featureof CONJPOMDP is GSEARCH, alinesearch
subroutinghatusesonly gradientinformationto find thelocal maximumin thesearch
direction. The useof gradientinformation ensureSGSEARCH is robust to noisein
theperformancesstimatesBoth CONJPOMDP andGSEARCH canbeappliedto arny
stochasticoptimizationproblemfor which noisy (and possibly) biasedgradientesti-
matesareavailable.

The agumentsy to CONJPOMDP providesan initial step-sizefor GSEARCH.
When||GRAD(9)||? falls belov theargumente, CONJPOMDP terminates.

Algorithm2 CONJPOMDP(GRAD, 6, sq, €)
1: Given:

e GRAD: RE — RX: a(possiblynoisyandbiased)estimateof the gradient
of the objective functionto be maximized.

e Startingparameter§ € RX (setto maximumonreturn).
e Initial stepsizesy > 0.

e Gradientresolutione.

2: ¢ = h = GRAD(A)

3: while||g||> > e do

4:  GSEARCH(GRAD,#, h, sg, €)
5. A = GRAD(f)

6 y=(A—-g)-Aflgll?
7. h=A+~h

8 ifh-A <0then

9: h=A

10. endif

1. g=A

12: end while

3.2 TheGseEARCH algorithm

The key to the successfuloperationof CONJPOMDP is the linesearchalgorithm
GSEARCH (Algorithm 3). GSEARCH usesonly gradientinformationto braclet the
maximumin thedirectionf*, andthenquadratidnterpolatiorto jumpto themaximum.

We found the useof gradientsto bracket the maximumfar morerobustthanthe
useof function values. To bracket the maximumusing function values,threepoints
01,62,05, all lying in the direction 8* from #, mustbe found suchthat n(6:) <
n(f2) andn(ds) < n(62). Thus, we needto estimatesign[n(6;) — n(6=2)] (and
sign[n(3) — n(62)]). If we only have accesgo noisy estimatef n(4) (for example,
estimateobtainedby simulation),thenregardlesf the magnitudeof the varianceof
7n(0), thevarianceof sign [(61) — n(62)] approaches (the maximumpossible)asé;



approaches$,. Thus,to reliably braclet the maximumusingnoisy estimatef n(6)

we needto be ableto reducethe varianceof the estimatesvhend; andé, areclose.
In our casethis meangunningthe simulationfrom which the estimatesrederivedfor

longerandlongerperiodsof time.

An alternatve approachto bracleting the maximumin the direction 8* from 6
is to find two pointsé; and#é, in that directionsuchthat GRAD(#,) - 6* > 0 and
GRAD(6-) - * < 0. The maximummustthenlie betweerd; andf,. The advan-
tageof this approachis that even if the estimatesGRAD(f) are noisy, the variance
of sign [GRAD(6;) - 6*] (andsign [GRAD(6>) - 6*]) is independentf thedistancebe-
tweend; andd., andin particulardoesnotgrow asthetwo pointsapproactoneanother
The disadwantages thatit is not possibleto detectextremeovershootingof the max-
imum usingonly gradientestimates However, with carefulcontrol of theline search
we did notfind this to bea problem.

In Algorithm 3, lines 5-25 braclet the maximumby finding a parametessetting
0_ = 6y + s_6* suchthat GRAD(6_) - 8* > —e, anda secondparametessetting
0, = 6y + s 0* suchthatGRAD(6,) - 8* < e. Thereasorfor e ratherthan0 in these
expressionss to provide somerobustnessagainsterrorsin the estimatesGRAD(6).
It also preventsthe algorithm “steppingto oco” if thereis no local maximumin the
directiong*. Notethatwe usethesamee asusedin CONJPOMDP to determinevhen
to terminatedueto smallgradient(line 4 in CONJPOMDP).

Provided that the signsof the gradientsat the bracketing pointsé_ andé, shav
thatthe maximumof the quadraticdefinedby thesepointslies betweerthem,line 27
will jump to the maximum. Otherwisethe algorithm simply jumpsto the midpoint
betweerd_ andd, .

3.3 oLPOMDP: updating the parametersf at every time step

CONJPOMDP operatedy iteratively choosing‘uphill” directionsandthensearching
for alocal maximumin thechoserdirection. If the GRAD argumento CONJPOMDP
is GPOMDP, the optimizationwill involve mary iterationsof theunderlyingpOMDP
betweerparameteupdates.

An alternatve approachsimilar in spirit to algorithmsdescribedn [7, 9, 8], is to
adjustthe parametewrectorat every iterationof the underlyingPOMDP. Algorithm 4,
OLPOMDP, present®nesuchalgorithmalongtheselines. We arecurrentlyworking
onacorvergenceproof for this algorithm.

4 Experiments

In this sectionwe presentseveral setsof experimentalresults. Throughoutthis sec-
tion, wherewe referto CONJPOMDP we meanCONJPOMDP with GPOMDP asits
GRAD argument.

In thefirst setof experimentswe considera systemin which a controlleris used
to selectactionsfor a 3-stateMarkov DecisionProcesg§MDP). For this systenwe are



Algorithm3 GSEARCH(GRAD, 6, 0*, s, €)
1: Given:

e GRAD: RF — RX: a(possiblynoisyandbiased)estimateof the gradient
of the objective function.

e Startingparameterg, € RX (setto maximumon return).
e Searchdirection§* € RE with GRAD(6,) - 6* > 0.
o Initial stepsizesy > 0.

¢ Innerproductresolutione >= 0.

N

.8 S0
3.0 =0+ s6*

4: A = GRAD(#)

5 if A-6* < 0then

6: Stepbackto bracketthe maximum:
7:  repeat

8: Sy =S

9: P+ = A . 9*

10: s=3s/2

11: 0 = 6y + s6*
12 A = GRAD(9)
13:  until A-6* > —e

14: S_ =38

15 p_.=A-6*

16: else

17:  Stepforwardto bracletthe maximum:
18: repeat

19: S_ =38

20: p.=A-0*

21: s =2s

22: 0 =6y + s6*
23: A = GRAD(9)
24:  until A-6* <e¢

25: Sy =S
26: P+ = A - 0*
27: end if

28: if p_ > 0andpy < 0 then
29: 5= =PeTS4Po

P+—P—
30: else

31 ¢= =t
32: end if

33: 0y = g + s6*




Algorithm 4 OLPOMDP(B, T, 6p) — RE .
1: Given:

e f€]0,1).
e T >0.

e Initial parametevaluesf, € R¥ .

e Randomizecparameterizegolicies{n(6,-): 6 € R* } satisfyingAssump-
tions1 and2.

¢ POMDP with rewardssatisfyingAssumption3, andwhich whencontrolled
by u(6, -) generatestochastianatricesP(6) satisfyingAssumptiord.

e Stepsizesy;,t =0,1,... satisfying}_ v = oo and}_ 1? < oo.
¢ Arbitrary (unknown) startingstateig.

2: Setzg =0 (2 € ]RK)
3 fort=0toT —1do
:  Obsenrey; (generatedccordingto v (i;)).
Generateontrolu; accordingo u(6, v;)
Obsenrer(i;41) (Wherethenext statei; ., is generatediccordingo p;,;, ., (u¢).

Vi, (0,
Setzt+1 = ﬁZt + u‘:tt((;y?;)

8. Setbyy1 = 0 + ver(ity1)2e1
9: end for
10: returnfr

N a s

10



ableto computethetrue gradientexactly usingthe matrix equation
Vn(8) = ' (0)VP(O) [I — P(6) +ex'(6)] ', 3)

whereP(0) is thetransitionmatrixof theunderlyingMarkov chainwith thecontroller's
parametersetto 6, 7' (6) is the stationarydistribution correspondingo P(6) (written

asarow vector),err’ (6) is the matrix in which eachrow is the stationarydistribution,
andr is the(column)vectorof rewards(se€[2, S2.1]for aderivationof (3)). Hencewe
cancomparethe estimates\ 1 generatedy GPOMDP with the true gradientVr(6),

both as a function of the numberof iterationsT and as a function of the discount
parameterd. We also optimize the performanceof the controller usingthe on-line
algorithm, OLPOMDP, and CONJPOMDP. CONJPOMDP reliably corvergesto a
nearoptimal policy with around100 iterationsof the MDP, while the on-line method
requiresapproximatelyl000iterations.This shouldbe contrastedvith trainingalinear
value-functiorfor this systemusingTD(1) [12], which canbeshown to corvergeto a
valuefunctionwhoseone-stefgookaheadolicy is suboptimal16].

In the secondsetof experimentswe considera simple “puck-world” problemin
which a small puck mustbe navigatedarounda two-dimensionalorld by applying
thrustin the z andy directions. We train a 1-hidden-layemeural-netwrk controller
for the puck using CONJPOMDP. Again the controllerreliably corvergesto near
optimality.

In the third setof experimentswe use CONJPOMDP to optimize the admission
thresholddor the call-admissiorproblemconsideredn [8].

In the final setof experimentswe use CONJPOMDP to train a switchedneural-
network controllerfor a two-dimensionablariantof the “mountain-car’task[13, Ex-
ample8.2].

41 A three-state MDP

In this sectionwe considera three-stateViDP, in eachstateof which thereis a choice
of two actionsa; anda,. Table1 shows the transitionprobabilitiesasa function of
the statesandactions. Eachstatex hasan associatedwo-dimensionafeaturevector
o(z) = (¢1(z), p2(z)) andreward r(z) which aredetailedin Table2. Clearly, the
optimal policy is to always selectthe action that leadsto stateC' with the highest
probability, which from Table1 meansalwaysselectingactionas,.

This ratherodd choiceof featurevectorsfor the statesensureghat a value func-
tion linear in thosefeaturesand trainedusing TD(1)—while observingthe optimal
policy—will implementa suboptimabne-stegreedylookaheadolicy itself (see[16]
for a proof). Thus,in contrastto the gradientbasedapproachfor this system,TD(1)
training a linearvaluefunctionis guaranteedo producea worsepolicy if it startsout
observingheoptimalpolicy.

4.1.1 Trainingacontroller

Ourgoalis to learna stochasticontrollerfor this systemthatimplementsan optimal
(or nearoptimal) policy. Givena parametewrectorf = (6., 6,0s,6,4), we generate

11



Origin DestinationStateProbabilities

State | Action A B C
A al 0.0 0.8 0.2
A a2 0.0 0.2 0.8
B al 0.8 0.0 0.2
B a2 0.2 0.0 0.8
c al 0.0 0.8 0.2
C a2 0.0 0.2 0.8

Tablel: Transitionprobabilitiesof thethree-statdViDP

r(4) =0 p1(A) =1 A =35
r(B) =0 ¢(B)=3%& ¢(B) =12
r(C) =1 9(C) =1 ¢00) =5

Table2: Three-stateewardsandfeatures.

policy asfollows. For ary statez, let

s51(z) := 0191 (z) + 0262 (2)
SQ(.’L’) = 03¢1 (33) + 04¢2 (Z‘)

Thenthe probability of choosingactiona, in statez is givenby

es1 (z)
Ma,q (.’L‘) = e51(2) 1 g52(2)
while the probability of choosingactionas is givenby

e52 (z)

Pas (T) = m =1~ pta, (2).

Theratios vu’:“(;”)”) needecy Algorithms 1 and4 aregivenby,
Vi, (z es2(2)
all) B @a@ e —aE)] @
Ve, (z) _ es1(@)

o (.’L‘) T esi(@) 4 es2(@) [_¢1($)7_¢2($)7¢1(m)7¢2($)] (5)

412 Gradient estimates
With a parametewectof of § = [1,1,—1, —1], estimatesAr of Vzn weregenerated
usingGPOMDP, for variousvaluesof T' andj € [0,1). To measurdhe progresof

20therinitial valuesof the parametewectorwerechoserwith similar results. Notethat[1,1, —1, —1]
generatea suboptimalpolicy.

12
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Figurel: Angle betweerthetrue gradientVn andthe estimateA for thethree-state
Markov chain,for variousvaluesof the discountparametes. A1 wasgeneratedy
Algorithm 1. Averagedver500independentuns.NotethehighervarianceatlargeT
for thelargervaluesof 3. Error barsareonestandardieviation.

A towardsto thetruegradientVy, Vi wascalculatedrom (3) andthenfor eachvalue
of T theanglebetweemAr andVn andtherelative error% wererecordedThe
anglesandrelative errorsareplottedin Figuresl, 2 and3.

The graphsillustratea typical trade-of for the GPOMDP algorithm: smallvalues
of 3 give higherbiasin the estimateswhile larger valuesof 8 give highervariance
(thebiasis only shavn in Figure 3 for the norm deviation becausét wastoo smallto
measurdor the angulardeviation). Thatsaid,the biasintroducedby having 8 < 1 is
very small for this system.In the worstcase,s = 0.0, thefinal gradientdirectionis
indistinguishabldrom the true directionwhile the relative deviation % is only

7.7%.

4.1.3 Training via conjugate-gradient ascent

CONJPOMDP with GPOMDP asthe”GRAD” amgumentasusedo traintheparame-
tersof thecontrollerdescribedn theprevioussection.Following thelow biasobsenred
in the experimentsof the previous section thearguments of GPOMDP wassetto 0.
After a small amountof experimentationthe argumentss, ande of CONJPOMDP
weresetto 100 and0.0001 respectrely. Noneof thesevalueswerecritical, although
the extremelylargeinitial step-siz€(sg) did considerablyreducethe time requiredfor

13
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thecontrollerto corvergeto nearoptimality.

We testedthe performancesf CONJPOMDP for arangeof valuesof theargument
T to GPOMDP from 1 to 4096. SinceGSEARCH only usesGPOMDP to determine
thesignof theinnerproductof the gradientwith the searchdirection,it doesnotneed
to run GPOMDP for asmary iterationsasCONJPOMDP does.Thus,GSEARCH de-
terminedits own T parameteto GPOMDP asfollows. Initially, (somavhatarbitrarily)
thevalueof T within GSEARCH wassetto 1/10 thevalueusedin CONJPOMDP (or
1if thevaluein CONJPOMDP waslessthan10). GSEARCH thencalled GPOMDP
to obtainanestimateAr of thegradientdirection.If A -6* < 0 (6* beingthedesired
searchdirection)thenT wasdoubledand GSEARCH wascalled againto generatea
new estimateAr. This procedurewasrepeateduntil At - 6* > 0, or T' hadbeen
doubledfour times.If Az - 8* wasstill negative attheendof this processGSEARCH
searchedor a local maximumin the direction —6*, andthe numberof iterationsT
usedby CONJPOMDP wasdoubledon the next iteration (the conclusionbeingthat
thedirectiond* wasgeneratedby overly noisyestimatesrom GPOMDP).

Figure 4 shavs the averagereward n(#) of the final controller producedby
CONJPOMDP, as a function of the total numberof simulationstepsof the under
lying Markov chain. The plots representan averageover 500 independentuns of
CONJPOMDP. Notethat0.8 is the averagereward of the optimal policy. The param-
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etersof the controllerwere (uniformly) randomlyinitialized in the range[—0.1,0.1]

beforeeachcall to CONJPOMDP. After eachcall to CONJPOMDP, the averagere-

ward of the resulting controller was computedexactly by calculatingthe stationary
distribution for the controller From Figure 4, optimality is reliably achieved using
approximatelylOOiterationsof the Markov chain.

4.1.4 Trainingdirectly on-linewith OLPOMDP

The controller was also trained on-line using Algorithm 4 (OLPOMDP) with fixed
step-sizesy; = ¢ with ¢ = 0.1, 1,10, 100. Reducingstep-size®f theform v, = ¢/t
weretried, but causedntolerablyslow corvergence.Figure5 shows the performance
of thecontroller(measuredxactly asin the previoussection)asa function of thetotal
numberof iterationsof the Markov chain,for differentvaluesof the step-sizec. The
graphsareaverage®ver 100runs,with thecontrollersweightsrandomlyinitializedin
therange[—0.1, 0.1] atthestartof eachrun. Fromthefigure,corvergenceo optimalis
aboutanorderof magnitudeslower thanthatachievedby CONJPOMDP, for the best
step-sizeof ¢ = 1.0. Step-sizesnuchgreaterthate = 10.0 failedto reliably corverge
to anoptimalpolicy.
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ber of iteration stepsin the on-line algorithm, Algorithm 4, for fixed stepsizesof
0.1,1, 10, and100. Error barswerecomputedasin Figure4.

4.2 Puck World

In this section,experimentsare describedin which CONJPOMDP and OLPOMDP
wereusedto train 1-hidden-layemneural-netwrk controllersto navigatea small puck
arounda two-dimensionaivorld.

421 TheWorld

The puckwasa unit-radius,unit-masssectionof a cylinder constrainedo move in the
planein aregion 100 units square.The puck hadno internaldynamics(i.e rotation).
Collisionswith the region’s boundariesvere inelasticwith a (tunable)coeficient of
restitutione (setto 0.9 for the experimentsreportedhere). The puck was controlled
by applyinga 5 unit forcein eitherthe positive or negative x direction,anda 5 unit
force in eitherthe positive or negative y direction, giving four differentcontrolsin
total. Thecontrolcouldbechangedvery1/10 of asecondandthesimulatoroperated
ata granularityof 1/100 of a second.The puckalsohada retardingforce dueto air
resistancef 0.005 x speed. Therewasno friction betweerthe puckandtheground.
The puck wasgiven a reward at eachdecisionpoint (1/10 of a second)equalto
—d whered wasthe distancebetweernthe puck andsomedesignatedarget point. To
encouragehe controllerto learnto navigatethe puck to the target independentlyof
the startingstate,the puck statewasresetevery 30 (simulated)seconddo a random
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locationandrandomz andy velocitiesin therange[—10, 10], andatthe sametime the
targetpositionwassetto arandomlocation.

Note that the size of the state-spacén this exampleis essentiallyinfinite, being
of the order of 2PRECISION where PRECISIONIs the floating point precisionof the
maching(64 bits).

4.2.2 Thecontroller

A one-hidden-layeneural-netwark with six input nodes eighthiddennodesandfour

output nodeswas usedto generatea probabilisticpolicy in a similar mannerto the
controllerin thethree-statéMarkov chainexampleof the previoussection.Four of the
inputsweresetto theraw x andy locationsandvelocitiesof the puck at the current
time-stepthe othertwo werethe differencesetweerthe puck’s  andy locationand
thetarget'sz andy locationrespectrely. Thelocationinputswerescaledo lie between
—1 and1, while thevelocity inputswerescaledso thata speeddf 10 unitspersecond
mappedo avalueof 1. The hiddennodescomputeda tanh squashindunction,while

the outputnodeswerelinear Eachhiddenandoutputnodehadthe usualadditional
offsetparameterThefour outputnodeswereexponentiatecandthennormalizedasin

the Markov-chainexampleto producea probability distribution over the four controls
(£5 unitsthrustin the z direction,+5 unitsthrustin they direction). Controlswere
selectedat randomfrom this distribution.

4.2.3 Conjugate gradient ascent

We trainedthe neural-netwrk controllerusing CONJPOMDP with the gradientesti-
matesgeneratedy GPOMDP. After someexperimentatiorwe choses = 0.95 and
T = 1,000,000 asthe parameter € ONJPOMDP suppliedto GPOMDP. GSEARCH
usedthe samevalueof 5 andthe schemeadiscussedn Section4.1.3to determinethe
numberof iterationswith whichto call GPOMDP.

Due to the saturatingnatureof the neural-netwrk hiddennodes(and the expo-
nentiatedoutputnodes) therewasa tendeng for the network weightsto corvergeto
local minima at “infinity”. Thatis, the weightswould grow very rapidly early onin
the simulation,but towardsa suboptimalsolution. Large weightstendto imply very
small gradientsandthusthe network becomes'stuck” at thesesuboptimalsolutions.
We have obseneda similar behaiiour whentraining neuralnetworks for patternclas-
sificationproblems.To fix the problem,we subtracteda small quadraticpenaltyterm
v/|0]|? from the performancesstimatesndhencealsoa smallcorrection2+6; from the
gradientcalculatior? for 6;.

We useda decreasingschedulefor the quadraticpenalty weight v (arrived at
throughsomeexperimentation).~ wasinitialized to 0.5 andthenon every tenthit-
erationof CONJPOMDP, if the performancehad improved by lessthan 10% from
the valueten iterationsago, v wasreducedby a factorof 10. This schedulesolved
nearlyall thelocal minima problems but at the expenseof slower corvergenceof the
controller

3Whenusedasa techniquefor capacitycontrolin patternclassificationthis techniquegoesby thename
“weight decay”.Herewe usedit to conditionthe optimizationproblem.
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Figure6: Performancef the neural-network puckcontrollerasa functionof the num-
ber of iterationsof the puck world, whentrainedusingCONJPOMDP. Performance
estimatesveregeneratedy simulatingfor 1,000, 000 iterations. Averagedover 100
independentuns(excludingthefour badrunsin Figure7).

A plot of theaveragereward of the neural-netwark controlleris shovn in Figure6,
asafunctionof the numberof iterationsof the POMDP. Thegraphis anaverageover
100independentuns,with theparametermitialized randomlyin therange[—0.1, 0.1]
atthestartof eachrun. Thebadrunsshowvn in Figure7 wereomittedfrom the average
because¢hey gave misleadinglylarge errorbars.

Note that the optimal performance(within the neural-network controller class)
seemdo be around—8 for this problem,dueto the fact that the puck andtarget lo-
cationsareresetevery 30 simulatedsecondsindhencethereis a fixed fraction of the
time thatthe puck mustbe away from the target. From Figure 6 we seethefinal per
formanceof the puck controlleris closeto optimal. In only 4 of the 100 runsdid
CONJPOMDP getstuckin a suboptimallocal minimum. Threeof thosecaseswere
causedby overshootingin GSEARCH (seeFigure 7), which could be preventedby
addingextra checksto CONJPOMDP.

Figure8 illustratesthe behaiour of atypical trainedcontroller For the purposeof
theillustration, only the targetlocationand puck velocity wererandomizedevery 30
secondsnotthe pucklocation.

4.3 Call Admission Control

In thissectionwereporttheresultsof experimentsn which CONJPOMDP wasapplied
to thetaskof traininga controllerfor thecall admissiomproblemtreatedn [8, Chapter
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Call Type 1 2 3
BandwidthDemand b 1 1 1
Arrival Rate a|18|16|14
AverageHoldingTime h | 0.6 | 0.5 | 0.4
Reward r 1 2 4

Table3: Parameter®f the call admissiorcontrolproblem.

7).

431 TheProblem

The call admissioncontrol problemtreatedin [8, Chapter7] modelsthe situationin
which a telecommunicationprovider wishesto sell bandwidthon a communications
link to customer$n suchaway asto maximizelong-termaveragereward.

Specifically the problemis a queuingproblem. Therearethreedifferenttypesof
call, eachwith its own call arrival ratea(1), a(2), «(3), bandwidthdemand(1), b(2),
b(3) andaverageholdingtime h(1), h(2), h(3). The arrivals are Poissondistributed
while the holding timesareexponentiallydistributed. The link hasa maximumband-
width of 10 units. Whena call arrivesandthereis sufiicient available bandwidth,the
serviceprovider canchooseo acceptor rejectthecall (if thereis notenoughavailable
bandwidththe call is alwaysrejected). Upon acceptinga call of type m, the service
provider recevesareward of r(m) units. The goal of the serviceprovider is to maxi-
mizethelong-termaveragereward.

The parametersassociatedvith eachcall type arelisted in Table 3. With these
settingstheoptimalpolicy (foundby dynamicprogrammingn [8]) is to alwaysaccept
calls of type 2 and3 (assumingsufiicient available bandwidth)andto acceptcalls of
type 1 if the available bandwidthis at least3. This policy hasan averagereward of
0.804, while the“alwaysaccept”policy hasanaveragereward* of 0.784.

4.3.2 TheController

As in [8], the controllerhadthreeparameterd = (61, 6-,63), onefor eachtype of
call. Upon arrival of a call of type m, the controllerchoosedo acceptthe call with
probability
1 .
() = { TFexp(L50-0,) if b+ b(m) <10,
0 otherwise,

whereb is the currentlyusedbandwidth.This is the classof controllersstudiedin [8].

4Thereis somediscrepang betweerour averagerewardsandthosequotedin [8]. This is probablydue
to adiscrepang in theway the statetransitionsarecountedwhich wasnot clearfrom the discussiorin [8].
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Figure9: Performancef the call admissiorcontrollertrainedby CONJPOMDP asa
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by simulatingthe controllerfor 100,000iterations.The averagereward of the globally
optimal policy is 0.804, the averagereward of the optimal policy within the classis
0.8, andthe plateauperformanceof CONJPOMDP is 0.784. Thegraphsareaverages
from 100independentuns.

4.3.3 Conjugate gradient ascent

CONJPOMDP wasusedto train the above controller with GPOMDP generatinghe
gradientestimatesrom a rangeof valuesof g and7T. The influenceof g8 on the
performancef thetrainedcontrollerswasmaminal, sowe setg = 0.0 which gave the
lowest-\arianceestimatesWe usedthe samevalueof T' for callsto GPOMDP within

CONJPOMDP andwithin GSEARCH, andthis wasvaried between10 and 10, 000.

The controllerwas always startedfrom the sameparametessettingd = (8,8, 8) (as
wasdonein [8]). Thevalueof this initial policy is 0.691. The graphof the average
reward of the final controller producedby CONJPOMDP as a function of the total

numberof iterationsof the queueis shavn in Figure9. A performanceof 0.784 was
reliably achiezedwith lessthan2000 iterationsof the queue.

Note thatthe optimal policy is not achiezablewith this controllerclasssinceit is
incapableof implementingary thresholdolicy otherthanthe“alwaysaccept’and“al-
waysreject” policies. Athoughnot provably optimal, a parametesettingof 6, ~ 7.5
andary suitablylargevaluesof 8, andf; (we chosef; = 03 = 15) generatesome-
thing closeto the optimal policy within the controllerclass,with anaveragereward of
0.8. Figure10 shavs the probability of acceptinga call of eachtype underthis policy,
asafunctionof the availablebandwidth.

The controllersproducecby CONJPOMDP with 5 = 0.0 andsuficiently largeT
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areessentially'alwaysaccept’controllerswith anaveragerewardof 0.784, within 2%
of the optimumachievablein the class.To producepoliciesevennearetto the optimal
policy in performance CONJPOMDP mustkeep#; closeto its startingvalue of 8,
and hencethe gradientestimateAr = (A1, Ay, A3) producedby GPOMDP must
have arelatively smallfirst componentFigure11 shavs a plot of normalizedAr asa
functionof 3, for T = 1,000, 000 (sufiiciently largeto ensurdow variancen Ar) and
the startingparametesettingd = (8, 8, 8). Fromthefigure, A; startsata high value
which explainswhy CONJPOMDP producesalwaysaccept’controllersfor 8 = 0.0,
anddoesnot becomenegative until 5 =~ 0.93, a valuefor which the variancein Ar
evenfor moderatelfargeT is relatively high.

A plot of the performanceof CONJPOMDP for g = 0.9 and = 0.95 is showvn
in Figure12. Approximatelyhalf of theremaining2%in performanceanbeobtained
by settings = 0.9, while for 3 = 0.95 a sufficiently large choicefor T' givesmost
of the remainingperformance.For this problem,thereis a hugedifferencebetween
gaining 98% of optimal performancewhich is achieved for 5 = 0.0 andlessthan
2000iterationsof the queueandgaining99% of the optimal which requiresg = 0.9
and of the orderof 500,000queueiterations. A similar corvergencerate and final
approximationerror to the latter casewere reportedfor the on-line algorithmsin [8,
Chapter7], althoughtheresultsof only onerunweregivenin eachcase.
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Figure 13: The classical’'mountain-car’taskis to apply forward or reversethrustto
thecarto getit overthecrestof thehill. Thecarstartsatthe bottomanddoesnothave
enoughpower to drive directly up the hill.

4.4 Mountainous Puck World

The“mountain-car’taskis a well-studiedproblemin thereinforcementearningliter-
ature[13, Example8.2]. As shavn in Figure 13, thetaskis to drive a carto the top
of aone-dimensionatill. Thecaris notpowerful enoughto acceleratalirectly up the
hill againsgravity, soary successfutontrollermustlearnto “oscillate” backandforth
until it builds up enoughspeedo crestthehill.

In this sectiorwe describeavariantof themountaincarproblembasednthepuck-
world exampleof Sectiord.2. With referenceo Figurel4,in ourproblemthetaskisto
navigatea puckout of avalley andontoa plateauat the northernendof thevalley. As
in themountain-catask,the puckdoesnot have sufficient powerto acceleratelirectly
up the hill, andso hasto learnto oscillatein orderto climb out of the valley. Once
againwe were ableto reliably train nearoptimal neural-netwrk controllersfor this
problem, using CONJPOMDP and GSEARCH, andwith GPOMDP generatingthe
gradientestimates.

441 TheWorld

The world dimensionsphysics,puck dynamicsandcontrolswereidenticalto the flat
puck world describedn Section4.2, exceptthat the puck was subjectto a constant
gravitationalforce of 10 units,the maximumallowedthrustwas3 units (insteadof 5),
andthe heightof theworld variedasfollows:

heigh = m(y— i
eigh(z, y) 75 [1 _ cos (w)] otherwise
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Figurel4: In ourvariantof themountain-caproblemthetaskis to navigatea puckout
of avalley andontothe northernplateau. The puck startsat the bottomof the valley
anddoesnot have enoughpower to drive directly up thehill.

With only 3 units of thrust, a unit masspuck can not acceleratalirectly out of the
valley.

Every 120 (simulated)secondsthe puck wasinitialized with zerovelocity at the
bottomof the valley, with arandomz location. The puck wasgiven no reward while
in thevalley or onthesoutherrplateauandarewardof 100 — s2 while onthenorthern
plateau,wheres wasthe speedof the puck. We found the speedpenalty helpedto
improve therateof corvergenceof the neuralnetwork controllet

4.4.2 Thecontroller

After someexperimentatiorwe found that a neural-netwark controllercould be reli-
ably trainedto navigateto the northernplateauor to stayon the northernplateauonce
there, but it wasdifficult to combineboth in the samecontroller (this is not so sur
prisingsincethe two tasksarequite distinct). To overcomethis problem,we traineda
“switched” neural-netwark controller:the puck usedonecontrollerwhenin thevalley
andon the southerrmplateau,andthenswitchedto a secondneural-netwrk controller
while onthenorthernplateau.Both controllerswereone-hidden-layeneural-netvarks
with nineinput nodes five hiddennodesandfour outputnodes.The nineinputswere
the normalized([—1, 1]-valued)z, y andz pucklocations,the normalizedz, y andz
locationsrelativeto centerof the northernwall, andthez, y andz puckvelocities.The
four outputswere usedto generatea policy in the samefashionasthe controller of
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agedover 100independentuns.

Sectior4.2.2.

4.4.3 Conjugate gradient ascent

The switchedneural-netwrk controllerwastrainedusingthe sameschemediscussed
in Sectiond.2.3,exceptthis time thediscountfactor3 wassetto 0.98.

A plot of theaveragerewardof theneural-network controlleris shavnin Figurel5,
as a function of the numberof iterationsof the POMDP. The graphis an average
over 100 independentuns, with the neural-netwrk controller parametersnitialized
randomlyin the range[—0.1,0.1] at the startof eachrun. In this caseno run failed
to corvergeto nearoptimal performance Fromthe figure we canseethat the puck’s
performancas nearlyoptimalafterabout40 million total iterationsof the puckworld.
Although this figure may seemratherhigh, to put it in someperspectie notethata
randomneural-netwrk controllertakesabout10,000iterationsto reachthe northern
plateaufrom a standingstartat the baseof the valley. Thus,40 million iterationsis
equivalentto only about4,000trips to the top for arandomcontrollet

Note that the puck corvergesto a final averageperformancearound?75, which
indicatesit is spendingat least75% of its time on the northernplateau. Obsenation
of the puck’s final behaiour shavs it beharesnearlyoptimally in termsof oscillating
backandforth to getout of thevalley.
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5 Conclusion

This paper shoved how to use the performancegradient estimatesgeneratedby
the GPOMDP algorithm from [2] to optimize the averagereward of parameterized
POMDPSs. Theoptimizationrelieson the useof GSEARCH, arobustline-searchalgo-
rithm thatuseggradientestimatestatherthanvalueestimateso bracketthemaximum.
CONJPOMDP andGSEARCH werefoundto performwell onfour quitedistinctprob-
lems: optimizingacontrollerfor athree-statéiDP, optimizinga neural-netwrk con-
troller for navigating a puck arounda two-dimensionalvorld, optimizing a controller
for a call admissiorproblem,andoptimizinga switchedneural-netwrk controllerin a
variationof the classicaimountain-catask. We alsopresented LPOMDP, anon-line
versionof CONJPOMDP.

For thethree-stateIDP andthe call admissiorproblemswe wereableto provide
graphicillustrationsof how the bias and varianceof the gradientestimates\zn can
betradedagainstoneanotherby varying 8 betweerD (low variance high bias)and1
(highvariance)ow bias).

Relatively little tuning was requiredto generatetheseresults. In addition, the
controllersoperatedon direct and simple representationsf the state,in contrastto
the muchmore complex representationasually requiredof value-functionbasedap-
proaches.

An interestingavenuefor further researchwould be an empirical comparisonof
value-functionbasedmethodsandthe algorithmsof this paperin domainswherethe
formerareknown to producegoodresults.

Despitethe succesf CONJPOMDP/GSEARCH in the experimentsdescribed
here,the on-linealgorithmOLPOMDP hasadwantagesn othersettings.In particular
whenit is appliedto multi-agentreinforcementearning,both gradientcomputations
andparameteupdatesanbeperformedor distinctagentavithoutany communication
beyondthe globaldistribution of the reward signal. This ideahasled to a biologically
plausibleparametepptimizationprocedureor spiking neuralnetworks (see[1]), and
we are currentlyinvestigatingthe applicationof the on-line algorithmin multi-agent
reinforcementearningproblems.
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