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Abstract.

We describe a very general technique for generating familgeof combinatorial objects
without isomorphs. It applies to almost any class of objectsfor which an inductive con-
struction process exists. In one form of our technique, no gicit isomorphism testing
is required. In the other form, isomorph testing is restricted to within small subsets of
the entire set of objects. A variety of di erent examples are presented, including the
generation of graphs with some hereditary property, the geeration of Latin rectangles
and the generation of balanced incomplete block designs. Tehtechnique can also be
used to perform unbiased statistical analysis, including @proximate counting, of sets of
objects too large to generate exhaustively.

Note.

This le approximately matches the published version in J. Algorithms, 26 (1998)
306{324, except for one corrected value in Table 2 and the eatum noted in Section 7.

1. Introduction.

Problems of exhaustive generation fall into several genreslepending on the struc-
ture of the objects being generated. The objects most easilgenerated seem to be
characterised by having easy isomorphism problems, frequdy due to a fundamentally
recursive structure. There is a vast literature on the geneation of subsets, permuta-
tions, partitions, trees, and similar objects. At the other extreme, we have generation
problems typi ed by graphs. In this case the isomorphism prdlem tends to be di cult,
and the success of e cient methods is due in large part to dewes for avoiding it. These
latter are the sort of problems we will be concerned with in ths paper.

Most methods proposed for such problems can be classi ed intthree types, though
the boundary between them is far from clear. In the most comma method, there is
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a canonical labelled object in each isomorphism class and #t is the one generated.
This approach is usually called \orderly" generation, though the word is also used more
generally. The labelling is chosen to impose restrictions  sub-objects; for example
that there must be one maximal sub-object which is also canoigal. This method was

pioneered independently by Faradzev [12] and Read [38]. Fadzev [13] has given what is
perhaps the most general description. More recent example®f many, are Brinkmann's

generator of cubic graphs [5], Meringer's generator of redar graphs [37], and the gener-
ation of one-factorisations of the complete graph by Dinitz Garnick and this author [11].

An interesting theoretical extension of this idea appearsm [16].

The second method, the subject of this paper, can be looselyedcribed as genera-
tion by canonical construction path, as opposed to canonicharepresentation. Objects
are produced by somehow augmenting a smaller object, with dg objects made via a
canonical augmentation being accepted. Intermediate objets can even be relabelled at
random with no e ect. The rst published use of this method was for cubic graphs
in 1986 [33], but many applications have appeared since. We il give a list of known
examples later. These are so diverse in nature that a very alsct setting is required
to de ne the method in su cient generality to cover them all. This paper is devoted to
that task.

A third method, recently developed by Laue and others [18], $ the \method of
homomorphisms"”. In this approach objects are constructed bng a path of combi-
natorially determined sub-objects, using elementary grop computations to describe
the relationship between the automorphism structure of corsecutive sub-objects. This
description allows the use of an orderly method to constructthe nonisomorphic sub-
objects from those at the previous level. It is necessary to se another method for the
sub-objects which do not decompose further. For example, M&nger's generator for
regular graphs [37] can be used as the basis for a very fast gaator of graphs with a
speci ed degree partition.

There are complicated relationships between these methoddut to a large extent
they have not been explored. Of recent generation algorithra that do not precisely t
any of our three categories, perhaps the method of Brinkmanrand Dress for generating
fullerenes [7] is the most interesting.

In several recent papers [1, 2], Avis and Fukuda describe the\reverse search"
method for generating classes of objects. Reverse searchasbs with our method the
idea of de ning a tree structure on a set of objects by means oh \parent" function,
then scanning it from the root outwards. The major di erence in our approach is that
we allow a rich group of symmetries to be acting, whereas thexamples treated by Avis
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and Fukuda are essentially labelled.

The advantages of our approach are several. Most importantl, the method applies
to a great number of diverse problems, as we shall demonstrat Secondly, representa-
tives of each isomorphism type are generated in a stream witho need to store more than
a handful at a time, which allows us to generate extremely lage classes. Thirdly, the
method allows for very simple parallelization with near-linear speedup. Finally, a simple
extension of the method (in many cases) allows unbiased saripg of the isomorphism
types in a class too big to generate exhaustively.

2. The Algorithm.

In order to assist the reader in understanding the formal treatment, we will take an
actual example and carry it along in parallel. Our example wil be the generation of
triangle-free graphs (TFG s) starting with a single vertex and repeatedly adding vertices.
To keep the general description distinguishable from the eample, we will use the labels
\ General" and \ TFG ".

General: Let G be a permutation group acting on a (possibly in nite) set L. The
elements ofL will be called labelled objects and the orbits of G in L will be called
unlabelled objects The set of unlabelled objects will be denoted byU. Each labelled
object X 2 L has anorder o(X) 2 N, with the restriction that o(X) is constant on
unlabelled objects. This restriction permits us to de ne o(S), for S 2 U, to be the
common order of the labelled objects comprisings.

TFG: In our example, L is the set of all labelled TFGs, using the labelsf1;2;:::;ng
to label a TFG X with n vertices. Take o(X) = n. The group G is the group of all
relabellings of labelled TFGs, so that one orbit (an \unlabeled TFG") consists of all
the TFGs isomorphic to given TFG. Formally, we cantake G = S; S, S; :
where the action onL is such that the factor S, is the symmetric group of degreen
permuting the labels on TFGs of ordern.

General: The general problem we will consider is that of making a list ¢ labelled
objects, such that the list contains exactly one labelled olect from each unlabelled
object whose order is at most some speci ed value. We will sethat a small amount of
extra structure permits this to be done in a systematic manne.

With each labelled object X 2 L, associate a nite setL (X ) of lower objectsand
a nite set U(X) of upper objects Dene L = ~,, L(X)and = ",, U(X). For
distinct X ;; X, 2 L we require that the six setsf X g, L(X;), U(X;), fX,g, L(X,) and
U(X,) be mutually disjoint. The order of the elements ofL (X ) and U(X) is de ned
to be the same as the order oK , with the same notation. Furthermore, suppose there
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isarelatonR; L L[ andagroupG actingonL[ L[ L such that axioms C1-C7
stated below hold. We will nd it notationally convenient to accessR; via two functions
f:L! 2Candfo: ("1 2 dened by

f(Y)=fX 205(Y:X)2Rq;

fUX)=fY 2Lj(Y;X)2R;q:

Cl. G xes each ofL, L and " setwise.

C2. ForeachX 2L andg2 G we haveL(X9) = L(X)? and U(X9) = U(X)S.

C3. ForeachY 2 L,f(Y)6 ;.

C4. ForanyY 2 L,g2 G, X, 2f(Y)and X, 2 f(Y9), there existsh 2 G such that

h= X
1~ 2"
C5. ForanyX 2 I, g2 G, Y; 2 fqX) and Y, 2 f {X9), there existsh 2 G such that
YN =Y,.

C6. ForeachX 2L and g2 G, we haveo(X 9) = o(X).
C7. ForeachY 2 L and X 2 f (Y), we haveo(X) < o(Y).
A corollary of C4 is that the elements off (YY) are equivalent under G. However, we
do not require that f (Y) is an orbit of G. Similarly for C5.

TFG: We are making TFGs by adding a new vertex to a smaller TFG, and alower
object contains the information needed to go backwards onetsp. We can de ne it as
a pair hX;vi, where X is a TFG and v 2 V(X). This provides a route \remove v from
X" from a larger TFG to a smaller one. The setL (X ) contains all such pairs, except
for the special caseL (K ;) = ;. Conversely, an upper object contains the information
needed to go from a smaller object to a larger one. So, we de n&(X 9 to be the set
of all pairs X Wi, whereW V(X9 is an independent set ofX % It provides a route
\add a new vertex to X% and join it to W" to increase the order. (W must be an
independent set in order to prevent the creation of triangles.)

The action of G is easily extended to upper and lower objects: just takenX;vi9 =
hX 9;v9i and X 2 Wi9 = hX ®; WY . This reasonable consistency of the action oG on
L, L and [ is all that we need for C2 to be satis ed.

Condition C3 can be seen as a design feature &f. The graph K; hasL(K,) = ;,
so C3 is irrelevant there.

Clearly, the upper and lower objects are complementary:hX;vi 2 L(X) is related
to X v; Wi, whereW is the neighbourhood ofv in X . If we add the principle that we
are not interested in the actual labelling of the vertices, ve haveR; . This is formalized
by the function f : hX;vi7!fh X v;Wi%jg2 Gg.

General: We will say that two labelled objects X ;; X, 2 L are isomorphic if X, = X7
for someg 2 G. Similarly, for any labelled object X 2 L, the automorphism group
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Aut( X) of X is the stabiliser fg 2 GjX9 = Xg. From condition C2 we see that
Aut( X) xes each of L(X) and U(X) setwise.

An unlabelled object S 2 U will be called irreducible if L(X) = ; for eachX 2 S.
Other unlabelled objects arereducible (Note that the condition L(X) = ; is invariant
under G, by condition C2.) De ne U, to be the set of irreducible unlabelled objects,
and U; to be the set of reducible unlabelled objects. ThusU = U, [U ;.

TFG: In our example, the concepts of isomorphism and automorphis are just the
usual ones. We have only a single irreducible object, namelthe unlabelled graph K.

General:  Our nal requirement is a function m : L ! 2t satisfying the following
conditions.
M1. If L(X)=;,then m(X)=;.
M2. If L(X) 6 ;, then m(X) is an orbit of the action of Aut( X) on L(X).
M3. ForeachX 2L andg2 G we havem(X9) = m(X)®.
The properties of the mappingsf and m enable us to de ne a nilpotent mapping p
from U, to U that imposes a structure onU in the form of a forest of disjoint trees.

Lemma 1. There is a unique mappingp: U; ! U with the following property.
P1. For eachS 2 U;, X 2 S and X 2 m(X), we havef (X) U(Y) for some
Y 2 p(S).

Proof. ChooseS 2 U; and X;;X, 2 S. Fori = 1;2 chooseX; 2 m(X;) and ¥, 2
f(X,),anddene Y, by ¥; 2 U(Y,). It will su ce to show that Y, and Y, are isomorphic.
SinceX ;X, 2 S, there isg 2 G such that X, = X 7. From conditions M2 and M3, this
implies the existence ofh 2 G such that X, = X', which in turn implies that ¥, = ¥X
for somek 2 G, by condition C4. Finally, condition C2 implies that Y, = YX. &

TFG: The de nition of m(X) is the most onerous requirement for any practical appli-
cation. A possible de nition of m(X) would be this: consider all the labellings of X,
and choose the one which is greatest under some ordering ofolalled graphs (such as
a lexicographic ordering). Letv be the vertex whose label is \1" in this maximal la-
belling. Then de ne m(X) to be the set of lower objectshX; vi such that v is equivalent
to v under Aut( X).

It is easy to see that conditions M2 and M3 are satis ed, but weare faced with the
problem of computing m(X ). In practice, we can do better using sophisticated tools fo
canonical labelling, with judicious screening beforehandising combinatorial invariants.
We will discuss this in more detail in Sections 3 and 4; meanwite we can continue with
the de nition above for the sake of the example.
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The nilpotent function p predicted by Lemma 1 is now easily identi ed. Starting
with a reducible unlabelled object (isomorphism class of notrivial TFGs) S, choose
any labelled graph X 2 S, then any lower object hX;vi 2 m(X), then any hX % Wi 2
f (hX;vi) then, nally, note the unlabelled object (isomorphism class) S° containing X °
The point of Lemma 1 is that the same SPis reached no matter how the three arbitrary
choices are made.

General: The unlabelled object p(S) will be called the parent of the unlabelled object
S, and the set fS; p(S); p(p(S));:::g will be called the ancestors of S. The inverse
conceptschild and descendantare de ned in the obvious way. It is clear from condition
C7 that p is nilpotent, in other words that no object has more than nit ely many
ancestors.

The relation f(S;p(S)) jS 2 U;gon U is a set of disjoint directed rooted trees with
the edges directed towards the roots. The roots are precisglthe irreducible unlabelled
objects. In order to achieve our aim of generating a transvesal for U, we can scan these
trees in some systematic way. We will use a preorder traversdgalso called depth- rst
search). This is achieved by the following algorithm.

procedure scan(X : labelled object, n : integer)
output X
for each orbit A of the action of Aut(X) on U(X) do
select anyX 2 A
if f4X)6 ; then
select anyY 2 f qX), and supposeY 2 L(Y)
if oY) nandY 2m(Y) then scan(Y;n) endif
endif
endfor
endprocedure

Theorem 1. SupposeX, 2 S, 2 U with o(X,) n. Then the call scan(X,; n) will
output exactly one labelled object belonging to each unldleel object of order at mostn
which is descended fromS,.

Proof. Let us say that a descendantS of S, belongs to generationi if S hasi +1
ancestors. Recall that an unlabelled object is an ancestorfatself, so generation 0 is
the set f Sy0.

Suppose as an induction hypothesis that the theorem is truedr all objects of order
at most n and generation at mosti. This statement is clearly true for i = 0.

Now supposesS is an arbitrary descendant of S, which has order at mostn and
belongs to generationi + 1. Let T = p(S).



Take an arbitrary Y°2 S, chooseY?2 m(Y9), and X°2 f (Y9. By the induction
hypothesis and the nature of thefor condition, there is someX 2 T and someX 2 U(X)
such that there is a call scan(X;n), X is “selected' inside thefor, and X9 = X?© for
someg 2 G. Hence, by condition C5,Y" = Y?for someh 2 G and soY" = YO by
condition C2, implying that Y 2 S. Furthermore, since Y°2 m(Y9, by assumption,
we haveY 2 m(Y) by condition M3. Therefore, the call scan(Y;n) is made andY is
output.

We are left with the question of whether the unlabelled obje¢ S can be represented
more than once in the output. Suppose that distinct Y;;Y, 2 S are both output, and
chooseg 2 G such that Y, = Y. Let Y; 2 m(Y;) and Y, 2 m(Y,) be the lower objects
presented to theif preceding the callsscan(Y;;n) and scan(Y,; n), respectively. Now,
Y, 2 m(Y,) = m(Y?) = m(Y;)? by condition M3, and so Y, = Y" for someh 2 G, by
condition M2. SupposeX; 2 f (Y;) and X, 2 f(Y,). Then X, = Xk for somek 2 G,
by condition C4, and if X, 2 U(X,) and X, 2 U(X,) we have X, = XX by condition
C2. By the induction hypothesis, since both X; and X, are output, we must have
X, = X, and sok 2 Aut(X,). But this shows X, and X, to be in the same orbit of
Aut( X ;), implying that )’(\1 = )’(\2 by the for condition, and hence thatY; = Y, contrary
to assumption. 1

TFG: In informal terms, given an isomorphism class of TFGs (repreented by any
labelling), we make a set of potential children by applyingf®. These are tested using
m to see which are real children and which are not. The former a accepted, the
latter rejected. Theorem 1 states that exactly one member okach isomorphism class is
accepted.

General: For some practical purposes, it is convenient to have use a nibed version
of procedurescan which replaces an orbit computation by explicit isomorph testing. It
has the same external properties as procedurscan, as can proved by similar means.

procedure scan2(X : labelled object, n : integer)
output X
C:=;
for eachX 2 U(X) such that f (X)) 6 ; do
select anyY 2 f qX), and supposeY 2 L(Y)
if oY) nand Y 2m(Y)then C:= C[f Ygendif
endfor
remove isomorphs from the setC
for eachY 2 C do scan2(Y;n) endif
endprocedure



Theorem 2. SupposeX, 2 Sy 2 U with o(X,) n. Then the call scan2(Xy; n) will
output exactly one labelled object belonging to each unldleel object of order at mostn
which is descended fromS,. 1

It is clear from Theorems 1 and 2 that, if we make either the cal scan(Xy; n) or the
call scan2(X; n) for exactly one representative of each irreducible unlabked object of
order at most n, we will obtain exactly one representative ofevery unlabelled object of
order at most n.

One way to quantify the e ciency of algorithm scan is to compare the number of
executions of the body of thefor loop to the number of objects output. Since we cannot
make general precise statements about how(Y) compares too(X ) (in the notation of
the procedure), we concentrate our attention on the test \Y 2 m(Y)".

Theorem 3. Consider the computations initiated by calling scan(X,;n) for exactly
one representative of each irreducible unlabelled object @rder at most n. Let N, be
the number of times the test\Y 2 m(Y)" is made, and let N, be the number of times it
is passed. ThenN; cN,, where c is the average number of orbits ofAut( X) on L(X),
with the average taken over one representative from each nedble unlabelled object of
order at most n.

Proof. SupposeS 2 U; and o(S) n. Let Y;;Y, 2 S, Y; 2 L(Yy) and Y, 2 L(Y5).
SupposeX; 2 f(Y;) and X, 2 f(Y,). If Y2 = Y, for someg 2 G, then X = X, for
someh 2 G, by condition C4. As in the proof of Theorem 1, this implies that )’(\1 = )’(\2
if X, and X, both occur as the value ofX during some invocation ofscan. Therefore,
at most one of the pairs (Y;; Y;) and (Y,;Y,) is passed to the test \Y 2 m(Y)". Hence,
the number of times the test \Y 2 m(Y)" is performed for any Y 2 S is at most the
number of orbits of the action of G on ,5 L(Y), which is the same as the number of
orbits of the action of Aut(Y) on L(Y) forany givenL 2 S. &

TFG: Theorem 3 is usually very easy to apply. In our TFG example, itis clear that
each classL (X) of lower objects exceptL (K ;) contains exactly n = jV (X )] members,
and thus at most n orbits. Thus, generating all the TFGs up to order n (supposing
there are N of them) requires less thanN automorphism group computations and at
most nN computations of the function m.

Generally speaking, objects for which the isomorphism and atomorphism problems
have polynomial-time algorithms (such as many types of plaar graphs) will have gen-
eration schemes with polynomial amortised time per output. More precise statements
are hard to make in this generality.



3. Graphs and nauty.

A large number of applications of our methods can be found in e elds of graphs
and hypergraphs. E cient implementation of the function m and the computation of
orbits are nontrivial tasks, but they can be accomplished wih existing tools. In our
applications, we have used the programnauty described in [24]. Most of the mathe-
matical foundations of nauty can be found in [23]. For our purposes here, it will su ce
to give a functional overview.

Let X be a graph with vertex-setV = V(X) = f1;2;:::;ng. A partition of V is

union is V. A permutation g of V acts on cell-wise; i.e., 9 = (VF; V755 V9).
Similarly, g acts on X by permuting the names of the vertices, so thatv and w are
adjacent in X if and only if v9 and w9 are adjacent in X 9. The automorphism group of
(X; )isAut (X)=1fg2S,jX9= X and 9= g. Forthe special partition = (V),
we will abbreviate Aut (X) as Aut(X). If = (V;;V,; 101, V) is a partition of V, then
c( )isthe partition (f1;2;:::;jV4jg; fj Vaj+1;:: 5V + jVojg; i fn j Vi j+1;:::;nQ).
Thus, ¢( ) depends only on the sizes of the cells of and their order. A canonical
labelling mapis a function C such that for any graph X with vertex set V, and partition

of V, we have

N1. C(X; )= X9 for someg2 S, such that 9= c( ).

N2. C(X"; M= C(X; )foreveryh2S,.

The behaviour of nauty can now be described. For input ; ), there are three
outputs. One is the value of C(X; ) for some xed canonical labelling map C, the
second is a permutationg 2 S, such that X9 = C(X; )and 9 = ¢( ), and the third
is a set of generators for Aut (X ). The map C computed by nauty is designed to be
e ciently computed rather than easily described. Fortunat ely, we will only need to
know that it satis es properties N1 and N2.

4. Graphs with a vertex-hereditary property.

In Section 2, we used the example of generating triangle-fee graphs. It is clear
that the same idea works for generation of graphs that possessome arbitrary vertex-
hereditary property P. Here, the adjective vertex-hereditary indicates that, for any
graph X with property P, every induced subgraph ofX also has propertyP. It will
easily be seen that the requirement thatP be vertex-hereditary can be relaxed to the
requirement that P is held by at least one vertex-deleted subgraph of any non-tvial
graph which holds it. In all cases, we will assume tha® is invariant under isomorphisms.

In this section we will look a little harder at this problem.
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Let X be any labelled graph with property P. The order of X iso(X) = jV(X)j, as
usual. We will assume for de niteness thatV (X ) = f1;2;:::;0(X)g as in the previous
section. Ifo(X ) > 1, then the lower objectsL (X ) are the pairshX; vi forv 2 V(X). The
trivial graph K, hasL(K ;) = ;; its isomorphism class is the only irreducible unlabelled
object. The upper objectsU(X) are the pairs hX; W i, where W  V(X) is such that
the graph X,, formed by appending a new vertex toX and joining it to the elements
of W has property P.

The function f is de ned as follows. SupposeéX;Wi2 U(X) and hY;vi2 L(Y).
Then f (hY;vi) = thX;Wi9jg2 Gg, whereW is such thatY = X, .

Since we are dealing with standard graph isomorphisms, we cetake the group G to
be any group which acts on the graphs of each ordemn as the symmetric group of degree
n, represented as the set of all possible permutations of theertex set. The manner in
which the actions on graphs of di erent orders are related inG is immaterial; in practice
there is little need to even de ne it.

We can now de ne a function m satisfying conditions M1{M3. For purposes of
computational e ciency, of which more in a moment, we begin with a function de ned
on labelled graphsX with property P, such that

L1 ;& (X) V(X);
L2. forany g2 S,, we have (X9 = (X)q.

These conditions imply that (X) is a nonempty union of orbits of Aut(X). We
could in facttake (X)= V(X)forall X, but it will be more e cient to choose a smaller
value|for example, the set of vertices of X of maximum degree, or a set de ned by
some more stringent invariant property. In practice there is a trade-o between the time
required to compute (X) and the size of it.

Now de ne the function m as follows.

Let X be a labelled graph with property P. If X has only one vertex, de ne
m(X) = ;. Otherwise, let =( (X);V(X) (X)) where the second cell is omitted
if it is empty. Let g2 S, be such that X9 = C(X; )and 9= c( ), and let W be the
orbit of Aut( X ) which contains the vertex 19 ". Then de ne m(X)= f(X;v)jv2 Wg.

Lemma 2. Under the conditions just describedm(X) is well-de ned and satis es re-
guirements M1{M3.

Proof. It is obvious that M1 and M2 are satis ed. To see that m(X) is well-de ned,
suppose thath is another permutation such that X" = C(X; )and " = ¢( ). Then
g his an automorphism ofX andso ® ~and 1" " lie in the same orbit of X . Finally,
condition M3 follows from N2 and L2. &

With some tuning, this method can be made quite fast. In Tables 1 and 2, we give
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n general Cs-free Cy-free
1 1 1 1
2 2 2 2
3 4 3 4
4 11 7 8
5 34 14 18
6 156 38 44
7 1044 107 117
8 12346 410 351
9 274668 1897 1230
10 12005168 12172 5069
11 1018997864 105071 25181
12 165091172592 1262180 152045
13 20797002 1116403
14 467871369 9899865
15 14232552452 104980369
16 1318017549
17 19427531763
speed 42000/sec 21000/sec 18000/sec

Table 1. Counts of general, C3-free and C4-free graphs

some examples of graph types generated by the author's progm geng. In each case,
the number of graphs produced per second on a Sun SPARCstatin20/71 computer at
75MHz is given. This number is approximately independent otthe order of the graph for
the practical range, though for much larger orders a linear tme per graph is expected.
gengis many times faster than earlier published methods [10, 2Q0Jand somewhat faster
than other recent graph generators [17, 18].

Other published examples of this approach to graphs have idaoded several types of
Ramsey graph [14, 26, 32, 36].

5. Other examples for graphs and hypergraphs.

Instead of constructing graphs one vertex at a time, we couldlo it one edge at a time.
The details are very similar: the upper objects consist of a gaph and a distinguished pair
of non-adjacent vertices, while the lower objects consistfoa graph with a distinguished
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n (C3; Cy)-free bipartite C4-free bipartite
1 1 1 1
2 2 2 2

3 3 3 3
4 6 7 6
5 11 13 10
6 23 35 21
7 48 88 39
8 114 303 86
9 293 1119 182
10 869 5479 440
11 2963 32303 1074
12 12066 251135 2941
13 58933 2527712 8424
14 347498 33985853 26720
15 2455693 611846940 90883
16 20592932 14864650924 340253
17 202724920 1384567
18 2322206466 6186907
19 30743624324 30219769
20 161763233
21 946742190
22 6054606722
speed 13000/sec 19000/sec 5500/sec

Table 2. Counts of (C3; Cy)-free, bipartite, and Cj-free bipartite graphs

edge. An example from 1984 (but not published until 1995, se¢9]) was a step in the
generation of all cubic cages of girth 9.

More complicated operations than simple addition of elemets can be used too. For
example, the rst construction of the cubic graphs on 20 verices [33] used the operations
of adding a path of arbitrary length between two vertices of degree 2, and of attaching a
path of arbitrary length to one vertex of degree two with an arbitrary cycle xed onto the
other end of the path. This complicated process worked but wa not very e cient. The
main reason for the ine ciency was that the operation did not keep us within the class

12



of cubic graphs. We needed to also consider some graphs wittegrees 2 and 3, which
greatly expanded the search space. A much better approach 43 uses the operation of
subdividing two edges and joining the two new vertices. The esulting algorithm is more
than competitive with Brinkmann's totally di erent approa ch to cubic graph generation
[5].

In some cases, careful choice of the functiom can have importance beyond mere
e ciency. In [25], we show that no two graphs on 11 vertices hae the same set of 11
vertex-deleted subgraphs. Since there are more than 20graphs to compare to each
other, simply being able to generate them quickly is not enogh. However, de ning m
according to the isomorphism types of the vertex-deleted sbgraphs, we can arrange
that any pair of graphs forming a counterexample must appearas children of the same
10-vertex graph. This enables the comparisons to be done imsall groups.

An example of hypergraph generation appeared in [27], and aexample of digraph
generation in [19].

A number of applications to graph generation, some with chencal motivation, have
been implemented by Brinkmann and others [4, 6, 15].

Avis [1] states as a problem the generation of unrooted triagulations of the plane.
It is clear (see [3]) that one can use the operation of deletig a vertex and triangulating
the resulting face to reduce any triangulation to the smallest one (K,). With the help
of linear-time isomorphism and automorphism algorithms, an amortised complexity of
O(n?) per triangulation (or better) can be achieved. This proces is ideal for our method,
and results in a very fast generator (more than 70,000 graphger second) [8].

6. Examples for non-graph objects.

A number of other applications of this method have been implenented. For example,
[28] describes a method for generating block designs. Thetarmediate objects are the
partial designs induced by a subset of the vertices. IhHWi is that object de ned by
W  V, whereV is the set of all the points, then the lower objects have the fom
(W [f vgi;v;0) for v2 V W and the upper objects have the form Wi;v;1) for
v 2 W. The mapping f merely takes (W [f vgi;v;0) to (W [f vgi;v;1). In plain
terms, we proceed by adding one point at a time until we have tem all. We have an
implementation that will generate small designs e ciently. For example, the set of all
1508 2-(7 3; 7) designs is made in about 2.5 minutes.

A much more extensive computation, using a similar method fo some steps, suc-
ceeded in eliminating some classes of 2-(22, 4) designs [29, 30]. (These are the smallest
design parameters for which the question of existence remas unsettled.)

A similar approach makes Latin rectangles by augmenting wih one row at a time.
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The upper objects consist of pairshR;xi, where R is a Latin rectangle and x is a
permutation disjoint from R (i.e. a potential new row). The lower objects consist
of Latin rectangles with a distinguished row. This was used m 1991 (unpublished) to
verify all the tables presented in [22] as well as some addiihal results. More recently, to
support the theoretical investigation in [35], the same mehod was used to generate Latin
rectangles without intercalates (Latin subsquares of orde 2). In Table 3, we give the
numbers L (k; n) and Ly(k;n) for n 9, with a few exceptions. These are, respectively,
the number of isotopy classes ok n Latin rectangles andk n intercalate-free Latin
rectangles. An isotopy is an isomorphism induced by indepetent permutation of row,
column and symbol names. Typical computation speeds were Ddsecond for L(4;9)
and 60/second forL 4(6; 9) (corrected to the same machine as before). Values af(k; n)
forn =8, k 5 were computed before (see [22]) but not published.

A special case of our method is described in [40], with exames$ as diverse as nding
non-equivalent cliques in a graph and arcs, caps and ocks innite geometries.

7. Estimation and Random Generation.

As described above, our method de ned a set of rooted trees wise nodes are the
unlabelled objects. Using standard methods we can estimatéhe sizes of the trees
without generating them completely. One such method is the elebrated algorithm of
Knuth [21] using random paths through the tree.

Another one involves assigning a probability py; p;;::: to each generation in the
trees (p, for the roots, p; for the children of roots, etc.). Then we can add a stochastic
lter to our generation: as each object of generationi is made, reject it with probability
1 p;. Itis easily seen that each object of generation is constructed and accepted with
probability exactly pyp;  p;, SO the number of objects accepted divided byyp; P,
is an unbiased estimator of the total number of that generaton.

For example, by this means the number of Steiner systems 2-@.3,1) was estimated
to be probably between 11 10'° and 1:2 109, about 10 times larger than previously
believed [41]. Another example was the estimation of the nuibers of (45) Ramsey
graphs in [29].

If it is not true that all the objects of a given order appear at the same generation,
this process needs to be extended before it is useful. We witave out the details, but it
is not hard to assign rejection probabilities based on the derence in order of an object
and its parent, in such a way that the overall probability of appearance is an invariant
of the order. In principle this covers all cases where the orers of the irreducible objects
do not di er too much. Practical issues such as e ciency needto be considered for each
application.
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k n L (k;n) Lo(k;n) k n L (k;n) Lo(k;n)
2 2 1 0 5 7 6941 129
2 3 1 1 6 7 3479 14
3 3 1 1 7 7 564

2 4 2 1 2 8 7 3
3 4 2 0 3 8 370 95
4 4 2 0 4 8 93561 5378
2 5 2 1 5 8 4735238 43011
3 5 3 2 6 8 29163047 28968
4 5 3 2 7 8 13302311 1194
5 5 2 1 8 8 1676267 14
2 6 4 2 2 9 8 4
3 6 16 6 3 9 2877 692
4 6 56 7 4 9 8024046 440310
5 6 40 5 5 9 - 36922345
6 6 22 1 6 9 - 288988221
2 7 4 2 7 9 - 145462959
3 7 56 18 8 9 - 2807766
4 7 1398 112 9 9 - 9802

Table 3. Counts of Latin rectangles and intercalate-free Latin rect angles

Beyond approximate counting, we can make an unbiased estinta of the expectation
of any random variable de ned on a class of unlabelled objed suitable for our method.
If we have arranged that every object of a given order has the @ame probability of
appearing, it is also true that the expectation over accepte objects is the same as the
expectation over all unlabelled objects of that order.

More formally, suppose that X is the set of all possible output objects, but that
we have installed a stochastic Iter such that each member ofX has probability p
of appearing in the output. Supposef (X) is some numerical property we wish to
investigate. Applying the Iltered generation process, we dtain a set of output objects,
say X;. It is easy to see thatjX,j=pis an unbiased estimator ofjXj, and that

F(X)=X4
X2X 1

is an unbiased estimator of the expectationE (f ) if X; 6 ;. Estimation of the variance
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of f is not so easy, as the elements o do not have pairwise independent probability
of appearing in X;. We can solve this problem by running the generation procesagain,
to obtain a second setX,. SinceX; and X, were obtained independently, we have that

P P 5
X12X1  X22X f(X1) f(Xy)
21X 4jiX 5]

is an unbiased estimator ofvar (f ), provided X;; X, 6 ;. Obviously these estimates can
be sharpened by repetition. No analysis of the quality of the method of estimation has
been done in a general setting, though it should be possible.

ERRATUM: The two claimslg'ust above (given by the displayed equations)are not
correct. What is true is that . f(X)=pis an unbiased estimator of E(f )jXj.
Dividing this by an unbiased estimator of jX| (the case off (X ) = 1 always) does not
give an unbiased estimator ofE (f). However, if we have a sequence of estimates of
E (f )jX] and a sequence of estimates ¢K |, their ratio converges to E (f ) almost surely.
So the claims are true in a certain asymptotic sense.

This approach does not immediately lead to an algorithm for mndom generation of
unlabelled objects in the usual sense (one at a time). Techgues exist which can do this
in principle [39], but e ciency is likely to be a severe drawback for the type of problem
we are considering.

8. Parallelization.

Since our method divides the computation into a clean foresstructure, paralleliza-
tion on a MIMD computer is easy. Non-intersecting subtrees a completely indepen-
dent, and so can be generated on separate processors if desir

In most practical applications, adequate partitioning can be obtained by drawing a
line across the search forest at some level such that the nunelb of objects at that level
is signi cantly larger than the number of processors, but snall enough for them to be
computed quickly. For example, if we are generating all 11-grtex graphs, we can draw a
line at 8 vertices. It takes less than one second to generatdld 2346 8-vertex graphs, so
this can be done independently by each processor. Each prassor counts the 8-vertex
graphs Q1;2;::: as they are made, and proceeds to generate all the descendanbf
those whose ordinals are congruent ta mod p, where i is the index of the processor
and p is the number of processors. In the 11-vertex example, the ve&iage from repeated
computations is much less than one percent, and the elapsedme for 20 processors is
about 18 times less than for one processor.

In some rare cases, there may be no \line" satisfying the abaw criteria. Those cases
can usually be handled by using two lines several levels apiar It is also possible to
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devise a strategy where the line dynamically adjusts its ownlevel, but we shall leave
such topics for another time.

9. Closing remarks.

The current version of nauty, as well as the programgeng and similar utilities will
always be available via the author's home pagehttp://cs.anu.edu.au/~bdm

| wish to thank Gunnar Brinkmann, Mark Ellingham, Reinhard L aue and Gordon
Royle for very helpful discussions.
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